Chapter 3

DESCRIPTION OF CONTINUUM TRAFFIC
FLOW MODELSAND RIEMANN
PROBLEMS

In this chapter, the conservation equation of traffic flow was derived, and then this study
implemented the formulation of the smple and high order continuum models for numerical
discretization. Finally, Riemann problems in continuum traffic flow models were described

briefly.

3.1 Derivation of Conservation Equation of Traffic Flow

Consider some segment of roadway without entrances or exits, the number of cars N is

theintegra of thetraffic dengty k(x,t)

o+Dx

N=Q

K(x,t)dx . (3.1)
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Figure 3.1. Aninterva of roadway without entrances or exits.

The difference in number of cars between time t and t+At equals the number crossing at Xo

between t and t+A minus the number crossing a Xo+Ax between t and t+4t

N(t+Dt)- N(t) » Dt(a(%,.t) - a(x, +Dx,t)). (3.2)
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where g(Xo,t) denotes traffic flow rate at xo. Dividing Egn. (3.2) by A and taking the limit as

At - 0 produces
dN
S = A0t)- A% + DX, (33)
Combine Egns. (3.2) and (3.3) to obtain
d Ko tDx _
pro) K(x,t)dx =q(x,,t) - a(x, + Dx,t). (3.4)

Eqgn. (3.4) indicates that changes in the number of cars are only induced by the flow across the
boundary. Assume that no cars are created or destroyed, and thus the number of cars is
conserved. Eqgn. (3.4) is called the integral conservation law. Provided that the endpoints of
the roadway section, X and Xo+Ax are considered as additional independent variables, a partial

derivative with respect to time must be employed instead of the full derivativein Egn. (3.4),

ﬂ ‘x0+Dx _
o) k(x,t)dx = q(X,,t) - q(x, +Dx,t). (3.5

Then dividing Egn. (3.5) by - Dx and taking the limit as A — 0 yidds

o 1 xovDx _
I!‘;(rC!)]OﬁEQ k(X,t)dX—

- Dx

lim
Dx® 0

The right- hand side of Eqgn. (3.6) signifies the partial derivative of q(Xo,t) with respect to Xo.
Since A is small, the number of cars between xo and xo+Ax could be approximated by the

traffic dengty at Xo, K(Xo,t) times the distance of the segment Ax.

lim —— & k(x tydx» - k 37
e Q (x,t)dx» - k(x,1) (37)
Hence, coupling Eqgn. (3.6) with Egn. (3.7) yields

1 1

— k(X ) +—0(%,1) =0. (3.8)
fit & % &

Findly, replacing Xo by x provides the conservation equetion of traffic flow
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%«un+%ﬂun=o. (3.9)

3.2 Formulation of Continuum Traffic Flow Modes for Numerical

Discretization

In this section, continuum traffic flow models including the ssmple and high order

continuum modds were formulated for the numerica discretization.
3.2.1 LWR Modd

LWR modd contains following three equations

Tk, Y9 _

ﬁ+ﬂ_g(x,t), (3.10)
q=ku, (3.11)
u=u,(K). (312

Egn. (3.10) can be derived form Section 3.1 by introducing the generation rate of flow
g(x,t), which is equal to zero in roadway segments without entrances or exits. Egn. (3.11)
implies that the flow rate of the traffic stream equels the traffic density times the velocity. Eqgn.
(3.12), which is obtained either from empirical observations or from theoretica models,

represents the equilibrium relationship between the velocity and the traffic dengty.
Rewriting LWR model by combining Egns. (3.10), (3.11), and (3.12), the following
equation is acquired:

T, o, (k)
ﬂt+ i g. (3.13)

Let U denote the state variable, F(U) the flux function, and SU) the source flux. The

formulation of continuum models for numerical discretization could be expressed asfollows:
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v, FU)
It ix

Consequently, the state variable, flux function, and source flux for the LWR modd are
U=k, FU)=kwu(k)="f.(k), SU)=g.
3.2.2 High Order Continuum Models

During the past severa decades, various high order models have been presented to
conquer the deficiencies in LWR model. Two of those high ader models, PW model and
Jiang’ s improved model, were chosen to implement numerical simulation by high resolution
schemes. PW model was selected due to being the original high order model. By reason of
novelty and the capability of overcoming the backward travel problem, this study preferred
Jang' s improved modd. Furthermore, shocks, rarefaction waves, stop-and-go waves, and
local cluster effects, which are consistent with the diverse nonlinear dynamical phenomena
observed in the freeway traffic, could be obtained from Jiang’ s improved model (Jiang et dl.,

2002).
3.2.2.1 PW Model

By coupling the conservation equation and a dynamic speed equation (often named

“momentum equation”), PW modd can be represented as follows:

Tk  Yku _

IS ] (3.15)
u, &fluse_ ¢’k 1

= 9= 20 B4 2 (u (K)- u). 3.16
e et (u,(k)- u) (3.16)

Rewriting Egns. (3.15) and (3.16) as a system, the formulation of PW model for

numerica discretization is obtained:

U, IFU)

A =S(U), (3.17)

where the gate variable U |, flux function F(U), and sourceflux S(U) are vectors:.



_&u ku |

=g FU)= eu ce i SV)= o

e
&u, - v/t
By trandterring Eqgn. (3.17) to the following formulation:

U
F+[J]—_S(U) (3.18)

the Jacobian matrix of the sysem [J] could be procured as follows:

ST (3.19)
=&l 0 |

3.2.2.2 Jiang’' sImproved M odd

Based on improved car-following model, Jiang’ s improved model replaces the density
gradient with speed gradient in the momentum equation to avoid wrong-way problem

proposed by Daganzo (1995b).

Jang s improved model, which is consistent with other high order models, consists of

two PDEs as follows:

Tk  Yku

ﬂt+ x =g, (3.20)
Tu @uo_ 1o G- g +eu 321
t  &fxg t o(K)-v) ix (321

With the procedure of formulating PW model in Section 3.2.2.1, the formulation of

Jang' simproved mode for numerical discretization can be aso obtained.

The dtate variable U, flux function F(U), source flux S(U), and Jacobian matrix

[J] of Jang simproved mode are as follows:

_ & é ku u é g él U
, F(U)=a 1, S(U)=a , [Jl=a “.
el TV il SVTg, )/tLJ MR ST
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3.3 Riemann Problemsin Continuum Traffic Flow Models

It turns out that continuum traffic flow models comprise hyperbolic PDEs, with LWR
model a single PDE and high order models systems of PDES. As such, discontinuous
solutions, called shocks, arise from even smooth initial data in these models. A particular
problem, called a Riemann problem, is often used to characterize the solutions of hyperbolic
PDEs. A Riemann problem is nothing more than hyperbolic PDEs with a specia set of initia
data, called Riemann data, in which a single jump discontinuity separates two infinitely long
regions of constant states (e.g. traffic density, velocity, and flow rate). Riemann data for LWR

modd, for example, are shown asfollows:

ik, x<O
k(x,0)=1k .
ik, x30

where the upstream densdity k; and the downstream density k; are constants.

The solutions to hyperbolic PDEs with Riemann initial data, called Riemann solutions,
are usually of three basic types. shocks, rarefaction waves, and contacts. Not every one of
these waves is present in continuum traffic flow models. Contacts, for example, do not exist
in continuum models. Because of the existence of shocks, hyperbolic PDEs such as those of
LWR and high order models are notoriously difficult to solve numerically. Specia care must
be taken when these equations are converted into formulation of numerical discretization.

Consequently, Riemann problems would be the main issue to solve in this study.
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