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Solving the AHP Problem of Pairwise Comparison Matrix in Incomplete Information
Student: Ying-Ing Lo Advisors: Dr. Gwo-Hshiung Tzeng
Institute of Traffic and Transportation

National Chaio Tung University

Abstract

In practice, when we retrieve AHP questionnaires, they often run into miss case, i.e.
arise incomplete pairwise comparison matrices. The purpose of this study is to address one
optimize tool based upon genetic algorithms to approximate missing pairwise comparison
value, and we can discuss and compare with related literatures to support the reference of
missing problem. With regards to the problem, in the passed, some related researches were
based on mathematic theorem or linear programming, which all want to derive the best
missing value. But genetic algorithms is another way to deal with the problem, we employ
genetic algorithms to automatically find the best missing value. First, in order to understand
individual methods of solving domain, we discuss with features of methods. Second, through
numerical simulation results, we illuminate that individual performance proposed methods in
estimate error , recovered rate and programs running time to provide useful information to
refer to solving the AHP problem of pairwise comparison matrix in incomplete information.
In conclusion the genetic algorithms is the best way for estimate error and it would be more
effective and practicable than others. We expect this research can be mainipulated to assist

every decision maker in using AHP questionnaires.

Keywords: Pairwise Comparison Matrix in Incomplete Information, the Analytic Hierarchy
Process (AHP), Genetic Algorithms, Linear Programming, Power Method,
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A=( -j) A g =1/a;,8 >0 A (reciprocal matrix)
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(complete pairwise comparison matrix) nn-1)/ 2
(vagueness) (incomplete information)
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2.1 (Analytic Hierarchy Process, AHP)

1971 Thomas L. Saaty

(uncertainty)
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AHP Saaty, 1980, 1989, 1994; Saaty and Vargas, 1987
AHP AHP
AHP
78 6 AHP AHP
AHP AHP
7
7 n
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Harker (1987) AHP
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(2)
(3)
AHP
Harker
(power method ) (i J )
W/, A(w)
A(ww = Aw
A= (aij ) A= (N'j )
1+m ifi=j
a =14 0 ifizjand (i,j)-eement miss
g Otherwise
m i
Harker
A /Tmax (eigenvector)
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(irreducible)

6x6
10-11

Triantaphyllou (1995)

nxn n,xn,

(simple method, non-LP)

a;=a,8, fori,j k=12,

(1

X =qla, fori=12,---,n—-n,; j=(n+1),--,n; k=(n-n,+1),---,n

2

Z”:i

k=n-n,+1 ajk

5 (e, —n)

Xij ~ (a" X a”,)x X

i"j

(D
nxn

n+n,>n

fori :1925“'=n_n2;j:(n]+1)7"',n

15
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N,
sz[ > (ajk/ajk)}/(nﬁnz—n) fori=1,2,---,n—n,;j=n+1---,n (5)
k=N-N,+1
(5) (4)
& & (4) (5)

k=N-N,+1

N,
xj:{ > (aﬁk/ajk)}/(nl+n2—n)+qj fori=1,2,---,n-n,;j=n+1,--,n (6)

2. linear programming, LP
n-n, n n-n,

Minimizef=r§fzn: ‘ & ‘ +ZZ Z Zn: ‘ qiilj' ‘

i=l j=n+l i=l j=n+1 i'=l j'=n+1

Z":i

)ﬁ_:m_kq for i=12..-- n_rlz-jz(r]l+1)... n
J (n1+n2_n) ] 5 b b 2 b 2
X :(aﬁr xajj.)x Xy +g"  for ii'=12,-,n=n;j,j'=(n+1),--,n
100
n<13 (number of common pairwise
comparison, PC) np m)
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(PC%)
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60%
Shiraishi et al. (1998) (characteristic polynomial)
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A(x) A (%)
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(Fundamentals of Decision Making and Priority Theory)

2

(scale)
Obata, T. et al. (1999) Harker
4 15
1000 Harker
Harker
2.4 (Genetic Algorithms, GA)
John Holland 1960 1970 David
Goldberg
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(mutation)
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13



(D

2)

)

(4)

(global optimum)

2-1

14

(local optimum)



(1

)

)
4

(1
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4
)

(1

(b)

(Encoding)

(convex function)

(fitness)

(Decoding)

[ Gen etal.] phenotype space

genotype space

chromosome individual

Binary encoding

Y

Real-number encoding or floating point encoding
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(2) (Population size)

3) (fitness)
GA
fitness function
(4) Reproduction
Roulette Wheel Selection
Goldberg 1989
X )
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crossover rate
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0101101110
1010101001
0110010111

A 4

1010101011
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1010101001
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2-2

one-point crossover
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(Mutation)

standard mutation
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L1 [ 23451417819
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2-3
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aggressive mutation

0.5

a—

L1 {2 [3]4[s5[4]7[8]09]

1 |23 [4]os]4]7]8]29]|

2-4
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(Binary Genetic Algorithms
BGA) (Real-valued Genetic Algorithms RGA)

2.2
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1. BGA
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(performance index)
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GA John Holland 1960 1970
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Non-L P

Triantaphyllou (1995)
a; = &8y fori,j ,k=1,2,---,n

n+n >n

(power method )
w/w,
W /w, a,
Harker AHP
0 (irreducible)
(1)
nxn
n xn n,xn,

% a =a.a,for i,j,k=12,

a; =a,3, fori,j,k=12,--,n

%

LP

Triantaphyllou

)gj z(a,-i,xa”,)xxi,j, for i,i':1,2,-..

Polynomial
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Shiraishi et al. (1998)
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C3
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AHP
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(characteristic polynomial)

A 1

AHP

Har (1987)

Non-LP (1995)

LP (1995)

Non-LP

Polynomial (1998)
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GA
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4-6
n
3.3.1Har
Har
n=4 4 4
2
3-3
3-3 Har
n
X, X3 X, 6 15
4 X5 1 Xy Xy
X, X, 1 X, X2 X3, X4 X12, X13, X14, X23 X204, X34
X Xp o X 1 X3 Xou  Xas
_1 X12 X13 X14 XlS
X 1 Xy Xy X
5 X Xy 1 Xy Xy
Xgo X Xy 1 X
X X Xy Xy ]

27



1 X12 X13 X14 X15 X16
X 1 Xy Xy X5 Xy

6 Xy X, 1 X, X5 X

X4 1 1 X4 5

X X Xy X, L X
X Yo Xa Xa Xs 1

46

3.3.2Non-LP LP

Non-LP LP
M M (order)
3-4
3-4 Non-LP LP
n ] Ny
Lox, %) X, ]
1
4 3 3 X, Xs| Xy X14
X31 X32 1 X34
LX41 X Xy 1_
(10X, Xy | Xy X
X, L X | X, X Xi14, X15, X4, X5
X X, 1 Xy X5
5 3 3 X41 X42 X43 1 X45
X X (X X 1]
(10X, Xy | Xy X
5 3 4 X | T X ] X X X14, X15
X1 | %, 1 Xy X5
41 X42 X43 1 X45
X % X X 1]
(1%, Xy Xy XS] .
5 4 3 X b Xy X X 15, 725
XX, 1 Xyl Xs
Xpo X [Xs 1| X
X % X Xy 1]
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LooX, X Xyl X5
X 1 Xy Xyl Xy Xis
X | %, 1 Xyl X
X | Xy X5 1 X5
_XSI XSZ X53 X54 1
X, X X X X
X b X X, X X X14, X15, X16, X24, X25, X26
X %, | X, X X
X41 X42 X43 1 X45 X46
X X X X, 1 X
X1 X2 [Xs X Xs 1
LooX, Xy Xy | X5 X
X, 1X, X, X X X15, X16, X25, X26, X35, X36
X % b X X X
X41 X42 X43 1 X45 X46
X Xy Xs [ Xy 1 X
Xsi X0 X3 [Xa X ]
LooX, X X, X5 X
Xl Tyl X, X X
X 1%, 1 Xy X5 X X41, Xs1, X61
X41 X42 X43 1 X45 X46
X[ %2 X3 X 1 X
[ Xor | %2 X3 Xe X ]
Loox, Xy Xy X5 X
X, 1 Xy Xyl Xs Xy X155 Xi6, X25, X26
X X, |1 X, Xy X
X X (X 1| X Xy
X Xy K Xy 1 X
X %o Ko Xa Xs 1
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X, X Xy X X ]
X, 1 X3 Xyl Xs o Xy X15, Xi6
X, %, 1oXl X X

6 4 5 X [ X Xis 1] X X

X | % X X 1 X
X()l X62 X()3 X(>4 X65 1

LoX, Xy Xy Xs| X ]

X 1 Xy Ky Xs| Xy X16, X26
X X, | DX, X X
6 3 4 X X [ X3 1 X | Xy

Xi %o %5 X 1| X
Xo X [Xs Xa Xg 1

L%, Xy Xy Xo| X ]

X 1 Xy Ky Xs| Xy X6
X% T X X X
6 > 3 X X X3 1 Xis | X4

Xi X% X5 X 1| X
X X2 Xo X X ]

3.3.3 Polynomial

Polynomial 3-5
3-5:Polynomial
n
4 X12, X13, X14, X23 X24, X34
5 X12, X13, X14, X15, X23, X24, X25, X34, X35, X45
6 Xi2, X13, X14, X15, Xi6, X23, X4, X25, X6, X34, X35, X36, X45, Xd6, X56

3.34
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0.1

Matlab

500
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0.1 500

4-6

Non-LP
LP 12

12

4-1

4.1
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60 5 40
a 4-1
L 4 4-1 GA
() 4 () 5 6
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0.25 0. 35 . 35
0.01 0.01 0.02
AEA N4 EEEEHE
0.0326 . . . : . .
00324 - .
00322 .
2
4
¥§ 0032} .
=
&
0.0318 .
00316 F U 1
0.0314 ' ' ' ' ' '
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JLEGR
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GA
X; {9~1/9} (reciprocal matrix)
500 (CL<0.1) 4-6

4-6

Har polynomial GA

Maltlab
4-6
0.1
Npop
GA
Excel
4-4
4-5 4-6 X AHP

(order) Y
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4-2 4
Har Polynomial GA
9.8676 146.6641 2.8235
100 42.8 93.4
9.8676 54.5915 2.7782
4-3
Har Polynomial GA
6.0078 155.0002 2.5397
100 33.8 92.8
6.0078 79.1150 2.4252
4-4
Har Polynomial GA
5.7005 139.6792 2.2821
100 38.8 93.8
5.7005 34.7033 2.3737
4-5 4-6
Har Polynomial GA
4 2 1.719 1227
5 2.063 1.812 1336
6 2.188 1.921 1890
106 ——Har
8 ok —&— Polynomia
6 Of 1
4 of
2 O .

4-5




—+—Har
=Pl oynomi al
GA
4-6
4-1 43 4-1 42 GA
Har
GA Polynomial
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4.2

4-6
4
48 5 55
6 55 4-6
& 4-56 GA

° 4 e 5 e 6
40 40 40
60 60 60
0.25 0.35 0.35
0.01 0.01 0.02

L 2 GA
1 4-6
2 Har GA
3 Npop
GA
4 Maltlab

4-6

0.1
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Excel




0.1

D51

S A | B B o O T R

40

014 1 .
013

5 012} -

i

g 01} .

-}

B O1F A
0o=r .
0.0s

|'—u e
.07 + I—Illl_.ll —Ill .Ir—-
DEE i i i i
10 o an 40 &0 B0 Eli|
e
4 -9
4-7 4
Har GA
16.8291 3.2125
100 92
16.8291 3.1455
4-8 5
Har GA
9.6352 2.6541
100 914
9.6352 2.6249
4-9 6
Har GA
5.1197 2.5323
100 100
5.1197 2.5323




4-10 4-6

Har GA
4 1.906 929.5
5 1.656 1234.5
6 1.719 1140

—o—Haljr
——GA

—eo—Haljr
——GA

GA Har
Har 6 GA
Har
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4.3

Non-LP LP
Har Polynominal GA
4-12
4-11
L 2 4-11 GA
50 20 0.25
30 60 0. 35 0.02
60 40 0.25 0.02
50 30 0.25 0.02
30 4 0 0.25 0.01
40 60 0. 35 0.02
60 4 0 0. 35 0.02
60 40 0. 35 0.02
60 60 0. 35 0.02
60 40 0. 35 0.02
60 40 0. 35 0.02
50 20 0.25 0.02
* GA
Non-LP LP
4-7
3-3

42

4-7

. 02



Maltlab 12
0.1
Excel
4-12 *
( Non-LP LP Har Polynomial GA
Yy

n — X]4 * * * * *

X14, X15, X4, X5 * * * - *

X14, X5 * * * _ *
=S Xi15, X25 * * * - *

X15 * * * * *

X14, X15, X165 X24, X25, X26 * * * - *

X15, Xi6, X5, X26, X35, X36 * * * - *

X * * * _ *
n=6 145 X15, X16

X15, X16, X25, X26 * * * - *

X15, Xi6 * * * _ *

X165 X26 * * * _ *

X16 * * * * *

4-13
Non-LP LP Har  Polynomial GA

n= X4 14.2544  5.3635 11.2969 269798  3.6788

X14, X15, X4, X25 15.6369 11.7858 9.1927 - 3.0387
n=5 X14, X15 13.34805 12.8 10.4183 - 3.6213

X15, Xo5 18.5176 17.5029 11.9366 - 3.2219

X1s5 12.8675 5.0773 9.2006 27.2469  3.0317

X14, X15, X16, X24, X25, X26 13.3445 7.365 8.8490 - 3.2689

X135, X16, X25, X26, X35, X36 13.6263 13.4407 12.1791 - 3.0074
=6 X, Xi5, X16 15.2463 17.3204 8.6111 - 2.8103

X15, X16, X25, X26 14.7152 13.1897 9.9683 - 3.2469

X15, X16 19.6272 18.9682 11.0933 - 3.0942

Xi6, X26 22.7527 21.3401 16.1999 - 2.6968

Xi6 12.2026  4.8843 8.5290 27.3789  3.1263

43



4-14

Non-LP LP Har  Polynomial GA
=4  Xu 99.2% 98.2% 100% 90.8 95.8%
X14, X15, X4, Xo5 96.8% 24.8% 100% - 92.4%
n=5 X14, Xi5 97.6% 93.8% 100% - 91.6%
X15, X25 90.8% 91% 100% - 91.4%
Xi5 99% 92.2% 100% 83.8 95%
X14, Xi5, X16, Xo4, X235, X26 97.6% 78.4% 100% - 90.4
X1s, Xi6, X25, X6, X35, X36 98% 92.6% 100% - 90.4
=0 Xy, X1, Xig 96.4%  19%  100% - 86.8
Xis, X16, X25, X26 96.6% 93% 100% - 89.2
X135, X16 88.2% 88.4% 100% - 90.6%
Xi6, X26 88.4% 91% 100% - 92.4
X16 98.8% 93.4% 100% 81.8 96.6%
4-15
Non-LP LP Har  Polynomial GA
n=4 Xpa 1.687 8.984 1.968 1.625 609.5
X14, X15, X4, X25 1.182 11.36 1.187 - 750
n=5 Xi4, Xi5 1.687 10.296 1.703 - 880
Xis, X5 2.422 12.766 1.469 - 890
Xi5 1.734 8.61 2.047 1.672 890
X14, X15, X16, Xo4, X235, X26 2.171 14.61 1.015 - 1220
Xi5, X165, X25, X26, X35, X36 2.265 15.391 1.141 - 1500
nN=6 Xy, Xis, Xi6 0.703 12.734 1.141 - 1300
X1s, Xi6, X25, Xo6 0.75 14.7 1.109 - 1515.5
Xis, X6 1.938 13.11 1.766 - 1250
Xi6, X26 1.859 13.437 1.884 - 1258
Xi6 2.031 90.093 2.141 1.797 453
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120, —Non-L
100. =LP

80 Har

60 —Pol yn
% 40 . *GA

20

0.

1 2 3 4 5 6 7 8 9 10 11 12

4-24

—+—Non-L
= P
Har
—~—polyn
—*—GA

o mi

o mi

4-25

51
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B Non-LP 15.51
aLp 11.42
B Har 10.62
polynominal 27.2
B GA 3.16
4-26

100.-

80. 6

6 0. ¢

4 0. 6

%

20. 6

0. 0
B Non-LP 95.62%
OLpP 79.65%

B Har 100%
O polynominal 85.47%
B GA 91.88%
4-27
12
4-7 GA Har
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LP Har Non-LP GA 4-5

GA LP LP
4.4
Polynomial Non-LP LP Har GA
Polynomial
Non-LP LP Har GA
X14, X15, X16 LP Har
Har
Non-LP LP
19% GA LP
Har GA
Polynomial Har  >Non-LP
>Non-LP>Polynomial
500
GA Har
GA

AHP
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5.1

GA

GA
AHP

5.2

5.3
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Har
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