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A Heuristic Based on Modified Lagrangian Relaxation for

the Vehicle Routing Problem
Student: Tai-Yi Wu Advisor: Dr. Kuan-Cheng Huang

Institute of Transportation Technology and Management
National Chiao Tung University

Abstract

Under strong market competition, the goal of the distributors is to satisfy the
needs of the customers rapidly at the lowest cost. Considering the demand of the
customers and the operational constraint such as vehicle capacity and time
requirement, the distributors can significantly raise their competitiveness, if they can
determine the economical routes for delivery with low transportation cost. The most
important study in this area is the vehicle routing problem (VRP).

We used the well-known set covering problem (SCP) to model the vehicle
routing problem and developed a Lagrangian relaxation based heuristics. We also
adopted the concept of column generation (CG), ‘generating a partial set of feasible
routes to be the solution space.” The solution space is carefully adjusted through the
iterative solution procedure to contain relatively better routes, and the solution found
is subsequently improved. To sum up, the major contribution of this study is to design
a simple but effective Lagrangian relaxation based heuristics, which contains only few
routes in the solution space, to alleviate the computational load and to find the near
optimal solution in a short period of time.

The numerical experiment is carried out with respect to the popular vehicle
routing test problem set in the literature. This heuristic algorithm has good and stable
performance in the experiment, and the heuristic solutions are closely to the optimal
solutions. The extension of this research can be focused on refining the heuristic
algorithm and on developing the algorithm for various versions of the vehicle routing
problems.

Key Words: Vehicle Routing Problem, Set Covering Problem, Lagrangian Relaxation,
Heuristics
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4.1 CVRP g B P3¢

ARG BEREH % 5 Pl AP E T Solomon Hib(drf 2 [ﬁ%)_} CVRP
Instance ¥ 5 Christofides and Eilon £ Augerat et al.2. Set A ~ Set B & jm# 4% 5] 3238
/PJ Fé‘ 7*‘ Eﬁv—r YES ‘:'\' ’:

BIFEIE B 5 CPU AMD Athlon XP 2000+ 1.67GHz » 1.5GB RAM - & & p& ¥ 12
CPU FR(f)» B8 AR » WAL - 57 & - KA HEEREE > KTV 48
N RS N ) e - T

H ¢ Christofides and Eilon 4 & | & Pe3E &) 4 32 1% 5 P12 > AR 20 B
BEEF] 100 BAEE > AR =3 272 RF SuE A4 > 2 3 347 - > v,f*mjgg
n76-k8 ~ n101-k8 ~ n101-k14 ¢ » H &~ /§H'§31J’ﬁ #x 1% f#(exact solution) » 12 > *° £

T drdk 4-1 % = [7FHFT o

# 4-1 Christofides & Eilon 2. VRP |42 % % v & 32 4

Instance | Best Known | Result | Truck | Gap (%) [ CPU-Time
n22-k4 375% 375* 4 0 74
n23-k3 569* 569* 3 0 104
n30-k3 534* 504 4 124
n33-k4 835* 837 4 0.24 155
n51-k5 521%* 531 5 1.92 185
n76-k7 682* 700 7 2.64 291
n76-k8 735 742 8 0.95 285

nl01-k8 815 848 8 4.05 540

nl01-k14 1071 1111 14 3.73 403

'*,/T‘_ PIAEN30-k3 vt P B i f2 5 - B gl @ ATE D 504 b B bAEeE
Pob dfRiple ? falc, P B AR EBTONL N A 23%% % 0 RjEh CPU PR
TX 5 240 f 2t o AeBl 410 RBEF SRR AT ERME FRLR
AV EFTEEmMBED DRI AT o FFAR S REPFFARL > RS
&0 Em R PN R LY o

29



450
400
350
300
250
200 |
150 |
100 |
50

cpu-time(second)

0 20 40 60 80 100 120

customers

®) 4-1 Christofides & Eilon 2. VRP |48 %3 ¥ [¥ @)

- HPIEREET 0 AL B E S Augerat et al LR BUREE o H ¥
Set AMERNFP I E DR ET Ry ZEPA2 7 St BHERMAAEZELF #
B & G (clustered)endd 4 > B REARLHCD X 30 BAEZ T 80 BARE - B T EAH35E
100 > P % proe fRiE 13 0 dok 42~ % 44 % S 70T

% 4-2 Augerat et al. Set A 482 % % L T2 4

Augerat et al. Set A
Instance | Best Known | Result | Truck | Gap (%)
n32-k5 784%* 787 5 0.38
n33-k5 661* 668 5 1.06
n33-k6 742% 744 6 0.27
n34-k5 778%* 790 5 1.54
n36-k5 799%* 809 5 1.25
n37-k5 669* 682 5 1.94
n37-k6 949* 950 6 0.11
n38-k5 730%* 737 5 0.96
n39-k5 822%* 830 5 0.97
n39-k6 831%* 854 6 2.77
n44-k6 937* 949 6 1.28
n45-k6 944%* 957 7 1.38
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n45-k7 1146* 1181 7 3.05
n46-k7 914* 936 7 241
n48-k8 1073* 1096 7 2.14
n53-k7 1010* 1033 7 2.28
n54-k7 1167* 1209 7 3.60
n55-k9 1073* 1098 9 2.33
n60-k9 1354* 1375 9 1.55
n61-k9 1034* 1055 9 2.03
n62-k8 1288* 1328 8 3.11
n63-k9 1616* 1685 9 4.27
n63-k10 1314* 1360 10 3.50
n64-k9 1401* 1458 9 4.07
n65-k9 1174%* 1218 9 3.75
n69-k9 1159* 1189 9 2.59
n80-k10 1763* 1828 10 3.69

1AL n45-k6 1t B T AR S - gpkctt o 0 R DE P B AR B 4R
HeoH ¥ HRInd8-k8 e fmlic s 700t B Wk 420 — 2 gl T 4 4-3 P71 91 nd8-kS
R RS R o 2P W E R E L EEh A F G BT n63-k9 0 i 4.27% o RfRL BT
¥ A % 2.16% 0 L L 00119, 2 CPU R T35 % 220 #) 2+ o

% 4-3 Augerat et al. Set A - n48-k8 Rl:#%

Instance : n48-k8 ‘ Capacity : 100 ‘ Truck : 7 | Cost : 1096
Route1: 1 29 22 31 47 14 5 12 43 46 1

Route2: 1 42 3 11 34 30 25 10 35 1

Route3: 1 8 4 21 27 40 9 16 28 1

Route4 : 1 41 37 38 20 26 39 33 1

Route5: 1 17 48 18 15 1

Route6: 1 44 32 6 2 7 23 36 1

Route7: 1 13 24 45 19 1
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% 4-4 Augerat et al. Set B 5382 % % ' R 2 4

Augerat et al. Set B
Instance | Best Known | Result | Truck | Gap (%)
n31-k5 672* 688 5 2.38
n34-k5 788* 791 5 0.38
n35-k5 955%* 975 5 2.09
n38-k6 805* 809 6 0.50
n39-k5 549% 555 5 1.09
n41-k6 829* 855 6 3.14
n43-k6 742%* 759 6 2.29
n44-k7 909* 945 7 3.96
n45-k5 751* 766 6 2.00
n45-k6 678* 709 6 4.57
n50-k7 741* 759 7 243
n50-k8 1312%* 1336 8 1.83
n51-k7 1032* 1039 8 0.68
n52-k7 T4T* 760 7 1.74
n56-k7 707* 726 7 2.69
n57-k7 1153* 1175 8 1.91
n57-k9 1598* 1628 9 1.88
n63-k10 1496* 1542 10 3.07
n64-k9 861* 876 9 1.74
n66-k9 1316* 1356 9 3.04
n67-k10 1032* 1053 10 2.03
n68-k9 1272%* 1320 9 3.77
n78-k10 1221%* 1260 10 3.19

‘% H1A nS51-k7 BHIRESTKT v p B R RS - Bl > o p A
fRiele @ dmdic o &2 P Wb R L EER X K 5 BIAL nd5-K6 0 i 4.57% 0 B W BT AL
BE A 3% L o FfR BT A L 228% 0 ¥ L 5 0.0107 - K3 CPU Y
T35 2004 =+
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n51-k5 ~ n101-k14) i % 5plz% - 12 %i‘»ﬁ:azf%, b:ry, c=”%0 F g gt wp
g mEa ) E SRR FERDLE o 4oR 42 B 43 Bl 440 d Rl
FHER T SR FTERAAR S (m A&S) ﬁﬁié«%ﬁﬂi& o BN AR
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Christofides & Eilon 22 VRP 4% £f2.% %

Instance : n22-k4

Capacity - 6000

| Truck :4 | Cost: 375

Routel1: 1 17 20 18 15 12 1
Route2: 1 16 19 21 14 1
Route3: 1 13 11 4 3 8 10 1
Route4: 1 9 7 5 2 16

Christofides & Eilon 2. VRP 48 £ {2 % %

Instance : n23-k3

Capacity - 4500

| Truck :4 | Cost: 569

Routel: 1 13 12 7 2 3 4 17 16 15 18 23 21 20
19 1

Route2: 1 11 14 1

Route3: 1 22 5 6 9 10 8 1

Christofides & Eilon 2. VRP |48 % %

Instance : n30-k3

Capacity : 4500

| Truck:4 | Cost: 507

Routel1 :1 21 4 5 6 3 23 1

Route2:1 20 7 2 25 26 30 28 29 27 1

Route3: 1 19 11 12 13 16 17 14 &8 18 10 9 15 24 1
Route4 : 1 22 1

Christofides & Eilon 2. VRP 4% % %

Instance : n33-k4 Capacity : 8000 ‘ Truck : 4 ‘ Cost : 837

Routel - 1 13 19 20 22 21 23 24 25 26 18 15 1
Route2: 1 5 &8 9 10 11 33 7 6 4 1
Route3: 1 2 16 27 28 17 29 30 1

Route4: 1 31 32 14 12 3 1
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Christofides & Eilon 2. VRP &]4% £ /2% %

Instance : n51-k5 Capacity : 160 | Truck : 4 | Cost : 531

Route1: 1 12 17 51 22 35 31 10 39 13 1
Route2: 1 28 49 9 27 8 24 44 25 15 7 1
Route3: 1 2 23 32 29 4 37 36 21 30 3 33 1
Route4: 1 47 6 50 11 40 34 46 16 45 38 18 48 1
Route5: 1 5 43 20 41 42 14 26 19 1

Christofides & Eilon 2. VRP &]4% £f%.% %

Instance : n76-k7 Capacity - 220 ‘ Truck : 4 ‘ Cost = 700
Routel : 1 69 3 63 23 65 43 42 44 2 74 34 7 1
Route2: 1 68 35 47 53 28 5 76 1
Route3: 1 52 17 64 24 57 50 25 4 45 33 41 18 1
Route4: 1 9 36 20 55 14 58 16 38 21 71 61 72 70

37 49 31 1
Route5: 1 13 73 40 10 51 19 56 26 32 11 59 1
Route6: 1 75 29 62 22 48 6 30 46 1
Christofides & Eilon 2. VRP 48 #f2 % %
Instance : n76-k8 Capacity : 180 ‘ Truck : 8 ‘ Cost - 742
Routel: 1 27 8 36 15 60 20 55 9 47 1
Route2: 1 76 31 75 22 62 29 63 3 69 1
Route3: 1 34 64 24 57 42 44 43 65 23 2 74 1
Route4: 1 49 48 37 70 72 61 71 21 38 6 16 58
4 1
Route5: 1 18 41 10 26 56 32 40 73 13 1
Route6: 1 54 12 67 66 39 11 59 1
Route7: 1 68 35 53 28 30 46 5 1
Route8: 1 7 17 50 25 19 51 33 45 4 52 1
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Christofides & Eilon 2. VRP 5|48 £ /2% %

Instance : n101-k8

Capacity : 200

| Truck :8 | Cost : 848

Route 1 : 1

71
Route2 : 1
Route3 : 1

74
Route 4 : 1

61
Route 5 : 1
Route 6 : 1
Route 7 : 1
Route 8 : 1

13

2
51
95
54

7
90
53

19
14
27

55

70

52
94
1
97
1

8

84
96
5

25 30 79 35 36 72 66 67 21
1
10 82 34 80

31

4 78 69 81 77 29

86 92101 43 44 16 58 42 23 75

100 62 17 45 15 39 87 18 &5

83 49 37 50 65 64 91 33 11

9 46 47 48 20 12 63 89 128
60 99 38 93 98 8 3 59 1
56 26 40 68 24 57 76 73 22

32
1

41

6

1

1

1

Christofides & Eilon 2. VRP &]4% £ /2% %

Capacity - 112

| Truck : 14 | Cost : 1111

Instance : n101-k14

Route 1 :
Route 2 :
Route 3 :
Route 4 :
Route 5 :
Route 6 :
Route 7 :
Route 8 :
Route 9 :
Route 10 :
Route 11 :
Route 12 :
Route 13 :
Route 14 :

1

et et et e e e e e e e e e e

93
74

5
51
60
21
63
32
28
54
14
59
19
77

38
42
40
80
99
67
12
11
89
27
88

3
84
78

101 92 17 87 62 97 7 1
23 76 24 68 26 56 1
57 75 73 22 41 1
34 82 10 52 2 1
8 94100 1
66 72 36 35 79 30 25 81
65 50 37 48 47 9 1
64 91 33 31 71 70 1
20 49 83 8 53 1
55 13 29 1
98 96 95 1

58 16 44 15 39 45 43 1
46 18 8 6 61 90 1
4 69 1

1
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