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S LR )

BEXR
= B ¥
BINVA= e s d=slihte 3= Tea

&

OB G

§1.0 &

1]

BEESRBEZHEL  TRBEDES 2 & BT ; B &
ANEER( the law of mass conservation )s 5fRY R ER
( the conservation law for the dissolved substances
) P BEENKER ( the law of energy conservation )» fF)
ENEKER( the law of momentum conservation Y Hi;E i
EREKATLUBEEE THIH BR » 85 5K ( the equation .
of continuity ) » HEBHIF AKX ( the equation of dif-
fusion for sélinity ) BBEE 5L ( the equation of
heat conduction ) » NEB)HFERX ( the equation of mo-
tion ) o H b B H AR B—EH BHEE - BE=ZHIEHFERX >
MERM=MEHER » BIEABEHESX o B KEE W
BE o AECHE BEECO ) HMECS) S BECT) » BEHC
PIN=ZEEESBE(u, v, w) o HHEMBERESBER (
the equation of state )s EEHN BT MBAIDEE ~ B A



EHRETR  AZREHER » £ —EEHE0 SR GTER - MR
6 @5 BAMeEHRK— B3 AR RH ( a closed system of
equations ) o \

Bz FRAEH KRR AEREEZ BFK ( continuum hy-
pothesis) TMEK o MAEREMEE » FHRERNEKZ A H -
DRBAXKANTBYZRZRE » HREKTNE » BFBYR T EEE
o HILZEREMRE » LAz FEAREEEH » MRASLIER K
B o

§1.1 3B ( field) ; mmBSTIMELS

EIR R o KRR S - SR R BERESE
VU o R 7NN 2R AT — B - RATES T LU R L
WER (BN > TE -~ BE EES) o MLERYET » HREDE
B RE—ESREEHNR (BN BEE -BES  EESBS) o

RRBHEESNYER  THUSSKAEB ( scalar field
) s EE( vector field YREEESE ( tensor field ) o

BB L DI H&SEH ( equi-scalar surfaces
) R o GUMIEE S BT &BER ( isobaric surface )&Ro 1]
RHMBHSERNSEGES  BELBTSEEN( baro-
tropic) ; WIS H i 554 A0S BE EAEAS » Mtk RIS S 3V EER (
baroclinic Do ZEWHE » RMBPERBEESREHBHE ; &
SEHEORSEDES > QAISIEEEM ; TS % 5 HESEEH% » A
BHEW o

HRE—RBRE () » RATLUEHRAES ( field lines



) s HAFEAR :
drxa=0. » (1.1.1)
KREESHE L BEAARE WE—BHEY - MRABREE Y -
BB S B R ( streamlines ) oK (1.1.1) REZ
FEARS:
dx :dy :dz=u : v :w (1.1.2)
ME—-BEHEEE-BEARZHE > 2=V ¢ ALARBS
f7E ( potential vector ) o IRLFEBSEE » MLERS
S670E ( potential flow ) o
HE(V)IMNEGTE ( surface element , do )z HZES
Ve do s RRXBm® sec; R R BAREECRHAATRL
KHEIC RN BEE > AFABRBEEE ( volume flux ) o [{
Bov.do(Keg sec™ ) BEMBMARKd 2 HE> BRE
BEE (mass flux ) - MEANERS :

rr
V. d?:fj?.?da
dsd- .
s (1.1.3)
a ([ ov- d’a":ffp?.?do
o J
S S

HERAMRONEEEENEEEE - AMBEL(1.1.3)
ZEBES  BUEE—-ERAEEE ( vector flux ) o
V88 H2ES » TMREEH 2| Nabla-operator » g] :

P 0., 70, gO0_— 0
LA k —= ;| ——
ox ay+ 3z ' ox.

Hebhi, ], kKAEx, vy, zZ@EFAZEGER > T 5380 e

(1.1.4)



s er 0 EsFROE(CL.1.4) A% BMRPTAHE ( sum~-
mation convention ) » RN Fsk®y ( subscript )XFFH» F
“EARE » AEREHFRRBHE M o W L5 ( super-
script ) 7k SRR BAIHE o B Nabla EE AR » TH 6 HZEE

R: |
f_”v-?av:ﬁﬁ—v*-d?? (1.1.5)
v S

ﬁgﬂﬁ_‘ﬁiﬁ_ﬁ%ﬁfﬁ'ﬁ ( gaussian integral theorem ) o(ARV
HUERAIEMNBEE (ERE AR RE) » RKEBETHE
RaE: .

jfd”wdv:ﬁ do ¢ s fjfv-?dV:ﬁd;). v

(1.1.6)

Jf v x7dv=§:fd?’x?, Jf v °®dV=ﬁd7-®
o

HpoBENE  ORER-
A—EEEMBK » Rstokes 5 ERE ( stokes' integral
theorem ) » g :

ffd?.vx?=§§d?-7 (1.1.7)
S C

A — (B B SEOBIE (circulation ) &z Btk @A
EEE 2 Gk EER ( vorticity flux) o KMV X VERRH
ki (vorticity) o fIF BEEE » Stokes EEATERAALE
B 8 .




e

”d?xv ¢=§d?¢ ’ jf( do x V) - 7:§d?.7

C( N N (1.1.8)
(dUXV)XV=§erv ’

JJ

r

P( dox V) .q)=§d?.cp

JoJ

ERBEE HBd > {iESE ( vorticity field )RNEBRIBEEER ;
R curl V=V XV 2B BEWEKE ( vortex line )
’ﬁﬁﬂﬁ%:
dx s dy : dz =CUXV).: (UXV), : (VXV),
(1.1.9)

§1.2 B (tensor field)

E—REAEEAR 2B ( deformation ) fIES ( stress )@
HRIRE R o« Gl EE C second-order tensor )
TRAKE H—ERBTRORE S ( surface forces ) » (B%
B1.1)o0

1.1 “BEREKa H—  Pag
EHERREERLREZ S [ i

> 55 = EHERRE R HRE 2 Lot )
alicl:x % i

|
_____ X2
Vi 1}




E—ARSTROER > RASRECEERESD, , 0, ,
o

TR ERE L THANDER o Al BMEE » 4 HKEH
s AR RERE © |

EER BABE_@END LERRNEHENSE

Ksi , Ks2 , Kss o

@M BROFIERZEE (AL > SE=EXE) o
H_ENE BRREHZ SR FiE®E

—

K=K 11 +Ksz 07 +Kss 05
MBERMER » ROFEANEETL (G0 FnZ) MRE 2 (Eo:
RE)ZHN D HERMEHIAFTEIBLEN IR R ; BMA
PR Bl ¢
Ki: Kiz Kis
(Kix ) =| Ka K:: Koz
Kau Ki: Kass
BEFHHOEES REENR :
1 )EHEE ( stress tensor )
2)V YV |
—@_FEE R ( second-order tensor ) » Xffidyadic ; 'Biy
AR :
T=Pi € € |
EEENFY > € e RE—EER  AEERER ( - DRA
BE(x ) e, e, qk 58BE dyadic product » B
B2 NHEMFFRE o '



D BEERATBEFRAR » REE ; MUK TFRAR
EREFANSE - 6l : |

T=Pi €: €x , __PFEEE (2 - order tensor )
m% Pik:aibk ,j]é_a ?Zaiei s E):bkek

Bl T=a;bc.e; ex=ab

Z:Sikl?i ;)k _ﬁ: , BZTARZHER (3 - order tensor ) o
EEAH( tensor algebra ) :

1)T=2,&Pit =S« , —HEEEMHEE EU’E”EWE@%EH%%}

2)E_FERERAME » RMBETREMPMEZE -
T=T+2X
Bl Twu=Pu+ S«
3D MEERE A H Bl
T+E2=34T
4 )k (multiplication ) FHEMEEL :
(a)F&#fi® ( multiplication by a scalar ) 2 :

ATT= ZPik?i _E)k
e TR R -

APu ]sz APis
( AP ix ) = APz AP2z: APas

APs1 APs APss

(b)Scalar multiplication :

R FRIEARER :

—_ 10 —



Fla -
— — —— N
a«TT=a;e; » Py, exe, =a;Py 0ix €,
H
= axPx €.

— — — — —
e a=Py ex e, *a; € =Pya; 5;! €

—> _ . —
=a;, Puexr=Pixa,e;ex-e,

— —
=Pixa; €i0xy =Pixacxe;

—=a,Pue; (findex i »#HmBe)

Wit»a-TxT+a (. PiuxPu)

—_— —> — - — = - —
Z 'Tr=Sik €; €x leel eln=Sikle €; x *€; €4
L1
On

=S ikle?i 0 kl?m - Sik Pkm?l E)m

—_ —
=Tim€i €n

where Tin =S &t P

' — —> - - — - — —
M MeX=Pueier*Sme, ea=PuSin€ €€ ey

5kl

— — — —
=PixSin€iOuea=PixSwne€i€n

Bk TeZxZ T
(c)Vector multiplication :

—> — —
Bife, Xer= ¢y €,

—_ 11 —



+1 ( €123 = €23 = Eg2=+ 1)
EH cw=y—-1 (€213 =€q3p =632 =— 1)
0 "L E2 T EAER
B :

e - —
;a’i'PkE € ikm €m €,
— —> —
M XZXT=Sice; ex XPme, €4

— — — —>
=SikPim€iex X €&; €4

— - —
=Sikleei €kaoCn €
— — —>

=SikPim€kin €i €s€n

(d) Tensor ( dyadic ) product :

-, — — — — o —
aTT=a;eiPuyere, —=a; Py €; e, €,

5 ) Transposed tensor :

B4l T=Pie: ex
H|EHy transposed tensor :
T=Pu €: €
BN BRVAEM G TSR » ERVE o
—BRK T-axa T
B Tea=a-+T
RE T=T
6 ) Characteristic vectors :

—FEEEN—MEERR & ( base vector ) e; v scalar

—_ 12 —




mul tiplication » ginJ#§ characteristic vector » gy :

— _ > —> —> -
Tee;=Pime,en€; =Py, =Pi

7 )EEZ 5& ( components of a tensor ) :
—{HEEHYNE > FIf scalar multiplication » & FEN

CIB--GN:EIEE

=sz5u 5mk=Pik

8 ) HKER :
(@QEEER ( unit tensor ) » HEERR :

_— —> —_ —
I:(Sikei € = €; €5

EE—EHE  RNEMCRE > ABERRECWHEE B :

—> — — — —
1 «- a= 5“; €; €x *d;, €; —a; 5ik5klei

— —
—a; e; = a

bZFEEE ( null tensor ) :
¢=0-€i E)k
9) M —FAMEH, RE—EHBERE ( symmetrical temsor
) s TH—-ERYBIER( antisymmetrical tensor ) AZ

Z Mo
HBRE : Pix = Pui , &l Tr=:|\T’ .
REBER: Pu=—-Pu , 8 T=-T ;HRRY

BEREA > HEEHAKVECZITBRERT » HI:
Pii = P22 =Pasa =0

—_ 13 —



0 Pi: Pis

A= — P,z 0 Py =(Pu)

—Pis —Pas O |
Bl —-BERAEBEE  EE=EEXL5EP: , Pis , P oMH
fr51k=0 ,
0 Pi: P
|Al=|—=P2 0  Pu
—Pis —Pis 0

— P12 Pas
—Pis 0

=-‘P12‘ + Pis

— P 0 -

—Pl3 —st
- =— P12z P2s Pis +Pis Pis P2s =0

MHBERER :

Pii P12z Pis
S=| Piz P22 Ps:s
Pis P2s Pas

K—EERT S RSHBE S BRSMWE S SLEFH trans-
posed tensor T s Ef

T=—CT+T)+5(T-T)=Z+A

2
1l ~ = 1,~ s
Z~?(W+W)—E(W+W)—Z~
A=LF-THr=l(TF-myr=-1cr-F)
2 ‘ 2 2
=—A

10) -ERHUBRELUABRERZER !

- 14 —



HR—-BRNBERES=ELEA5 B HHTHARSET : 1
SARKRHBER > ATA :

A=ax I

Hh ?=—Azs_g1 +A13;)2—A|z?3
(&) 4 LA Bl

' —_ — —_ —_
A=Almel ell:ai_el X 5kmek €m

. —_ — —_ —
=2 Okm€int €, Em=a, €y €; €,

Aim=a,; €1
~ - —> - —
ﬁﬁ A=Anl € €a=2a; € ynm €, €n
— —
=—a; E,_, e‘ e- =—'A
i Aiz=a,; €, =—a,
Ais=a,; €3 =a;
Azs=a ;€ =— a,

BB a=a,€ =—Asn e +Ais s — A €
i1) Trace of a tensor :
HARTRZM  EHLARtr ER - ITSER > A
Trace TT=tr T=P,,

HE T=Z+A (ZHAZHIRTZHBERHNBES)
Al troT=trX (v trA=0)

ERBBHES - ﬁi?tﬁﬂﬁﬁﬂﬁﬁZﬁﬁﬁﬁl(mw

-of-strain tensor ) D o

BEERE—ERE :

- 15 —




e WEREAARHSE— BER S o

dvi  dve  9vs

axl axl aX1
0ve | 0V, 0V A

aXi aXzz aXz . 3x2
0V 0V ﬁ
0X3 10X 3 0X3s

b

tr (Vv)=V.-v=Dirv ; ik sEAZHE (shear)o

- Y
V vZ transpose & :

VRS LA ) BN VORGSRV o VY 5 RA—EHRE
2 A—BRHBHS & |

(3)v7=%( VVAYY) +%( VV-VV)=21(D+D)

HBED:

_ aVk aVi - —>
4D =( % +a_xk ) e; €

BRESMREE ( rate-of -strain tensor ) » B lMiEREE)

( pure straing motion ) o

G trD=D, =22 Y5 y-v
aXi

KER M EMH ( isotropic exﬁansion ) o
©D=tr DI +D H#& D=D-trDI
Hep DR EMER I REH S ( non-divergent part of

— 16 —




the rate-of -strain tensor ) » Efﬁﬁﬂ’ﬂi@ﬁ@)o l;{f&?x‘;ﬁ
HatdmZIEMERRE( frictional tensor ) EH-H7ER

(7)f)ik =Dix — Dt...él...a ik
REBE S :

avk aV_i — —

(8)D':( aXi_R) €; €
KRPDBEEERYBER » BLARER o

KMESED HEZARSQ HCZ 48R :

- _ _aVz_ava _ _aV3_aV1

@O =—Dh =F- —5, » Q:=Dh =F -5
. _ avl _ aVz
(s =— Dl = "'—'axz Txl

Bl :
(10)6)_—. — VX v
RERHBE oD A RRBY c BE) - FLH BES -

RitLEa (1), (6) , (9) , AT4N V V{04 77 34 3 2 88 % 5T Ko 8 ( di ver-
gence ) fEFE A H ( non-divergent distortion ) R HE)

( rotation ) o

WVv=V.vI +%1°)—%( UXV)XI

§1.3 EZLagrangian FnEulerian it

1 ) Lagrange :

- 17 —



EER 2GS —ERABNERE KA CA  ERMEERW
LB r.(t) RIFMNKE  BREHKZEK » BEWRAES 1.0
ot KR IERERR ; BIERE ( continuum ) THEHT
X ( volume elements ) K EFENBELTEP - H
BEREENEGELEN ; YAMANBELR  EERUEBMAED
FEEMER - At —ERBEEE  #FREEH s Y
R AR K 008 » (RRRIN B - BEREHIK o BB
Lagrangian 3

Lagrange

B SRETE > TR =0 > FENMERT, o BEF—
BRI > ERMRE » TR E S -

(Dr=TCTe,t) sHEHP T(To,0)=ro

KBk » B Mbe s s t 2 HBIRE T » )R » B o
y MHEWHAME ( initial position) :

— — —
r

ro=1",(

,t)
(DR » B AP TT LU H A 0T SR ZERSRT ¢ B o S 8 R IMSE K

9T (To,t)
- ot

@ve(To, t)




dVL(To,t) 02 r(To,t)

ot - ot?
A TRERM t=0  FEZLBESTO
2 ) Euler :
—fB3 (field) ZEulerianfiiit » BEAES @R t » &
BR THESEE( MERRWMNA t » 54 R i T »

@ﬁ%%?3°  T
4

P

¥EEulerian3f{f VAl Lagrangian &K v, i 4 T A&ER;

BVCT, t)=Vi(Te(T,t),t)

MREulerianFE L4 » HlLagrangianEF g TR »

(uar(r°’t)=?i(?2,t)=7?

) ot
EMEREH ( initial condition ) :

B) T (To,0)=To
BEZMEE—BEERE -
SRMESAE > TARKWER (B volume element ) ¥
MHEE o BEBC)FIW » £ ¢ ( Eulerian ) f1 ¢ ( Lagrangian
DHZBRERE

6 (T, t)=¢u (To(T,t), t]s

- 19 —




G (re ,t)=¢( TCro,t),t)
HHR—EENNBRTE (1o BE)  BHLEEE - BB
Eipa Y-

=[-56—E¢)[_r-)(ro,t) t) Jn
0 R —
:[a—t-sb[r(ro,t)atjf

53— r(ro,t) s VO r(To .t ,tjt]ro

VL C(To t) e VILTCTo,t), t e ro

gy
(7)5F¢'L(I'o > t)ro=[a—t¢( r,t),
+VC(T, t) e VO(T, t) ]
BELBMES :

d — .
(8)&_E¢(rs -

Q)IQ)

¢L C I'o s t)ro
RMERFHS (individual derivative ) BB EH o (

material derivative B substantial derivative ) o

CENpRER Aot - EER A BE BRI BG4S ﬂzwﬁ%ﬁ)fﬁﬁﬁ

total time derivatine )

Rl TR

i
- 20 - \




o

( ‘b ¢—\7-V¢’

<)

"@Q_I

)

e

ﬁﬂP—- ERSA t A E T 2@EER L KT a2z Ee w2

Q-

2% ( total derivative ) o

_g_%;gﬁzﬁg?z'gf&ﬁﬁ( local derivative ) o

7-V(/1 : FEHIE( convective term , advection ) o

V¢ FERR t RBHE ¢ 2 HBML -
) B o B AT DU R E Ry Bk ¢

wgefffree=[[fr v

A ERA—EEER ¢ ( per unit mass ) o

§$1.4 SEUFETERZ—BLX:

HEBHEY “ ANBEE” ( conservation theorem ) &
7T EEFRBEBHSFEREP 6 BHERAZER - REEBEEFE » —
fEfE ey iR AR ( fluid element ) HFETLEHEE GREFAE ; B
HE TS INRG LB CHBBRR-ENGR o EEBE > T
HEREARE b AD ; B TRESERBEE  KARRLRD
EHMZZ MUK BHE

2 BN » (8 AU 2 MR RN BES » RSNERE
frE b —EEENEH/SFER( balance equatic ) o LW
R EBETRER; IF—BME » CHEBEAN > TEENHEE

—_ 21 —



» NG REFN B o
TH > ZFEFHTINER » UEEHFERN 2R » REHFH
HWARBER ( conservation laws ) o

HEBER MEL(r, t REVAZ—FE@EE > MANKE :

ij(?,t)dV:O ., VYV'CV

B f(r,t)=0 , inV
(BEE) - MR f(Tr,t)x0 , HRN T=T

BeR f(r, t) ,7EVERSEMEY Rt 7K
H—ENEREV' s GE T o B

—
o ¢ \7!

meER f_“f (T, t)dVxo0 ; BIREEBRIFEo
)

(T, t)=0 inVv
TS B B B TSR SR 2 ER -
AR R > B (B SEED =0 o
G 4 ¢ =TEMBL REZR—WIER - (HK= (L))

Al EEEME S—BE(V) A FALEEJ 2 e

ffforer

| (2(=[§,‘J( 2 (em® )=(6))

cm?

EEOHRE > GBEBLHEY > B




@@ﬁ%ﬁZﬁﬁa,ﬁﬁ@ﬁ§¢mﬁ%—§§¢ﬁid?ﬁ¢o

QA Nz E> MAELBEAN AlEH —-ELEEENEREE (
source density ) q¢ ; HEMEERE  HLEEIHER:

J‘J\J’ Q¢- av ’ ( Q¢. =[ cm3¢sec ] )

Hit s HROZABEELS :

(1)!{[%’ dV=—ﬁ¢p7. do +I”q¢dv

st ER “ E— AR ERUEZBEA £ BURKE > HEE o2
AR - FRMBWEHRE » BURHEAN omiR28 ( trans-
port ) MEEHBEA » SEMME JHEEER” o
AMHAGaussE® » I ( GEF—-FOHEBEIURREE S &

o[ 52av- fffs-srvan
[l

AR HBBEREER AN R » RO LREBE (BEH» 88F
integrand=0 ) » 1§ :

age _ _ =
HER“#amK"” o
VegoV=0pV-V+V - Vp
0 - —
000 pov V-V Voo +ay

—_— 23 —



X%ﬁ@:a¢p+7- Voo=—gpV-v+ Qg

ot

ddo _ e

‘F.— dp v v+qy
FABEREEHTBEA(RKESL . 6 ) o

;-(T?__V.V 9 ¢CTt_—¢pV'V

&
N L
@We 7= P

HC1.3.10)%@:

i fff v = fff af eav= [ oo

HE“BA TR " o
(2), QMW , PRBEE ( field function) PZRHER
B— R HoRq, BTFRTE  RTEAKEWER - 5E -
BE NIgE A o

§1.5 #MEHERX(C(Equation of State )

EREBHH B RFAEH LHEEEH ( field functions
) IR =EEE SR Cu, v, w) s BECO) » BKE
HCp) » {ABECT ) » MEKEE (S) » RHGRAE o

BE4EEREMARNBSE o

REABH > —EMNBESRE(S=0) » ZBIIRE» 4852
H1 2 B BRI o

—_— 24 —




F#55 ( inhomogeveity YRIFEE » HA LB KRB ERA
B Hit o RFTLE R MR » WK T » i ( entropy
) &% 9%5@@b(p)ﬂﬁﬁ(p)2@ﬁ’%

.(l)f(ppT)—o |
HESER > BERESE R ( equatlon of state ) offD
KR BMAZRBHER o ,

g » E%$%—Eﬁmﬁ%’bﬁﬁﬁﬁ—%%ﬁmﬁﬁo
Eﬁﬁﬁwﬁﬁaagmmﬁ%ﬁwz%ﬁmmo'

N TIERz B0 BERG  BREER R—H
:’;zzuﬁz!a 188445 W. Dit tmar B JEH o HR B 28 - Hsts
R ( salinity ) RABIEEREIEERS ZBE

ﬁEz%u%%,%%iT—$ﬁﬁm¢ s E 2 m

- (x Jf_;v

it » ﬁzkzz‘{ﬁ%l?jiﬁi‘:ﬁ :
@f(p,p,S,T)=0

mip, o ,T » —WEtsARELEXREZ 3EZH > WAL, ()
K*TU&@E%%&?’J@EK&EP MG eERARDP , TRISZK
BBl i e
" P—p(p T, S) T

ARSI R £ BRBURY SRR C UNESCO ) Zﬁﬁ%i%&@ﬁ%
A%ﬁ%é@( Jomt Panel on Oceanographlc Tables
and Standards ) % 1981 FRERL— @ﬁﬁ?ﬁ@ﬁﬁ‘*ﬁ\ﬁﬁ%
ZH e EFRELEAF EECP )ZE{:'Z%Kg/m3 (=107
g/ cm® ) » B (p) ZBHRE (bar ) » BER°C - HER
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HAEE A ( practical salinity unit ) o B AT E
WAHEERA C % B T528) FRR ZEHBE > AEeso
 MRAMERBLER » UIRHEKEE  EE_ s B sEo g
SR TRREMKZEE (pw )
(3)0w=1999.842594 + 6.793952 X 10~% t
—9.095290 X 107%t* +1.001685 X 10-*t?
—1.120083 X 107°t* +6.536332 x 10~°t*
HK o HTARCE-ARE (ABRKEH p=0 ) 2B KEE :
@Wo(S,t,0)=p.+S (0.824493 — 4.0899 X 10-°¢
+7.6438 X 107°t% — 8,2467 X 10~ "t?
"+ 5.3875 X 107°t*)

3

+S? (—5.72466 X 103

+1.0227 X 1074t — 1.6546 X 10-°t?

) +4.8314 X 107*S? |
REBH TAREECHERKENS pR2FE

5)0(S,t,p) = P(S’tQO)
l_K(SJ,p)
HPKRIEE2ARE ( secant bulk modulus ) o}
RE=ESVHRER o MK KMES :
V 6)Kw =19652.21 + 148.4206t — 2.327105t2
+1.360477 X 107%t® — 5.155288 X 10-5¢t*

E—ARE(BXKENP=0) ZKES :

(MKCS, t,0)=Ke+S ( 54.6746 — 0.603459t

+ 1.09987 X 107%t? — 6.1670 X 10~ 5¢3

(il
=
~
i
&
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3

)+ S? (7.944 x 10°*
+ 1.6483 X 1072t — 5.3009 X 10-‘t?)
RREBKEBIR PR CKMERS :
@K(S, t,p)=K(S,t,0)+p ( 3.239908
+ 1.43713 X 1073t + 1.16092 X 10-*t?
—5.77905 X 10-7t? )
+pS ( 2.2838 x 10~°
—1.0981 x 107t — 1.6078 X 10~°t ?)

+1.91075 x 10~ psg

+p? ( 8.50935 x 10~°

—6.12293 X 10"t +5.2787 X 10°°t?)
+p*S (—9.9348 x 107

+2.0816 X 10™*t +9.1697 X 10°°t?)

§1.6 EFFIER (HBFRTR)

HS 1.4 KERN—BYR > RFREEEEHEEHER
o4 ¢ R EE ( specific mass s> Elmass per mass )» wH
BETEE  ARNEE YINSEBBANAEEE q. =0 (&
§1.4%Rbq, FR->M4S¢=1) H/(1.4.3):

0o _ -
ot v ¢«0V+Q¢
ZENS B -
(1)62%+V'-p7:‘0 S0 00V

ot ox;
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BV:ov=pV v+v Vo, DETHEAS :
1dp — 1dp av_i__ :

®¥H~4E /& ( homogeneous medlum) s Blp=const » {l

V.?:Oo

@A EME/NE ( incompressible ) » (Eﬂgzo

» HHE—MH

BB E - HEREE REES) Bt ; B/ L BES T

NEE) o HENURMEZ EHERS

(’g—s‘)r,s_o
0p
dPZ(W)dD"‘( )dT—i‘(—)dS‘

dT

_ 0p
‘—(_)T,s—‘l‘ ( 'aT)S,p dt

(

@mﬁmmﬂﬁﬁﬁ’mgrz

T A4 1 B S =

U AR AR AT BERG A VRt »

dp

(3)dt

=0

dS

)"’T dt

,@em’ﬁﬁﬁmmﬁ,ﬁﬁf$ﬂﬁﬁ"2ﬁ#’ﬁ%ﬁ#T:

WV -v=0
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@mMRBERN (%—uw) s IR KR

BV« pvV=0
#ORLUREEECL, 0, r)ER AR :
1do . 1 Ju 1 0
(6)pdt rcosg062+rcos<p8w(vcosw)
1 0
+——'a—r-(1' W)—O

Hhu, v, wRpHSREL, ofir ZEESE
§ 1.7 WHFHERX ( Equation of Dif fusion )

ﬁﬁﬁﬂﬁ(1.6.2)%Eﬁ—@%ﬁi§%éﬁﬁﬁ°%
R RS Y (EK) P2E—ER 5 - HBEL K BEZK
7 o i B AR EROWE (HE) » HRSHZHLABRR—E

4 S=HiEE ( specific salinity > BIEEAKFH 28
2EE > EEES=10°S ) °

Al poS=FGEMBEEFRMEZHER
eV > FeiE 2o EE ( partial mass )R :

fif e

EHEEAER G AL TR B B SV 5 AN RE 2
BERBEFER; MAFEATRHAK > TEBTER - EREE
B R I BEEE(mass flux ) RERE-

MEFERZBERN » BARGWBRERS » UGT THAUES

—_ 20 —




HRRE > MG ERD B2 BERML o hEY KX ZEEW ( mass
flow) » BfIREERL ( diffusion > MLERE > Bh& HW:E

BBEE WD o K mmaﬁﬁ—ﬁ? 4o @BRE R FE e

B AR EES BN ;Eltt:?:?%lﬁﬁéﬁg ( concen-
tration flux density » HEXE ( cm’ s J) s REmC

1.4,.1) s RFKELFEE 0S 2P HER ( conservation |aw
for the partial mass pS )5 :

“’ijﬁﬁ dV =— fg;ps?- d?—ﬁ_s) cdo

A ﬁc pSV+TS) 47 —EBRE 0 ZHEEN R C

partial mass of salts ) » [

fﬂit pC(1-S)V-S) - do=#ik:Z &= & ( transport

of pure water ) o FFl F=-RZ M :

ﬁpv)- do

RUFS S 2 WER R EE ( BEl HFER) B SRy —15 o
FIH Gauss E&H > AI(XKES -

H 968 V:—ﬁ( 0SV+S) - do
—ﬂfv « (PSV+S) dV

o= 30 —



BN EBIE s B Eg AKX ( equation of continuity for
the partial mass of dissolved salts ) :

00S - —
(Z?W‘FV cPSV=—V S

B Sat+p-5—t+SV-pv+pv-VS——V-S

P(ﬁ+?-VS)+S(%+Vop—\;) =—V-§>

ot
REWE
98, —_1y.

MENES » HEBENEEZ FHRASSY » NEEEREE
S BRKEEES  BEHSNBEES T BENE o BaETS

4)S=—kVS
BN P BEE B IS S K5 ST RS MR ( BD R R E S S
) o |

HAOAG) » B :

aS
ot

+v . Vsz—_l_v.(_kvs)zf.{_. VZS
o 0

4 Ko =%=§%’(%@‘(( dif fusion coefficient , [ cm?® / sec

3D LXK 10° (REES =10°S ) » HIE :

(5)a_s+;)°vs=kpvzs . kD'ZE
ot o
EREIEE S CHmBHER o .

FRRB ko ZE 15°CZfER 1.1 X 107° cm® /sec o
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WO SR

S ) /A

ET4#6H®ENRRESEHHER  BRE CBHETR EER
RAMTEE o

§2 .1 —HAHFCEHER)

& M5 S 0T 720k 880 TG - P AEHI €

(rigid body )
ZTFEGEAR

WEK.=0 K Sra.xK

HADZHEE  RABHEZNRT

o 3B EEH » BN » B—
fE T Rt BAEH o

ENiEach, REABAEFEBE H( volume force ) FEENH

( surface force ) :

1) @RAHKy : HANRERRENL o
BB EZY®I( body force ) EFMHWIFEH - 62
SR 2B M 5 3 EHBERE R 28 (0 RE AR o B8 BEZ AT

AN E ; RREMEREREWBLNR Kk £—ERN R
BrX+ EAUTRRETFRER

BIMES > 5IBIDE o W4 -
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K (r) =% ( force density , BE#@ZH)
HIE L %2 77 CMEA ) & -

(DdKv=K(r)dv

2 YRENHKr : FHRRER ; BFESEMES ( contact force
) » EES » RERS T2 AT ; it 0 B2 REE
BE MR I SRSE R - Rtk - EREFERAREEORNMTETTH
CEENRBLE ; NERBILRE—FRAZEMBE( contact

surface ) o

ELERIERBZRE  BRELER NARRAREH
BWE o Mt > B—ERETE  FARS— B2 REKE
SFRE2ER - MERR 2 BEEHR - bt > ELHRIEL
REAE - BEMBEEoFMZ/( inter-molecalar force
) FBREGy T R 5| B2 B E#& 2 ( molecular momen-
tum transport ) > RRELMAFHBEHR—EEENNE >
MAREBESTFZES ; FHit» HMOEE - REER LARE
BEZBEME -

ENBEZIASFNBERRNG FTHZHFEWIERE » o
BB REEE —EEHNHREE( in a state of stress )

R R H—E > IDEE ST B2 S M Lk e —
B o itk » AMEESRRE » 2 BB U > BRHRFRY o (B
» MR IBEEGL B S > QBB ETEK  #RLUSEER TR
B HEPAEMBRER TR RFEHKERSBSER (BT
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# > shear DIMETS o
ELRET  EORE > BE L 2ARE2SH 2GS
(S2. 4% ZMEEIHPMS» shearing force ) o
B » RERE—BENRES » FELZ o MR &
B ESEE R RBTER 7 RREBHRZES
 FE) c B BEERS RTLBEEREHK o

=}

B2.1 #85H( contact

force) o WABNHY B dK A -===§\La
dK' it FLUR R 485 88 iy,
M S e 2B E—8 o -ﬂﬁim-"-

BTHEE-@EH 5 RECANRROHIR (0525
) » BAFFI B BB C BE ) £ - dKMdK - BRfF
REFRE L ; ERAGANSRERERE A2 , FRES
RE &R F2H » EFAMER o

FRERK » EBHRRKA  BHH EH 5 R 2K o |
0 SEEDHK 5B WL BEESIELRRER » 86— Wi
S WAHBAGREE 2 EE N B3 o
K4

B)dKi =df ;P _
P SHART o P b GFEE r s ; AN EZE
B> Poe=Pu(r) o @) » RMTLIBEH » Pu RRERAT



ROATIZipREC df, =dT-¢ ) s SELERE
Ahzk 5o

— — — — —
d K. ek=dfipuex=df'eipikek

e :

(4)df_(-)r=d—f)'Tr(r)’ ’ Tr=Pik?i—e)k
HPTREHER ( stress tensor ) » HFBERP. o (DE
ZEGHE BN —BEENSEE  TUBR
(&P”mfﬂﬁ+§§d?-ﬂ=0
JJJ

~

r~
dV?x?—ﬁd?-Wx?:O
JJJ

HHGauss EHH» TRORZERS » KSWES > &

6) ”(?+v-v)dv=o

f - —
(rXk—vV.«(mTxr))dv=o0

JJ-J
NREORXZHE » RIEMBRSHNEN K (BESEE )EO
Bl :
ME+V «T=0 , TXKE—V-(TXT)=0

(R R HEN E N2 T o
B(7a) ZKRACTD ) » 8 :
@TXC(V TI+V.(TXT)=0

l
ﬂv.cvx?)=cv-%>x?+v-(wx?)

— 35 —




— |
:—rx(V-W)+V-(Wx%)
RA®K » 15 :

!
@V « (TXT)=0

BE | ZEETF (V) ERFTEEmE o
HOARKTE 7 ¢

0 — — — —
(IO)a—X—' ei*(eyPri e, X Xnk€n)

!

—>
Pil Xmelmn en = 0

0
9%
{H aT: Omi * [Eﬂ:b(lo)ﬁﬁﬁ Pm: € lmn?n =0
E elmn:_emln ’E&'fg‘:_

(].D%-en € mn ( P — Pinm ) =0

A~

sz =le Y TT:TT
ERXBRENEERHBN cAETAEBRBREAE T (iso-
tropic part ) ElJEFE#H45 ( non- isotropic part ) Z2Hfl»

o
1 1 N
GZ)Pik—?leélmaik_*—( Pik_'?’—lealmoik )
:—I—P.u 6 e+ C Pix —-l-Pu 0ix )
3 3 '
1 1
H ?P” —~§-( P + P22 + P33 )
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5,p:g‘(_)'5,c+—;-5’5,,0+5,p.. ati,j+—;-,l,n+l

@2
- . 1 . 1

0:(0xp) =g0.0* at 1+—2-,.J,k+—2—,n+1 33
1 1

0:.(6,p)=gl,p°" at i, j+~§, k+~5, n+1 7))

R AR KFHAH RERL

5.(h*u) =—0.(h*u @*)—08,(h’v @’) —h*d.(

zax)

=]

T —% B*0.p +%[0p,w,z sin ¢

- (E15 zEZt)kzzlz + 6x(hAx5xU)_

+5,(E‘K,‘y5,u)..] at i+—}-, i, 1,n@y

2
S (Rv) =— 0 (FFu ) —0,(A"v ¥7) —R70.(¥*%")
— fhru*’ —-L,E’é,p +.L, (Bp..w.* cos ¢
o 0

—(Eya s{'Zt)k=3/2 + 6:(H’Axy‘5x")_

+6,(hA,0,v)_]) ati, j+%, 1,n 6

DERARKEBNB NFEEX  HPRNWHRE () » REH
CENBEHERE (EXHE) AERBENEE  BHR—REZZHA
DEH  BEEABEEREBEEER  KANEERBAERIEER
BREEZR  -RZ > MREENHEEERNKENEE > KEHRK
REEBRZRRA AEFABHNRERTELEN-BERENRGFRER
# o

EEEARE  FEEXEIOL  EEESAE [BE] W\
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19K+V - T=K— VP = 0

EE B » EHERE (T ) 288 ( divergence DERE/R

BOBE o MR FREE » BEER HEBREBEIREREE
o |

() PR i | |

EFMERED > EHEBSEERAZ S ( non-isotropic

DN A4S ( isotropic ) o B » M RESREM

MR PEREESHR 8Py =—3p o imFER = 58 5

ISR ixk, v constif, Puux0 , AP, x—3p ot
BER  FRARFHNNE G TRDETE - AL 'EMeR
RRF YENRZ—-BEHENERR » THERANES o

B0 » 7T 48 :

0Pix =—Pd s+ ( Pic +Pdix )=— P + Py
T=-PI+T
H 1T=—pI+T°r
KT RERER ( friction tensor R ﬁ:iéﬁﬁ%?}ﬁ%zfﬁ
H-HPER:
(0 Bir=Pu + Do
TF‘%EIEEDN@JIED’J LIE)@WZ*H%? » Bl

trTr 0
Btk s RMERWT :

1) BHRE TRHEBM o
2 ) —BEREERR ERTES » %
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m?+v-v=o
19K—Vp=0 REBERE S HE o
QK- Vp+ V- T=0 REMMEREZHERE

§2.2 —BOEHAFEX (HERRTE)

(1.4 .5)h;

Jffettar=fff oo

_ BE -
e ¢=gpmEm="

IR M /45 8) B N 248 ( conservation law for momen tum
) o
M q. = 1) g
¢ BRI ) B eR)

THPROIREREHBH - HBES 2 . 1> Z_BHIHS :

e = g

BHEXNC1.4.5)8
C N
J] —pdv— kdv+§;'§1r-do
JJJ :

nr-r‘_) o
= deﬂ+J]. VeTrdV
- JJ

9

o
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% (1)Hf—pdv—jff( K+V -T)dv

dVi aPij

dv —
2 — =k . —_— = .
B ()'odt +V‘Tr P g k’+axi
d¢ _0d¢  — _0¢ 3¢
EE t_—t+v VSb_-_t_'-VkE
% a? —> —> e 4
el (3)P(W+V Vv )=k+V.T
(av,-+ 0vj) K OP i;
lo W i'a—)(—i -— j+‘*ai

ONBIR—RW R BEB HER o

BMC2.1.16) T=—pI+T

—
—)__)

= (4)p(g—:+7-Vv)=k—vp+V.1°T

GV,- _ 5p aPi,
( at -+ v fox, 0Tk “ox, T ox
BmCl.4.2)

iy % fffv-wdwmw

TE(HES o=V

(5)fff“dv_ fffv cpVV dV
+ff (K+V+T) dV
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6pvj+8pvivi_ _ OP;;
ot 0X; ! 0X;

CRBESHHF BRI 2HEERYR ( momentum flux form of

the equation of motion ) o
EHBMEEHEFTEER ( momentum flux tensor )R :
(DT*= pvv—T
EGRF £ K=0 , HlfiGauss & »

(q”]apvdv=—§§(p?7—w).da

HER » TRRABEEENERTZ S FHEIE®KSR ( molecular
momentum transport oM (P v V—T DHSEEXE 22
THBE&RR °

§2 .3 BREERMNEHHER (Euler BBHHER)D

EEMARRG BREET=0- /(2 .2 .4)HR:

—

oV —->_1
(l)at"‘V'VV—;'(k vVp)

ov; ov; _ 1 _0p

E AR T A TV

FTRBEERECENSER  EER BN ANDRENRED
LHF& -
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§2.4 HFAIELEEE (Molecular Viscosity Coeffi-

cient)

RUEBRFMBEERE -BWEBHHRRA+F V- TE—Fo( 2 .
1. 17 ) ERERN SR Pu=Pu+pin o HC1. 2.
7)) EBERZFBYES > Dk =Du~Dwmdiudu » MEZM
» AR AT s (E— o B AR A o

RRHES P R NEME 2 RO ED: > £ M ies » T
HYERZ39/) ( shearing force ) &R o |

MRS R B R U T RS F roBh B 2T 2 A o N e
REH ZYWIE( shearing term) » FEZ T LUE Bl TS (

tangential stress )o MLBYMIRID WiF 5 o RMAEC § 1
. 2)

V—’=%( VV+V V) +%( VV-vV)
N
=—(D+D')
2
_ aVk aVi —_ —>
D‘—(Hi +3Tk ) e; ex
trD=Du=22"=3yv.7v
aXi
D=trDI+D , D=D- tr DI

BT 5 7)) B B B RS TE ) » B

T~D ’ ﬁﬁﬁ%izﬁ f’ik'\’fiik
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BeERA_BEIRZHEART » IRMAIRK :

(l)lglk =Pux + PO0ix = UDix + ;';—"Du 0 ix
B FRAT 4
2)Pix = D i HR ixk
Bl 47 € JJ1E LIS BUS# o
—;—Du=V'? (51123)
3)Pu+ 3p= EDii +%ﬂ' D
M Pu =—3p
Bl EXAES=10 75 :
=2
@y = 3 U

Rtk » ZRETE » GROXRADR)D

o 2 1
Pix =¢Dic+( ——3—-1“) '?Du 0 i

yN:!L
(5)l%ux=ﬂ (D —%Du Oix )
=, %=#(D—%¢rDI)
He vBl EFRmAR » HEXR :
(#)=(T)/(D)=(goemr sec* )

[ﬁ’ J={(force/surface ) = gcm! sec™?

(D) =(velocity/lenght ) =sec™?
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B > BMEERESHE R ( coefficient of kinematic

viscosity ) o

v=>= , KR ( cm? sec™ )
ERRNBREZ e vz EMNTE :
K2 .1 ZRNKZEHERY
Air
T o 1z v
(°C| Cgem?® )| (gem™sec™ )| [ cut sec™! )
0 1.293 X 1073 1.71 x 10~* 0.132
10 1.247 1.76 0.141
20 1.205 1.81 0.150
Water
T 0 Z v
(°Cl) | (gem?® ) | (gem?sec™ ) | ( cm? sec™! )
0 0.999 1.787 x 1072 1.787 X 102
10 0.999 1.304 1.304
20 0.998 1.002 1.004

HGNI(C 2 .1. 16 ) EHEREEBZERS

@W=—pl+#(D—%¢rDI)

Pix=—p0ix+ £ ( Dik_—;'Du 0 ik )
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§ 2.5 Navier-StokesEgHiEs

Mo » E— Ry FERC2 . 2.4 )k vV« THETHEC 2
L4 . 5)RE REEELREZESHFER

—

ov  — - 1,2 _ 12
(1)at +V-Vv_7(k Vp+VeuD V-?trDI)
BUGEER
% an_l . op a#Dij_la)uDii
2 ot Y axi_F(k’ an+ 0X; 3 0X ; )
r:AF-Ma s
_aVk oV i
(3)Dik—axi+axk

Ml p¢= const

rSy= V°D=V'(VV+V(V):VZV+VV-V
Ve(trDI )=V +(2VevI)=2VV-v
BONE :

v z
(4)at+v-

Vv = (?—Vp+#vz?’+3vv-7)

'bl.—-

SEGtRE Navier-StokesEHE) HERK o M

(5)—&V’ v+iﬁv\7 .V
o 3p

iR Navier-Stokes 5 A, F 2 BE#H o
VEv=VVev—-VX(VXV)
GEE-HAXERZHE s _AREZ@8H A E Nt » BHA
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EETRMEORE T HE c ERAR(V - vX0) 2Kk M—%&
NEB XN ATEERE » SR WM - RRATEMZ G &
7
do
dt

WERGBF—HAB_FAERE  HROXFEEE o

=—pv.v:0

§2.6 5B|H{ (Gravitational Potential )

RN GERKT BEAIK (T ZHEESK(T) ; HE
BB 3| HAIE A o

BBt EER ENBEr=02E8M ENEES T EEm

s RLEAKC T ) » HAMS :

1 mM

(DK (r )= s

BUREFRR » HIS :

2 __ r__rmM<r
K(r)= K(Cr)—= b

HPEET| EE :
7 =6.674X10"%g 'cm’® sec?

BEK (1) Bl 73 central force ) » B ( 1b ) » BiEMA
Pl T = 0 » R T LAEE— I #E C potential )/ :

(m®Cr)=—J"K(r)-d?=JH<cry;.d?
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7 mM
r

=IK(r)dr=(I>(r)=—

Ho (i)( re =00 ) =20
RBXK » QK TRARMK » &

RVO=—K(r) |
EEARY ¢ ERMUEEERE L EHBHR( field lines )
5 Wl o

MEEEm > 23 -FAHEM (REEST: )ZER A

_ o 7 mM;
WP(r) —Zlq)x— , lm
v _ 7 mM; ?_—;i
KO = = Tr=r]

G BES Cr) MBIHK (r) TERHZEREM KIEo BR
EREBVARHA AREnZERERE  ASTCMANEE

SIKR—F—; - EERRMTIE L o

HRBHEPZRBETR » REE—LEEM, WTF :

1) BRERm (HRBTE ) SHRWEHES (EMARERE
HOBEME ) o
HRNEEE L2 E—% CANSERE=5.977 X 10 ¢
» LI BREEPESD (MEC) - B EER ( poten-
tain theory ) » —EERREBHIS R » HWRERA—B, » LM3|HIE
Ao Hih o BB BER 2z 2—8 HEANS :
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K=o m(E-oaE)r
- (R—z)* r
_ _m(E-aE)Tr
P _ZN:T
R? (1 R)
=y mE _ %4_ mAEZ %
2 —_Z N2 2 1 — %2
R?2 (1 R) R* (1 R)
_ . mE oz _z?
TR TR T
mAaE _z _2?
+ 7 R 1 ﬁ) T
~_ . mE z ?
mE AE z.r
+ — — — —
g g C(lt2g)-
_ mE?_ mE z oE T
ST TR YT TR 2T ¢
mET mET. z ~E R
ST R T TR AR T 3
RETH |
> m(E—-aE)T
OK=—71 g3 T
= z AER
~K°+2K°E(1 —E—Z-)

— AR —




mE

i E‘,:——r—RT » BEEL 231 o

HPRRBHRPLE (~6371 Km) » ~aERE K z FrENE R
BZzHE-

AE:—g-n'[R’—(R—Z)sjp
=2 (PR (1-Z) )0
3 R
_ 4 3 _ps3 a2 ...,
=57 (R —R* (1-3 p+ D)o
~4nrR*zp

me ee=HIRMWEE (~5.51 g/cm® )
P =HEABRZEE (~1.00 » BIEKXKFTEZHER)
AE%47ERZZP_3Z,0

Hil =
| X —4—7'L'R3 os Rpe
3
BN AT B -
2 7 — Z —3zp R
K~Ko+2KoE( 1 Rps ﬁ)
R4z REC1-3L
—-Ko+2KoE(1 2ps)
MRBMEHS I MEE LR :
e e o B _1K]I

o= 49 —




Al (6)g*= r%;_iZE)-z ~g¢+2.244 X107° z

gt~982.1 K=mg*

Cr=—y Q*= — g*

“lh’l,

g* (982 cmsec™® ) ARMBHHFEE » TLHTESE R - 1
R HRMREBSH A OBHRER KK » FEHOHRBEOAE
f HlikE g* » FHERKF FRAZENBLE-

o REAEELEBY o Ko (2 . 5. 4 ) Navier.-
Stokes EBFE A+ » BENEEWH » B HES S o
7= v 7@
Bl RWE BRE » E4 5|10 EE ( gravitational acceler-
ation Do E M —F# » BMBEERLEF I HEECH

—Ox (DX THRE » MEREBEHESD -

—VD=—VO*—Ox (IxT1) o
2) ARFMKEG 2EE :
i ARFABS R miE A2 310 » TERE WD » &P FEH

gﬂ%o

™) =gr=—vV O

§2.7 #4r ( Tidal Potential )

HRER ( E) » ARAABSEHE AT 0E—FE BT £
B3| Ao F—ERk FERN R THRERTERZ2S o
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AR IMKBI I Db 2K 7 » BRBR~ARRHK &ﬂhﬁ
~KBRE > FHBEMIANELZABHEE OHBTER - IR T
2 885187 ( tide-generating force ) o

BRAENB—EFR(EFTHE) :

E2 .2 MEBREXEZIMHK ., K 2310, K Rit -t
AEOCARFHRZED ) TKREK BK: 28 °

re =OLRARDOZER (HR 384.4 X 10° Km )

—

= AR

r.'

n =WMRE-FX  BARDPOLZEE

R=#R$ZE ( 6371 Km )

E=HRER

M=ARER

a=H0R ( BR~ARRMZ ) HABOZEE

= ¢ ARG ©
W =H3R A AR B 3R O el 2 A B
S =M (i=M REXAR> i=S REXKB
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HMRBASNEE &> RKMALCINLZE - IR~ARRHKZ2BE
s RREMAU—ENAEEREXHLFAED  APER B—HEXE
BLEHETAE ( revolution ) ZEEAES o

R = 81,53 ZBAR » bt A RREZ SFED » RO

HYBEBELCRE A OBVEERESE T 81.53 %5 (HALESEHO K 60.26
R > 3 REOES OZEER :

60.26 R
1+ 81.53

ERAN 0 A BOA R IRA o

EEXE REEC ) ABZAHAH27.3 X( 27 X7 N
435 11.58 ) WTERR » HRER EFTERR; > EMAOEC S
M o

=0.73 R=0.73 X 6371 Km= 4650 Km

NREEZEEAE ik L& HUBEESLRazH ; A
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fym. SHEREOR M 2B L FAw A BBLREORAZE
ko Bt B. BB EHREOR BT ZEE o

R LS —EE > XA HEZHOT » ROR

 Z=o0"a
THE S a » REMRAE (£BA RS ) 2HOMO IR :

Ze =Eo®a

BT 6 R REE CBIH A R ) 706 Ll 07 Ze DASRARK
LR Z 2310 - HRRMTUR B2 FARAEEF O > &

(1)_1_1*371\@. +Eow’a =0
re¢ ro a
Witk R B A B ©

AL DR R > B § BRI DA TR
Rt » (1) Rz 20 » FEHO 2 A S UREEMET o B REe
%, g —EEMEE(m=1)WERART CHMKZH) BL
3D :

K=—CrM/ri) (/)
R—E 0 :

K=w’a(a/a)=—Ko=C yM/1%) (To/r0)
e R R o bt RMEE :

—_ =

—_ — - ,
QK=K + K: =K; - Ko =—rM(___
i

WinK: s BRFEE—EME CREEgr . TE> Mo =0 BN

— 53 —




r, =ocos g

B0, =—f Ki (2 )+ dra

—J TMdI’l =——-T——

r;

ME—H#Y » K. ZHBEB o kd\ﬁ o ﬁcﬁ%"’lﬁﬂﬁﬁﬁ& »

X REEH O EmY 0 (Mo =0 WRr=0)HIAE:

r

(4) D: ——f Mty edr fﬂ\f cos @dr

r3 ro ro

[

_rMrcos

r3

Wit 6)Pu=0, +P;, =—( TM rMrcos 0 3

rj

BFATI—EER EH B —EsEL o

MY = const S gu b > MEHBOTIS » CHIr = 0 B »
ri=ro ) BFRLEIu=0 o
B85 :

©)u(r, g )——rMC—T—éz—rf?O)

Pu BLE A RE N &S WHIERZ 518 Dy Ar8E o
HIKBR3 M6 2R 8
rl,ro,e_)rla,rOQ;el

KB - FH=ARAK :
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ri =r{+r%?— 2rrocos 0

2r 2 =

B ri=ro(1—— cosB+—)°*
To 0

z 1

514 (7)L=_1_ C 1——r cosf+— ) 2
r, 0 0 °

EEWQEB&%%Z%&&( power series ) » BEINRE RS
Legendre K 8 :

1 2 (= )P.(cos0)

0 =

®)— =
r,

He:
(99Po (cosO)=1 , P:(cosO )=cosh

P: ( cos6)=%(3 cos 20 +1)
Ps ( cos 9 )=%( 5cos*9—3 cosB)
=%—( 5cos30+ 3 cos0)

P. ( cos )=-§-( 35cos* 9 — 3 cos?0 +3 )
Rt » A BREGBIL T D R —EAL B2 R > &)
(IO)q)u(r,e)z"‘TMz—;-(Pz‘i-rr—oPs-l-;;P4+ ------ )
=Quz +Ous + Py + -
RE—~0.017 » Fit ERGMZER » AANESERHT > 1

REMAEEDw » Al
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@Qm(r,9)=—§7M (cmze+_o
Rt 2lh ( ERNER) 2EEFES

0 O 3 TM

Krz_ ar —2 r

( cos 29+——)

=m( cos 29 +?)

3 MR

W m=—T5

MAXFETER :

Ky =r—a§=—Tsln 20~msin20

hAEESRRERE+ T HH > 0 BSAARBSE . BE ﬁ
BK. 2 HREBRZF|HHER o

ﬁﬁﬁéﬁﬁgizm%ﬁéw?Eﬁﬁfﬁ’r=R’z=0
JHIEC2 .6 .6) 278

E
g*=-;—z
3 rMR
m 2 r3} 3MR?
4 (13)E-*= rEo zf%r_?,NS 75 x10°%
‘ =
3 rMR m , ..Ke

MRMAIr. » FRARKBZHEBERA > HES3.78x 10-°
c BHEEBANT Rt BEZETUSZM ( 8 O3 | DB 25
R) rMAKFEFEZARD ERDREEFEMAEL » BEKEETHS
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B Hih & K/NREBKFE mEZR/DMEER » Hitt » KFE 58
N REE o RE » BHMEE > HEMmRPLKECR D) XD T » Wik >
BERMAIS r =R BIKo BEHEMER o

s O RS 2 KIEAE ( geocentric zenith dis-
tance ) 0 > BLAKRME—HYBAE o

REBWKX » /JF :

(14)(Da=—miR(c0826+%)
_18@1_ .
Kg,i——ﬁ—a—§—mi51n29

Her i =MES (5 HRAXREKLE D
fiome =2 IMR g 75 w1070 g
2 o
me =2 ISR 5 78 % 100 g+
2 TIaos

MEHIRAEE (AEE ) » AR EE—%® > —FREF XK
Bl gl 2= » A 27.3 RNAE ZXARBMIIEZEE o B
MzBAERREAR (KB ) LRERN R KEL ( HE RS
HIRERE ) o (HEE FHREGEE » MAHIEE L5180 - BHMEE
HE R A R > MAHH RKE LKL 2 EE) o

EHEBHIR L —@BNE X ARKTEADAR 24 /E >
s » R E A RE FEE) 5 R SEMRAERE - ARCOA—RE T
TR ZERRH EE 50.475 o Nith » —(@ARBE 24 /i
50.475 o HKMBAE » BRGFRKIEA O » XRBHHE 2 HE o (BE
D ACKEE) > t (KFH) Mo ( ARZAR#E » declination of
the moon ) ZxE o8Bl 06=0(C¢, 4, t, 0)
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AERM K CHE 2 . 4BTR) » Hd2 R E Rl 2 F R
0 o#58 ( ecliptic EU%R$EWX%§%R%@JZE ) HE»
AEZENAE CERZEIB 23°17 s MARNEEREEZETEY
B5°8.7" o

MRS M: ARKNME
X : BlAR
P RWRILE ( SRR R 8 )
0 : XIEAE ( geocentric zenith distance ))
Rl O08ELlI , H(Eﬁ*ﬁi@ﬁ&‘ﬁ?ﬂﬂ%ﬁxzﬂﬁﬁ)&?’ (X
W ZARE ) RER o
HBERA=ABZRLEE > ZRAERIARE=AHEMPX - 7
& |
19cos@ =singsind +cos¢pcosdcosH
H cos20=2cos?9—1
(=2¢( singsind cospcos jcosH )? — 1)
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ARz ARBIAL » TRA :

my R

10 Pu = — 5

E—;—( 1—3sin?¢ ) (1—3sin?d)

+sin2¢sin2dcosH+ cos?¢cos?dcos 2H )
MRS 2 =A% X 28
o=ARZAEEC°/h)
a =HfL
HIff H=ot+21+a
it » (AR 2 AR (KRS ) #I67 - T LU :

Qi (Cp,2,t) =——m;—R[?1( 1—3sin?p)(1—3sin?d,)
an + sin 2¢sin2dicos (ot +A+a; )
+cos®pcos®d;cos(20:t+22+2a;))
(I)c =Zq)i
H i=MHRS

1)%—-ﬁ’—;—(1—3sin’¢)(1—3sin25,)gag;g(z
) f&BR o
iR :1—-3sin2p=90 ,ausinzgo:%, singo:-;_—\/%—
® ¢=x+35°16"
BMCK,DNDE: - 0<sin?ep<1
sin®* =0 H sin?¢p=1
Bl ¢=0° , ¢=+090°
B3 PRI EN - CARRZME s BSOS, M &l
B8 N A BREE 2 #k o



FHHRAK > AERESE AYENEEWRAR5°8.7 " ; MH BT
FE4°59 ' B15°18 ' Z[H o MAMIELBE) » MG RIESRIRE
A ER IS em= 28°30" (E123°17 '+ 5°8.7' =~ 28°30"

Y o » M

HWHRERAE =AY ABM:

CIEES b ow
sindwm A B

— sineysinb A hw

4 hy =ARBEE BE Rk 2 FHEE

M b~hu

2.5 WZHESM e £ BREMRE o F: — B ARSI o
F o 4H EITEIGL o BEAR ARFEZFFR - BEHE
B9 <<0 o

i (9 sindm=sinenusinhwy
mA
(91— 3 sin?du=1—3 sin® éxsin®hwu

3 . 3
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=0.658+0.342 cos 2hwu
il (B BREI6 ) B —HEs ARBMEMNEC 1 - 3sin® @)
NE—BEERHGES o CEWX) » WAMAHRERK 2hy 25

% o

4 EHIAT (T=57)

Bl 2T=HBEHBE—-R R =27.3X

g T=14XK

ol f—E=—7Ef AREM. + 4 H#) ( lunar fortnightly
tide ) |

RE HRKB#E > KR

@1— 3 sin®ds= 1—_:;_sin2 €s +—;—sin"es cos 2hs

=0.762 + 0.237 cos 2hs
B EaE—EHKEE S X4LER ( solar semi-annual
tide ) |

BRTHEE e =+35°16"' 24 » SRBWZIRE » EHR L
BE—-ARFESERE ; BE—KME » sin® ¢ 1 /3>
Mo RS0 » Btk » T BUINEIERG | Jo 6L £ - 5 SR Ey AR BR AL
B2 o ZERB L EMEEEE FEG 20 A% > MIEFEERFE
EABIORG -

9 )& =36 : sin2¢psin20icos (0:it + A+ a; Y& A sin2¢
s HH
fig: sin20=20

Bl o=0° , ¢=%90°

BE: s —1<sin2p<+1
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sin2p=—1 = ¢@=—45°
sin2p=+1 = ¢=45°
HE—-FEEREt » Uz sH  ME2 . 5 (F) 53—
WIS KERAZ R cos Comt + A+ au ) o
om : HEN AR 24 /MK 50.47 5
os : HMHAS 24 IR |
Ntk » BZHARZHE > EMAREZ S sin 20, 28t o
3)=: cos?¢pcos?dicos (20;t+22+ 2a; )
R > thRAH R o HAERHME 12 /M5 25.23 53 ( AR)

X 12 /N (KBS ) o Btk » ‘BB EM ( semi-diurnal
tides ) o

0<cos?¢p<L1
p=0° LHIEREREKME-
Mm ¢=1+90° ,BEMBESE/IE-
HREER t » B2 HNE2 . 5 (45) o BlHbR e
B KRAREREAWBEER » £846 90 KK » HEZ R
EXFcos®* 0, (t) ZB o (DRNARBEORNZEHERH
Z—HME oMHE>» BlfEm; =const » HHIIX » ZMEBEK ro
CHOBRA G (BRAO ) ZHE) BSHK o |
KRS 73 EBEEEHASLE » BBt K¢
Fourierfi BT R
QDD =ZA. Co ) cos (0ot — an )

K2 .29 bl o L8 ( partial tides ) o
HIDR » BEK =— Va®c  , AIEI[EH o



£2 .2 LERELXZSE

Hour angle Period Amplitude ratio
Partial tide Symbol 100 A
(°/h)  (h) M

Semi-diurnal Tides

Principal lunar M: 28.984101 12.42 100

Principal solar S. 30.00000 | 12.00 46.6
Larger lunar elliptic N. 28.43973 | 12.66 19.2
Luni-solar K, 30.08214 | 11.97 12.7

Diurnal Tides

Luni-solar K. 15.04107 | 23.93 58.4
Principal lunar 0, 13.94304 | 25.82 41.5
Principal solar P, 14.95893 | 24.07 19.4

* Ky =mitz o8&

Ki=mERZ5E
RIME .
100 1 8
DK, = R do > K= Rcoso 41
MALAK (2 .6.7 )—;?=— Vet o HIREERSER
(2.5.4)8:
Q&a_vt +;)' V;)=—?)1—Vp— V&)*—th)c'i-vvz—;’)
(7] -
+§VV'V
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R JRAER R LER I
Z it ) ) 75 i 2

BT RED HER SRR R 7EA S R
» 75 B8 /7 ( apparent forces ) BREHEH o
MR BREH TR L2 BERYE (1) » TR AR RS

R e o BB AR T B LS R o DA TEs 2B
( ]Q] =Q = 2w/ star day = 7.292X10-%sec-? )

A Ry BT A (AR ) A g 2R E 8 o

§3 +1 #EKA(Coriolis Force )

FERBEER T » B PHMBRE r* RRE o
BFE (B3 ~ 01 ) 74
Xie: = s e; +x;e:(t)

(1) rP=s+r,

=1 AR H BN R 2B

Hep s
r= P R A E
et ZERIEEER Ve =S e 3 - o1
ﬁa_d_g> u_‘) dgi
2 v —dt+dt ei(t)+xidt
AR
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B 3.01 #BE Rt e FIHIH RHE e oM Fi EHHER A
il e DIASEE QMg o

3) %g’-:ﬁx?, d—:‘:ﬁxa
B P A R B B W T e
it » Q)RR

— - — d — =g —
4) v* IQXS-{-% e (t) +x;, 2x e, (t)

B@ORBR T BRINEE » HPRE ER(4)5E 2 HE 8l

_—> =4 — d2x1—+ dXi——) —

+xQx (A% e )

#@4) ~ B)E 2 2B —FHMIRREGH » A7

QOxs+x,Qx e :§x§+§x?=§+(§+?)
Ox(AxS) +x:Qx (Axe1)
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el

6) Ox7tr=0xs4+0xT
Lo L }ﬂ:}&@m

M QX (Lxr*)=Ax (X)) +Qx%x (QXT)

dve

T REEE B LR ISEAE (T, ) SO s

S dv.
(V, 50 2B » B
. 2 = 2. dV‘_ﬁ = - = = -
8 vr=v4+Qxre a1 —dt+ZQXY+QX(er)
# Navier —Stokes EBHHFHEXR (2.7 .23)
> dve_ = -
9) szﬁ RK=—Vp—p ( VO*+ Va@q )+ p V2 Ve
+§7m7=

EHRBEERRT » BB

—

10 3—:-{- 20 x7+§x(§><?“) =%—[—VD—P(V¢*+Vn®e)

+#WV+%VV-V]
Vev:=V.Vv
VZ‘_;a - Vz;’
M4 BBE BB ERERR AERRE

7

dv ] N N
(107) £y :%'[""V p—p ( VO*+ Vi@g) —'FVZV-I—'3— VV.v

dt

~20RXV—pQx (AxT*)]
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R A B R oh » B MR HE L » SR B R A
A)MEH , Ki=—200x7

DYBLH , K, =—pOx (QxTs)

EEABRRSx , v, 200 NEHB TS BAK ( 3% H
3~02)

B3~ 02 JPREGELRZEAEERG

a) EIL4R : xHAE, yAL, z@F

11 E:-29p[(wcosgo+vsin¢p)?—-usingoT—ucosgof];
b)ELSLR: xHE, yai, z EF

(12 K=—29p[(wcosgp—vsingo)?+usingo?—ucosgoT(’];
COEMPLR:xHE, yEAH, zAT

13 _ﬁ=—29p[—(w cosgo+vsin<p)—f+usingo?+ucosgo_lz];
d) EFESLR : xgfE, y g, z a |

19 ﬁ=—29p[(—Wcos¢+vsin¢)T—u singoT+ucosgoE]
AR —BARK wHuRvVIES  TANEHZEESE
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BUHERS ) i » BT ARG » BB E S R B A
B B | |

19 £=(0,0,29Q) M 29 =—2Qsinp=—1
A (ENESE) » RN z 8 (E£JEPR) B8R P2 &
A » F] K] DAL R

19 K=—pf xV
MR 7E LR IR 2 BhElE > AIUERIATSE o

§3 ~2 BIHhEHREEZEZRL ( Natural Coordinate Syst -

em )

EESHEE (3.1 . 100 ) Fo RV KEEEMEZSH
(—Ve*) MBOH (—Ax (ExT*)]) o

MTHRMEM FEa 8] T=r =R X -E2UBERNE
M r=0=io [—V¢*] B—MEE » 18T
ERE[-Ox (SxT)] GRQ, rFE L LEEERQ
T H /NS Q2 rcoso , BMKEERRE o Tz (0@ 3 ~ 03 ) o
e B & B E /1 ( force of gravity) o

(1) V(I):Vq)*-i—(_fx (§ xr), ©O=0*—(Q,/2)r’cos?ep
OuBRE S (geopotential ) o
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B3 -~03 B3 ~04

ENBY MR L BILGE S ¢*= const KIE » MBBHESH
REBERF -WAS 2~ 62508 > g*=_yg+

SRl
2 g=-vOo

REHMEE » E2ANB gl =g o
3 g =978.049(1+5.2884 x10-sin’¢—5.9x10-°sin?2¢)
+2.244 X 10-° z
Hef z=0R#EE
z (BURAS) A TFBIE
0 , 7E 7R & BE M i
0.085 ,ZEMEE 60°
Ritt > 8 EXLTRMASE 00/ 0r =—g. B hIRIEE
b s RMHENAREEGER > NEBSEESEHNE (equi — -
potential surfaces)®=—yE r—(Q2,/2)r2cos?¢ = const

g g KA = {



ZEF (HEHME  HBEBRAEAS ; fir =consts JIASE
~21.4Km ; %4 &K6378.2 Km » {4 6356.8 Km ) o

ﬁﬁ’&g%EEHWEEEﬁIWH=L%ﬂ,%gZQK(mw

)  BEEBEERERK  MABERD (MESI3 ~ 04) oMEH
TH» BEER S =0 » A HEEES » 78

4) ®=-[978.049(1+5.2884 X 10-*sin?gp

—5.9X10-°sin*2¢)z+1.122%x10-°2% ]

it » HO = const 2/ » HBEE ( SEMEILE) B

(5) z =—1[978.049(1+5.2884X10-3sin*¢p—5.9

X 10-%sin?2¢) -1 ®— 1.2 x10-15]?

Rt o ZE¥E T 1000 mFELEE 2 ¢ = cons t I » BB R
ERT 5.29 mo FEEHE M » HER ¢ =45° » MRKHE (
anti—symmetrical )o WA AR » A—EEBUREREE
FEOME R IE o
N Ry ey iR R AR B gl [ ¢ = const MI:VosiRE Vo
RHHR (E3 ~ 04 ) o Hitt » MIBHLEEE XK (B EHIK
BR<cERE) AR ANERE - EBHR LWHE  HE AT ERECER
ZFEH » —REERRKEE ; T Vo HRR EEHW z BE » M7
i o BEER ¢ = constZRE * FTURMEEARTEZEL X f
FEMN BT EZER o LS ERR K » BER@W  EHNFFES M
2B (REFP)IME,, (BEF) BTEe=0Re=90°
» EMERY z MRBESML » LEERERE ERE (E3 ~ 04)
o bR (EIFFEG M L) F& » EARDIBAREY » MEHFES
5 AR o




EfMs &R e ; AIH@) » ¥R =6371 Km » 7]f8

6) g'=—-1 90 _ (8.12%x10-°sin2¢p—1.8X10-"sind¢p)z

(cmsec-2%) o
HIER e =45° , BER 1000 mZ & » B EEZS
g'=8.12X10-! cm/sec? , IEFEH » T ETREFHE

o fhA/NEE R B MAT HER o

NIt » EEFIF A LR ERS » AR R > &= i
HVERH: » 2" TEALRABKE o BRERLWBES » AEHI[H M
HEZ REBCHTVRZ KT BSBE BT S o

ERTERL ¢ HAKE » RE—FEE e Jit > WRAKR
WAL BER » U AR o K2 » g EEE » RIERES 75
BHRA T g b UARSE BB REE B2 nEE o

§3+3 LMBEszEmiEs

SIRECHEHRRBRENZH%  ARBD HHERORS

—

+V eV 42Qxv=— %Vp — VD — VuD + v V2V

y -
+3VV-V

BEEMTEE
@ 2Q@xv~Txv, T=(0,0,-2Qsing) (J4® -

W FRIE)
VO~—-gk, g =const
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(DG%ZAn(SD)ei(wnl+an)
FEH A HRA DI 58 AT ERERIHE

§3+4 HEAEERHE( TFEH)ZFHHER

FENARERVES P - IRy AR IR MR8 ( Coriolis pa -
rameter ) BEigE 281t > BEBZRE o LM TT LI5 | E —RiE A
FEEE R # ( rectangul ar coordinate system) ; BZEMNBT Z
x , yFES  EWREFEZE®E K z8iER T z = 0/#FLE
ZHEHE o —BRAK o TLER (3 . 3. 2) 2R AR =
f, =const ( =2Qsing, ) » IRILEBRFZERAWESH » Hhx
, Yy plane kR { FHE ( { —plane ) o4 u , v, wipjlfiE
X,V , zhHAZEEFE - m (3.3 . 1)AFMNHECI . 3
2 ) ZELE JRESEZRRESERX o

0 u ou ou ou

(1) a—i+ua—x+va +Wa + f,v
__‘(1;@_%_56(1))(6+ v V2u +_5_(8x g\;-;-g_‘:)
@) -a—‘t'+u%—§+vg—;+ ‘;" fou
Lo eirvai B
3) g—vtv—kugz-l—vg:j+wgz
1 0p d ,0u 0V ow

SRRV L Gty )
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DEFERF » REIRSLRE; x@ABE > yEdL» 2@ F o A
RELSRE x@A®R, yEdL, z@ L OQXNPHETIHR» &

@RPZEHE » EFMFRBFEMEK o

§3 6 HEEELZEHARER

BREEE (2,0, 1) ; r REBOERE  IRKEIRR

I o REERIERIE - MEDHHEAR
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u
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r
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Bl 0 =90°—¢ 0/ 0¢p——0,/08.

wo(ru)
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+ 2Qusing
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AILIBRE T o
§3~6 PBFELZEE AN

ERRAEERRBS N HER  BEREE o HFLMEXEH
RS 42 EABE(HE Cartesian Coordinate System
) o R » LB EEA/ DR EED » HRNK 2 BEE & R i
REGFEERRERTH - Wit > MRS E—BEHAEERK » B4
RS AN ( { ) BEREZRME » Mgt AREs EY
AR » REH RB I 2% [E HIREE T o EHEFAATE  ER
BEHIRENER > ME A MEBRE REZTLB L » E-HC. G.
Rossby (1939 ) Br#H o

RAEBH = 20sine » YRE—-FEBERE 0, BEFS
Taylor & o

() f=2Qsinpg=~2Q[ sing, +( ¢—¢, ) cose, ] =1, +Py
Hrh ' Q |

_ ) _,0f . 2R cosg,
(2) fo _ZQSIHSDO ’ /3 - ( ay )wo_ R ]

©—Po :_lg-

MMED 2 RME BAERET o At BEH 2 BB H BRE

Ju Ju ou ou
5—t+uﬁ+va_y+wa_z+( fo+By)v

1 ap_aq)e
T pdx 0x

@)




ov ov ov ov

__1dp 30 o®,
e dy dy ody

® fryul¥, 0w, 0w 1op_ 0@

I TR TR Pl it

EQORWT » EH y B » Sy RERBERT ; HHIE {14
5t TR ; ww% MHy <R o
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WU BUERE e

( Equation of Heat Condit ions )

%Eﬁﬁaﬁﬁ%T%%ﬁﬁﬁ(l.5.3)~ﬁﬁﬁﬂﬁ(
1.6.1) ~mEEEsERC(1.7.5) MEEHHEX (3
3. 1) rfmstse MHEBEN AERMAETHEE:

u,v,w,p,p,s,t
@%ﬁﬁ%%?—@ﬁﬁﬁ;ﬁﬁﬁﬁﬁ%%K%%@%m’%%%
BEHREN

§4+~1 #HEBEEFHEX

EC1. a2 5L aV == V.poVay

+ [[fa,dV

ms ¢ =C,T (& , specific total heat ) E#RV
W’mﬁﬁﬂﬂﬁ$@’ﬁﬂﬁ@ﬁ?%@ﬁ§ﬁ’W%ﬁ@ﬁ@;
%ﬂﬁﬁ%ﬁ&(m@ﬁEZ%ﬁ—%)’%ﬁ@Zﬁ@ﬁ%@ﬁ%
( heat flux,H) ; — § H-d0 RRGHEMRDBEARRN
Z%ﬁﬁomﬁﬁﬂﬁﬁ’ﬁﬁﬁﬁﬁﬁﬁﬁm’ﬁ%%—ﬁﬁﬁ(
heat source ) , g [ff qodV =— ﬂ;ﬁ- do
pilis LIRSS

115 a—“’g—;’T-dV:— [[V-0C, TVAV — $H-d7
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=—[JfV-pC,TVaV — [[fV-HdV

gnE
a CpT — g
(1) '-—pa—t—=—V-,0Cp’I‘V—V-H
#om 8 7 T B R B R RTAEMER  NB L » KM
LIFIfH Fourier R
(2) ﬁz—kVT ( k =const )
AR B
(3) _ap;ac:l:_V'pCpT?’*‘V'(kVT) (Cp, =const)
5
) oT S o
CpTa—f-l-Cp‘Oﬂ:'—CpTV-pV—pV-VCpT

+V.(kVT)

,CpT(ﬂ+v-pV) +Cpp(£+v-VT):kV2T

MM EETRK > IR

oT = k
a_t'f‘V-VT-—‘b—C-pT

k
4 Kr :{E— =BE B RE ( thermo—diffusion coeffi -
P

cient =1.4 X 10-% cm/ sec )
HIZ %15

dT _ 2
4) dt—KTVT

HE R AEE 52K o

o= 77 —



BHE it

BB 7TERAH :u, v, w,p,p, T, sofithET?7
BEHERX » & | ;
(REFBR: p=p (D, s, T)

@EEFBR: 3+ V.oV =

(4,5,6)£§ﬁﬂﬁ:—r+7v7+2§xV
1 -
:—FVP—V¢—V1;¢Q+U Vv
+2yV.¥
3

.mﬂﬁﬁﬁﬂﬁ:%?PWVT:KTWT

EEFBEAN P FHLERKBSTRRBEME » Hilk » W
@%%tmk%%ﬁﬁ’EWEKEEOE%%Eﬁ@E’W%&Z
BEHRERM®A  SEFERPWE (convective term) » g
VeVp(2),V-Vs(3) ,V.VV(4,5,6), v-VT(7)
» B EERYIGE R » ATLUR A B e 4R MM URFIEE
B 5B R A8 %) 55 ( perturbation method ) o FfH—
B ETTE  TANE ; TOEHREE BB EREY o
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§8 ~ 1 FuIEBEYIE#

KIREHERX p=0(p,S,T) L

m Se49e) dp, cdpy dS_ 90y dT
dt 19p/g,, dt \9Sf,dt \9Th dt

E—ENE HEENEEE & » &)

(2) (g—g)ﬂﬂ =0

BRAWEM (incompressible ) » {RAME » LXK F
AR c MREMBMASF 2B EEREEY » WK, =K, =0 o
HIR[/  dT _ ds _ '

a0 a0
R » 7T
® =0 , HIRTRROAR » ASAVEY » ORHELM
RN IREREZ 664 » ML MR T » AR RRS
4 V.v=0

§6 -2 T #R1958 RIEER ( Barotropic ) #¥

BEMEHE ( homogeneous ocean ) ZEES
(1) p=po=const , SV.v=0.
T =T, = const ,
S=S, =const .

M- H (5 .1 .1)TEB(0p,/0p)s,»=0

L =79 —



BN /NA] MA#E o
(DX 2 e o LUARAREREHER o AR BEHEKN (1
5 .3 )faEEFEX (4, 1,4 ) —ERS Wt » BEK
BRAKER

v | >
2 5—%+v VYV + 2Q x v :——;—Vp—VCD—Vh‘De+VV2",
(1]

@ V. V=0
EBEMEES » BERABERL » —BIRBILREHIN TT#
BE|ERLE X BEME HRFIE FRo

mR (32) #0 , MEMRHRR picrotropic , I AR
—ffi piezotropy {EUIGEH o I § 1 « 1 I HBHRER (

barotropic ) o

g 5 3 A w]BE ﬁ.ﬁz{ﬁ’jm/ﬂ;f_md&n FGF 3

BEBRERARE » MERNTERES (0p/ 0D )sr =0,
MELdo/dt =0 (HS§S6 ~ 1) BI—HRBEHREBTROVEE
ERBENEES  fFE—E o Mtk RTHEEMWERLEZHN B
W e — RS MEFERENE o SRHAERENBEE - Nk
s NTTRHE ~ NG A E T » MERES K » HEAKEBRF BRIKE
» B ( internal waves ) o ARNWHEREE » HHHEX
a0 BRI EAR

(L) -g—:—]-v.V?-I—ZQX;;:—%VD—‘VQ)—‘Vh(DG'*‘ VVZ?




<
<
I

o

(2)

5y
Il
o

@)

-9
ot
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<

BAR BN

( Boundary Conditions )

BEMETEH 7 HEEE » FEERBHEY ,p, o, SH
TREMER o ERE-N AT » S BEE > SN AR SR s
KRS o WRE L BREENEMESENET  DNESARZER
ZRE  MHE (GEEES) BARESBHRRE o ST
BB E LR B B2 B ( GIMAERE ) il 3% LI B 5 £
Fo IEEEBN BRI B2 REOGEL » RATER o

ERES L REEN  REEEATGE » BREHFIHAR o
RRFAREREN NE » &) EESARES » 72BN
TS 88 ) o i ELAREO 76 FI T » (S1F RIS » Rl » il R A
HreR B o JRERD B o X TR TR BT R B E TR
EXME R o AR » P ERORS > BEL BRIEN AN
WEBGB(L o BW KB BIKREKS » & ESMATBEE -
i B ARG REBSE I AN 2 o SEN R IEE AR MBS o Wi
B> BAPIBE DR B R EE SR o I HUB R BRI - (BB R
¥R 2 (FIMEY , sand transport ) [FEMBEEo
R EY ( sediments ) RERERERGT o |

§6 1 FTEEEL—BHEFER (Kotchine &8 )

ES I~ 4% BMEBRTEEBN —BIBE® > IRFBE
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EHHER ER—EBBELTE & @%ﬁﬁ(smmﬂusmﬁ
face ) B o SHERTZHFERS
F( l’ ’ t ) —'0 a6

MAE dF =90 ’

Mt WES I~ 3 WA i
dF _ 3F _

(1) H at+c «VF =0

it CREAFBHWEE o FELBES RREERV: A
Vi o WREZENEERRABE T (HEE z A ASE) » B
BELE » HESHR

—»

(2) V:'VI%F\GI , V= ﬂ'ﬁ'\F R V:?n HNon
WE(L.4,1)RC1, 4.5 ) BRHEYEEE (material
volume ) 7 — BN EERER

JII”¢dV JIIa¢pdV‘*ﬁ¢p7-d?=Lﬂq¢dv

&{Fﬁﬁfﬁz Qy HR—MEEMIEFRE (source strength)q fIm
A FFRREEABRZ BRRNERZER(flux) g, , 8

@ Jfa,dV=[fqdV—§fq;.dd
HQX LB i ERRE

FPov.da =[[(ppVv)ido+ [[(pd)iC-dF

+ JJ (V) u+dd—[[(pf)u e dF
T 8

(5) Hf LV + [ ¢V « 40 + [T [(0¢)r —(p¢)n 1€ « aF

— 8 —




=[JfqdV—§q,-do
MR dop/ ot MqEF KELERW » ARV —0 , &S5
— 0 '
[TCoPV 1 - AT+ [T (0d¥) 5 » dTy + T [(0¢) 1 —(0¢) x
]1¢.dF+[fQy.do,+JfQp-da, =0
BIREW : AREAERE o, Mo, WHEIF > EEBEV, IV, 8%
) T F 09 TR kA — 2 0 )
do, - — dF do, —dF

Al FXE R
©) JI {Codv)1—(0pV)a—[(0$)1—(pd)u]c

+ (a:/ll_a)g[)n)} . di“:: 0
ABEA FREEDN » &E
M {pdV) 1 =0V —[(pd) 1 —(of)a]C
+(Ty; —Tyg)} en =0

iagtZKotchine 8 o (it » aJ Ll EH A8 264 » &
WAHAREEEF (x,y,z,t)=0K —BmMS > hEmMELEE
HEK RTREASEERYE JBERKERGHE  BFWEBHNE» B
BAR Taylor B o

§6 -2 SEF:2REM (Kinematic Boundary Condition)

E—-EAEERERR  EHEFGERABTEEFER ¢ ¢
RERBENEEZH& €
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¢=HE BEE=1

WMREEDTFHREBE, q, =0 ,81(6 .1 .7 )#HLS

(1) (Vo) 1—(pVa)n—(p1—pu) €a =0
EEREY  TAEHESREYWHEN (material surfaces) »
B &E L3 (normal velocity) cn REH M AWSETE
ZIETE] S Var , Vax —3 o
JRED

(2) Var = Vag = Va = Ca
SR EHE RGN o
HARA(C6 .1 ,1) 18

oF -
(3) E-I-V-VF—O

MR HFEREEEN RS2 BEEEE » BQRAS SV
=ViRIV= Ve HBAFERER

gn
(4) H-FVI.VF—a—t'FVn'VF (vi—Vn) . VEF=0
SEHEZ HEAR
(5) F(x,y,z,t)=z4+{(x,y,t) =0
RIGAK R
0g _
6) m—l—Vh'VC-{-W:O for z=—{(x,y, t)
MRz ERR

(7) F(X,Y,Z,t):Z-—H(X,Y,t):O

AllE @)X ] 17
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8 g‘_l-tl"l'?h'VH'—‘W:O for z=H(x,y,t)

¥ EERRR B2 8L » (87— B4 Gk » BANLIEE » — RS
BETEBEREBE » RORMLER
9 w=vw.VH for z=H(x,y)
HR K FTHEMWEE » Al |
10 w=0 %M z=H, = const
T\ — B RE R m
an Va =0
HNTLBE > HlINBIENEER ( thermohaline circulation
) REREZ HERRANT A c RBERKS/EEREREXRT 2
FTREABR -MWEREEZEHME -
| ARBEMMEHEBKNREREENRE » RMLALERKK
REBXACKRRE o
ETHH  BERZRRE (Am) HEAR (N) BEXRE (V)
KRE > E(6-1+7)F (BlKotchine FH ) » H gk Iy Ll
4
12 (q@p;—qyn) s B=Am, Om~N-V
mH - Bk bl KRXEERRERE » OREERK » B
13 Var = Ca
REBR(6.-1 -7)MA2)E
Am
Ox
ERRAERRACARER ZEDER Gl o EAR L =@
HEZZE> EHRZRER 2 ERKRR o

(14) Vo — Vagp = —




WR Am>0 B N>V (BEAARES)
Bl  Vanr >vau

REREFBAREK o

BH(6-1-1)7H

OF
_ __ ot
(15 Cn = Vg = IVFI
RIS
16 31:+Vnn|VF|_AmIVFI
F=z4¢(
a7 IVFI=\/1+IV_f|’,cos(z,n):cosr
\/GF{ IF
ax7 (82)
=l/ﬂ+anE|z
[VF| =—1
cos 7
AR 1L R

2 VL w=(N=V)/ o B2 =—C(x,y,t)
FEbh » R PRA TR %
19

(8

=N-V, pu=p, Vi=z=V

r RRREEGR 2 B2 KA » LAN— VREBK BREED
Bo#Eo |
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§ 63 HEZBRIEH

fFE—ERE L #HES BATHEREREE (6 -2 - 3)RK
(6:-2-18 )RAE - FAE » BYEIFBRAEHMHE 2B EE (-
partial mass) WERARAE o KEERE ~ B ~ &Sk ~ B5RE »
BARER » RAEMAEBERAR (k) BZRE o (AE KRS
Ff
a4 ¢Y=s
ABRGEEC 6 - 1 7 ) BREHEES > e o A g, =@
H o VB 85 % B ( concentration flux density) 5% (6
"2 BOYMCE6 - 2 - 14) BENEE Var , Von , ¢ BRIZ, K (
6 1°7)KRB

(1) (a)SI _a)sn) = s Am
HFTEIE K RGEIERET > . dg =0
Am .
Rl > 816 2°19) , S =N=V,

—

(2) dgg -I_l)‘—'—S(N—V)c037
K4 Ty =—kVs (BESI~T)
MAe » IRk4 S=10°s , A

0S S(N—V)cosy _k
® =T . k=

B,

%P(WS-VC+%§)=S(N—V)

%Eltb (O:[On ﬁﬁz:_C(XDYJt)E) ZKB@%)E
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QAR HE S SR IM » EHE £ BHEABEESFER
M EERERREAE » C=0 , Al

0S _S(N—V)
0z  kpp

(4) »

§6 ~4 EMHHEREH (Dynamic Boundary Condition)

MRF HERRSRERMBL » BtV AEF HED SR BE
(6.2 -B) -MHRAMEY » KFIERZH(6 -2 .2 ) KB
PAEHEK o FEtE (617 )R

(1) (d¢:—Qqyy) -n =0,
EVERES A LASTREBEZ BRE SR L BHAR SN o BE
AR ORERZHEEE (momentum flux ) »
g4 ¢=HEMEEZES&=V
Wt - KA 2E I8 RS o CERE— N EEE 0 A RAE
BRI EE o

WRS2 2 THREGR » RHENCERAZBEMNE

fdy-do=[[T.dF
FrEA()K » /] BL# B
(2) (Ti—Ta ) CT=0

MARMA T :E)iPikgk s S Ten= Pixeiex - n

4 [ (Pw):— (Pw)n ] € COS(E)k,—ﬁ)):O
EFIBFAHx ,y , zEBEZFE &% (direction co-
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sines ) » cosa =cos(x,n) , cosfB =cos(y ,) , cosy

=cos(z,n) »Dx ,y,z&K¥>
g [i=1,2,3\

<k=1,2, 3)
Al LR

[(Pxx)l_(Pxx)lI] CoS o + [(ny)l—'(ny)u] cosﬂ
+ [ (Pxs)1—(Pxs)nJcosy =0

a) ¢ [(Pyx)1—(Psx)n]cosa+[(Psy)i—(Pyy)n]cos B
| +[(Pyz)1_(Pyz)n]C057:Q
L(Pex) 1 —(Pix)n]cosa+ [(P,y):
+[(Pe2)1 —(Psa)u]cosy =0
AR WRENBEEGE I ZHES

dF_
4) cos a; = : 0x,

hoFy AF 2 OF
G0+ G + (55
- H a‘lza,ﬂ,r WH x,=x,y,z
HRATTRBHRE  EHEBTZ2HES

—(P.y)un] cos B

"R i=1,2,3

L4 (du_ dv du | dwY)

et 2030 el

(6)  (Pus) = #(3—;+%})4P+2#? #(g—;’+g—v;)
du  ow

\ #('a—z‘l‘a 5' >—P+2#—

i‘#ﬁ’éﬁEF(X,Y,Z)=O,&{F3% |

6) F(x,y,z,t)=z+4+{(x,y,t)
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Ms > QAT BEEBARE o HREORT LU HRRES
S p+2# 21— (—pt2p ‘;)n]%

0
+ [ﬂl(a_u"f'a_v)l—ﬂn (g_;'f' g—;)n]g_g

a
+#1( W) —#n(g—tzl+g—w)n=0

[m(—+§§ —m (30,1 %

(7) 4 +[(—p+2/t——),~—( p+2ﬂ_)n C
+#I(az+a )I—Fn(?+l)n:0

[Fr(_'f'a di— #n(—'l'ax) ]

av

6 )I —tn (

ow ow

W -
1) FEEH ( plane motions) » RRREX , 25H , v =
0
0 —_—=
b ay

AL
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o [przn 3= (—pt2n 28y, 28

0
i (B0 (2040 =
@
0 0 0 0
[ (G 55— (524 5001 52

0
. +(—p+2#a—2’)1—(—p+2ﬂ%§)n:0

2) BHEWRE( LTITHEER, ti =0, o =0 ) =0 :
IR

(90 pr =pr

I)KFEH BEEEEG 8 =0,w=0 :
LlGFw =

ou, ou ov., ov
(l‘b"z—)r—(ﬂ'a—z—)n, (#%)1—( 5—;)11

Bt QR HRG  XRAEKERE L » BTENSF 7 (mo-
lecular force) ERHK o

ENERME MBEF (x,y,2z,t)=0%58K AR
o FRIART ) ER TRERST » 'BREAELFER ) 2 TEE o HIt »
BREERERS EFHGEQARZEIHE o iF&EMS (capillary
force) ZRKEA M ZHZAME o B Fm A L » IEERIMEZ R
JI7E o El |

WE 2 RE )EE =F M

A EER

10 0(—1— +Ri)cos(ei,ﬁ’)
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e HiER NEZ /g o
H# R, , R: : HBWIESLK
o : RERRE o
fE20° CHEFHAKZZFRME » 0 =72.8 dyn/cm
EEOXZ RKIFEAT -
BREXRMEMILK ( surface element ) df = ds,-ds, & —@F
Bl ¥R ds, AR E LXK (straight line element ) o
ds, KM ILEK ( curved line element) o
2% ME o
FEds, 2R (RIEERE E; MAEds, ZfFAHEHEES
) RZ AR 49 (K, MR} ) » EEMEEHE ME 5 ;
g dK, = dK, + dK/
AR R /NEF > Al

dKle =ods, dga?f

R = dSz/ng
—> dSl dSz——) 0 -—
d = —=——4df
K, n R n Rd n

0’F
Ap ox?

B OF \,3/2
[1+(a—x) 13/

M AA R —EE R R - QIR El 2 2RB - Ei R T4 & (PR,
SR ) BTN LABRE » i RAETT i h o Rt » (FRRERE T &
X
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dKF:o(l%+-R}—)de
1 2 .

ML NBRENERAE e , ISR - BIE BINEEE S FIE
» ORI FRAET »
( [(Pxx)1—(Pxz)n]cosa+ [(Pxy)1 — (Pxy)n ] cos B
+ [(Pra)1—(Pxs)n] cos y = 6 (R]' +R;') cos a
[(Ps)r—(Pw)u]cosa+[(Py)i—(Py)u]cosp
+ [(Pr)1—~(Pr)u] cosy =a (R;'+R;") cos 8
[(Psx)1 —(Pux)n] cosa + [ (Puy)1 —(Pay)n ] cos B
. + [(Pu)r—(Pulnlcosy =a (R7'+R3' ) cosy
M R BRBAER) ~ 0) ~ O BLURRRK L ; RELSLBT
B HHR _EERRBZRZRE o
1 Pu—P:=0(R; +R3;")

12

4% ADRIE » A (,1% +RL2) 2 HERMT :

1,1 3°F ., dF.,

‘ _9°F - OF,,  OF,,
W jtR, T e LGP+

9°F ,0F., 0F ,. @4°F _ 9F., . . oF,,

+

3'F 9F F 9'F OF dF 9°F OF oF
t 205 oy 3%y Tayoz ay 9z 3z9x 52 3]

a_F 2 a_Fz oF 2 -3/ 2
[+ (507 + (5,7 17
FHER » Al ERAXER

1

a9 R

1
R_1+
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zc[1+(‘7C) ]+a 7 [1+( ) 1- —ac

°’ln
<1

[1+<3C>2+<ac>:r’“

HINE x , 2 FH L2 2B #MED » Q09X T Ers
1
R,

IR @R R IERER 55 » Al Ha o (B Empe ) B

Wﬂ%ﬁ@&ﬁﬁ:ﬁéﬁﬁ#’%ﬁﬁ-ﬁﬁ%%%ﬁﬁ#OEﬁ

' HERF (x ,y ,2z ,t)=08HEP, = Py ZREEEHE—

# o

__9%¢ 08\, 32
16 = W/[1+(E) 1

H(6+<2--3)81
1Y) g%x-l-vr Vpl=aai+ s Vpn ,
g%'i"—”n Vp:=%%“+?n-Vpn

§6-~5 REsaReEs

E—ATERLZEE » REBHER (41 4) , L=k, v°T
T AETH (6 -4 1) KRET o
Bt B4 3,=H , NIELBXE » SERGRBL > Al
() (H:—Ha) -n=0,
A FourierB ,H=—kVT

(I
oT oT _
2) (kgn—r—(k-—)n—o

l
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oT _ Q

e —a_n— ky,pc,

b

HpQ=HARERCEEE (BMNAR erg cm-? sec1)
Cp =4.19 X107 cm? sec-? (°C)-!

K;=1.4 Xx10-% cm? sec-!
§6 6 JE (v) BE(S) MEE (T) 2FEEH

BES6 ~3—§6 5 @AM —BTE > RHETHERE
1B 5 BORIBGHE B 2 B A o 35 SR RRREE W] LMD 7 S T 3R 2
o (RSB 0 FEBR 2 A BRI ER BARAN SR ALY Y o B -
BFBEE » B REE 2R > R 2% 0 1T RE o
o BRSBTS L T S A

—

() Vi=Ve, T:=Tx
4B R EXE % T » B R4 (non—s1ip condition) » &
2 v=0
I ST R R AR 2 T o
EH &G Th > BB HEROBPOBE ; ATMEEES » &
e F M R 0 — BT S o Bt (VEERTE L » LEED ; AL
T b 2 IR ot B SR TR S 3 o




2 . %ijﬁiﬁﬁ (Turbulence Mode 1l ing)

= R &

I ~ERZEBMEEE(The Development and Review of

A.

B.

C.

Turbulence )

15~ 16 {ttfl Leonardo da Vinci (1452~ 1519 )FZH,
EHRARY FHL > BERELE/HERBASE » L s
B L AT o
17 ~18 i 1. Newton (1642~ 1729 ), L. Euler
(1707 ~1782) ,D. Bernoulli (1700 ~1782) »
J-D'Alembert (1717~ 1782) %8B % HiEbi 5 » JvE IEE;
PG EeEX ( continuum inviscid fluid model )
Z 8o
Por == G +2E 1 (29)
Viscous fluid model
19 L.M. Navier ( 1785~1836) , J.B. Fourier
(~1882~) , B. de Saint Venant ( 1797 ~ 1886
) G.G. Stokes (1819~ 1903 ) & L7 E ! T it

& EEE A KX ( continuum viscous-conducting
fluid model ) o
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DUi ap 02'”
== = —_— —_ ? D
° 51 pGx+axi+ax’+(.T,)
’I‘urbulenlt flow model
DT 0Uy Dp  04q;:
Cop ot r“ax,+Dt+ax1+(")

Turbulent heat flux model

D. 20 t###2 O. Reynolds (1842~ 1912) , T. Von Karman
(1881~1963) , L. Prandtl ( 1875~1953) , Sir.

G.I.Taylor (11880~ 1975) SE:% 70 a1 SR HHEMEE
2 FMHEK ( Averaged continuum viscous-conduting

turbulent model ) o

DU!V_ op 0 71y 0ty 29
°Dr PG e Thx, T, t(??)
DT U, Dp aq. a(h'
—= ? 9
Cpth Ty ax; +Dt aX1+aX1 +¢+(' ')

I ~ 5882 BB REFAMRE( The Treatment of Turbu-

lent Flow and the Problem of Closure )

I-1 %5k®EHHEESE (Methods of the Treatment
_ of Turbulent Flow)
R EDBHEKHER FETHRHE
A. B 5 ¥k (phenomenological analysi s)
REBRRBFA R LU ERRRR  SHENZNDESE R
3R o HHE XBRPEBMEHE (semi-empirical
flow)» REMEHRXE M LIHR (

theories of turbulent




dimensional and similarity arguments )iBZ #E
REE®E (mixi ng- length theories ) o ffibfd K » Fl B
HTERBERRED  RERTERARERA > ARBREBYEAR
B2 EHE » ML RHUE AN —SRBERA B2 EEHE o
B. #stE: (statistical analysis) |
LS| HMEt ) B » HNEEBEH ( random functions
) ZFEBBREHHE » X5IASRMEFNE (isotropic
turbulence ) ~HHBNE B ( correlation function )X jF3it
BB ( spectral function) & » W HRALBZRERE - LR
e ~ REHEES o

I1—-2 FASME (Problem of Closure)

£l FRED B ERE  RRINIRABIBES RS

BARE > HEIFFEMARE - RMRILAE » WHN FWKE ( turbu-

lence term) HyBRBRENALZEREMNTGE » JREDA REH R
R BMRBERRACAFTERBENS » FFHEBHERER ( Ze-
ro-equation model ) » B X HERX ( one -equation
+ model) ~ #HEABK( two-equation model ) % o RREEE
WRHBA ZHEB (Order ) TS » EATESE—ES ( first
order closure ) ~ 8 "F#PA& ( second order closure) g
F&E & ( high order closure )% o L BEERS —WHAS 8=
F&EﬁéZ%ﬁﬁﬁm%éﬁ%ﬁﬁEﬂﬂfﬁ °
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Il >~ &4 ( Turbulence Models )

Il —1 Z%FAKAHE (The Nature of Turbulence )

Flie —8 MR ES (eddy motion) » ZIBWE S kM
(rotational flow) jﬁﬁjnﬁ%%@%ﬁﬁ%j—uﬁ ( vortex ele-
ments) MBE—IE > ZFEEMTHEZBERTE ( vorticity vec -
tors ) 4K FIHO T EATSR 210 ( uns teady ) o Bk 18 AR (X5
%8 ( low frequency fluctuations) ARH MMy R Ll sk
B ERBRIESER (flow domain ) [l —#k % ( order of
magnitude ) o /)i 45 S5 #ES ( high frequency fluc-
tuations ) » HZEHE /) ( viscous force ) RPE o

BE -~ B8 g K& AR ( correlation) uiu; ,u, ¢
FZRMEER AR E ZNED » AHEFRERP AN BEESH LA
BHRLIRE wiuy , wi @ EE ~EERE (velocity and
length scales) 5IA ZWERPE EREHESZRE o

RIS F 199 (mean flow) fEM# » MY h BUE BHAY
BRAR B FIE B o Wi Bor R » Sl E ( vor-

tex stretching) BFEMER 2 HATE » Bt B LR
60308 25 B /NI AR 0 TR BE R E E > AL HIYEEL o

HE R BEE AR —BEBAE ( viscous process ) ABALE
B/NRTE » AR BEE Y B I AR BEES I E o BV (R ( vis -
cosity) J6 NINE RERIAB B » M EREE BB H T RE o
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-2 FHHEFHIER (Averaged Turbulence Equations)

-2 -1 Navier-Stokes Higs
| u*=U; + u, p*=P+p T*=T4+6
A. #EHERA (Continuity equation )

oU; —
axi_o Cc)

B. BB 5 EAX (momentum equation )

DUi_ 8P aZ‘U
‘ODt == e G +6x1+6x,

+axj (Mi)

= _— —_— i flu-
Ty #(6x,+ax1) g viscous u
id model J’E

Ty' =— pu;uy A ZRERNRE
C. 88& 5 X (Energy equation)

DT _ o U, __a(h 0qy
Cppﬁ—t—fuaxj ax1+axi + ¢ (T)
q: :—ka'—-T B Fourier BER%E

0 X,
Q:' =—Crpu;
}m%mﬁﬁﬂﬁ
au1
¢ = 74y 5 x.
3

D. ##3&E K (fluctuation equation)
(HEHFEX) - (FEFER ) =uw FEX (m,)
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(BEFEX ) - (BEHER)=0F5ER (e)
lM—-2-2 Z#E§HAHER (Turbulence Transport

Equations)

A. u; ujy fﬂﬁ
I LR EHHBAm, » EEM, u, +m, 0,
B 217
D 0 — D
I‘;ltu.' :ax, [——uiuJUl—%—(ajlui'l'auu’)
duyu, | U,
-+ v aXl ] (uilIz -—ax1 |
Tu, AUy, 9w Oy
+u’u'6x; 2y %, 5%
p,duy,  Odu,
+;( ax1+axl )

AP FERLBE—HREPA (Diffusion term) » H
h& v 2HRSFHEE (molecular diffusion) » Hgg
B EREH (turbulent diffusion) ; B - HSELE
( production term) ; =B EE (Dissipation
term) ; BUEREBHEMIE (pressure-strain-

term) o
B. k 5ER
Li=j HAlk=uqu;/2,K =uwuuu /2 ; FREEK :
i rorral A TR
0 X
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C. e 58X

_ auiaul _ au,au‘
LR ol LA e

W EE 2 am—‘ a—“‘ B 5 7

zvauz ap 0 €
7%, o 9x, 0%, T %’

du; 90°? Us aUl ou; ou,
—2vu 'ax, ax;ax,_z 9 X, (a—x, 0x,

3u, augaulau,
X, a—x,)_z” 0X,0X; 0 X;

a Uy 2
2( axl aXJ)

ATEREEE - ERENS > - - SHESELE » SN
s AHERHBE (Destruction term) o
D. 0 58R

49 =y S WAL BRAZEDHRRAD, , ¢ -

EHmM, 0 +eu, » BHAE

Duif_ 0  —0 - 3G 5O Fu
Dt —ax E— usucef— 51:T+auia +y06x¢3
0 —— 0:U

(u:u;ax‘+u,0aX‘)
_ du: 06 p 0460 ;
A Tk T e akT
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AFEFRLER -HARERE  HhSa kv ZHERS T
B HBRRMER  R_HREAE ; B=HRHEUR ;
SIE SR DR ( pressure -Temperature term)
; AAEBEEIE (Friction term) o

M-3 —PEFAA2EARAEA(First Order Closure Turbu-
lence Model)

DU; _ 8p 82'“- 3z-,jt
th - pGi+aX1+aXJ +aXJ
o Uy 0 U;

o Erley tox ) T T Tewy

—FEAERAXBRFSBEANER » JREVH HWE usu; HHEE
A1t (modelling ) » 10 :
A. Boussinesq B8 X, ( Boussinesq eddy viscosity
Model )
Bouss inesq FaB /R —u v /S 15 B B 5 BB BEVE (R ( &
Vi 25t R8I turbulent viscosity ) Z3FERF » €]
— oU

—uv =V, ==

oY
v NEBEZ2HE (property of the fluid) s BEpTfE%:
Z UL AR AL o
B. Prandtl iR E#X, (Prandt]l mixing length
Model )
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Prandt]l 8K v REEBRE (velocity scale EEER

B (length scale) 2 ; i BN B 5 830 R BR5: 3k
HRIEZ W ; Rt v THEB -

v =gt g[yj IR — OV 7 B

aU

uv =

o5y
IHEN A58 Prandtl ﬁﬁﬁﬁfgﬁiﬁ o
C. Karman [EFR E# (Karman mixing length Model)

Karmanﬁﬁéﬂﬁﬁ‘%ﬁ)ﬁéﬁgj i —uv
B

_uv_k a_..U

ay
uiﬁg—ﬁéfﬁﬁﬁéﬁﬁﬁfﬁﬁmﬁﬁg BN BT (sim-
ple flow) » mpRELR WIS LB EHRTEM » AK ZK
BB 2N — KR 0RB > N BN R T M (predict-
ability ) B o

MI—-4 ZPEEASZEF#A (Second Order Closure Turbu-
lence Model )

l-—4-1 ZHEHAFASEDE (Turbulence Closure Postula-
tions )

REKX AL /N B#E Z (incompressible turbulence ) »
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B ~ 2R

1.F¥g Navier - Stokes 583X (Averaged Navier -Stokes
Equations) "LUMEM » JREISE ZEit.2 HAVEAS REAER o

2. puruy Z RMPERCE Uiu; 2 BRE BIE A o

3.0 ¢ ZEMBEH IR ¢ ZBEBER EHA o

4./NEWE (small eddies) &M (isotropic) o

5.1/ ZIfi & ( turbulent quantities) HE RS f (U4, ,
k,e,u,0,U; ,P, T,p,v,a)o

6. RXML CZH B FA U ( symmetry ) » RN (invari-
ant) »3E%| (permutation) » | ( observation)

A—BH o
TERREBR B RRERERKk , e ZHE » u=Jk , ¢ =
k/2 /e, t=k/ e o
Sﬁﬁﬁyce s Cel ’ Ce, s Cx ’ C, s C. ’ Cr ’ Cr,y ’
CTZEEE@%%O
M—-4-2 uwuBBRZER( (Modelling of G,u; Equa-
tions)
Da-i—uj = 0 [-—UIUJUZ—'—p—( 5jzu1+5”u’)
Dt 0 X1 0
auiuj
v aXl ]
— oy o U,
— (uyu, 8—X1+ujul 7%, )
Ju;, ou, p _ Ju; _Ju
Zanz 0 X p(ax,+8xi)
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A. BEHZEAL

—uiuju; _%(5Jlui+5”uj ) = Cx [f ) 0;1;1
HAXGHR u=vEk, 2=k%*/¢ [ t=k/ ¢
B (¢2/t)=k? /¢ , i
k2
—u;u,u;:Ck? %
B. BHEZERL
ouy duy _2 _, du du,
2anzaXz__35”€ e—anzaXz
HBRALNE i+ d, = 0HASE o
C. B e B 1k
HEHHFERXm, B8
Du, ZASH du; Jduyuy —10p
W“L“’Tx,“w’axl 0xX: o 00X
azui
T aXtaXz
BHVe(m,)#&
22__ az(ulum_ulum) aUlaUm
v o ( 0X: 0Xm +26X18X:]
Bo5B
p_ 1 0?(uwiun—u,uy) 0U: 0 un_dVol
7.—4_77:J‘vol[ aXtaXm +2(9X1 axlsz’—
R ) e TR S t5(E 15
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%<a—“*+a“j )= 2 f (( 07Uty 0Us 0,

T 4rm 8X18Xm)(8xjaxi )+

0U: 0um , duy 0 u; d Vol
8xm8X1(6XJ~+8xi)] Y

EXGEBE-HAR iy, » & Vol M RR/NRE

2

®;;,, =Constant [—%] (uiu; —§—5“ k)

g — 2
:—Cl‘T{—(uiu_i _3—513 k)

EREBEHSR Ouy,, B Vol METRMB/N
X

®y,, = Constant (QHi Unl; +& T
S 0Xm 0Xm
2 0 Ux
—-3—513' aXmUmUn)
2
=—C, ( py “3‘51191:)
0 U; 0U;
Pu = (it e Tt )
T 0Unx
P = e
D. 7 & i S HEE X SR BHE
Duiu; 0 k?* duu, 0u,;u;
Dt _aXz [Ck 3 0 X, g 0 X ]+pij
2

e —— 2 .
—“3-5i35 —C, ?(UiU‘J —gon k)

2
—C, (puy ——3—5ijpk)
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KPRHAITHEBRIESZ » Ck =0.225~0.25 , C, =1.5
~2.2,C,=0.4~0.5
M-—4-3 kxFEXZ#ERX{ (Modelling of k Equation)
R @; HEAE N LR » k R ATERAL » 84 i=] »
i=1,2, 3FLIRN DERREZ kK HERMT -

y— s 20
aXl

Dk_a[C k? 0k yak
Dt 0x, “e 0x 0X,

M—4-4 ¢XBEXZHERA( (Modelling of ¢ Equation)

&_i[_m_Z’Ja_U;a? Uae j
Dt odx, ' o axj aXJ+ a—Xz

0U; o u; 0u, aulauj

_2y
0X; 0% 0X;  0X,;0X,;
. 0 uy azUl‘ ou; du; o u;
2y 0X; ax,ax,"z”axjaxlaxl
azul 2
—Z(Dc?xz&xj)
A. ZREBHEZ B
oo, _2vauwin 2 de
et po 0X; 0% Ce [t jax,

B. EAH &KL
H#kF A/ ( order of magnitude ) 5347 » 15
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0 u; azUl
2vu, =0
aX, aXlaXJ

an ﬂzauz+au1 6u,
3XJ 3x1 aXJ aX; ax;

Bi= K RS ATERE

) SR

OUs _ o\ 4 .
axi _0 &_’:ﬁﬁo ’

X

ou; ou, 0 u, ou,
Wi R mRSREEREG (53 214 10 S,
=0
C. BEEZMRL
9x, du; du, o0*us .,
_zuax; aXt 0X: —'2( aXzaXJ)

= Ly 29y _ ., (5o
_Cel [T](—uiu; aXz) Cezl:t]

e (K, e ) REMT» QI () ==
LB :

e .
—Cey——uyu, _X —Cey T—

%m(me)REﬁﬁ'm[%J=\%?
ER A

D. FEL LA R HERER » &
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De_ a k2 oe a an
'D—— aXz [Ce _a~xl+ ] Ce;[ ]Ullha X,
_Cez [%]8

APFEREC: =0.13~0.17 , Ce; =1.41~1.45 , Ce,
=1.9~1.92 ; FRA (k, ¢ ) REAT» 8 (1) =+ ;

ERE (v, O RESH B = [2

l—4-5 u, 658X {k (Modelling of u, § equ-

ations)
Bl = o T 2w 20
8u1 aT _aUl
+vé aX1]_(UIUl a—Xz+ulaaXz)
3u1 00 paﬁ -
—-—(a+y) 7%, ﬁl+;a—xl+¢m
A. EEHEZERAL
pd 1_0ud
—uwiwy @ —03; —=Cr [—]
0 t 0x:
k? 3010
H(k, S)Rﬁﬁﬁ[ )= (-*] Ez_tﬁﬁCT—axl °
auI% + v 0& s Ha=vik» FRTBR
Y Ou, . 0w b

auy =— + Vvl —— =a

0 X, 00X, 0 X,
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B. HHHAZEA
e 4 » B0 M8 (isotropic dissipation) 2

auiaﬁ .
—laty) o 5 7 0

C. BiEE (p—0 ) HzEA(L

b o6 lf 3uu. 00
0 vol

8X1:4—7r 0X:0Xm 0X;

oU, OUum, 00 d 1
+2(8X )(8;)8&] =

Vol TN/ » FXEBH
3 uum 90 dU: 6umdf - ,
comstant [ oo 7% T 2ox. o ax. L

HRERS ~ 6 » EXNHRK

00U,
0Xm

—CT1 ['i—]u—i_a—_"CTz umﬁ

ik, e ) REAHT () =)+ LR

& —— oUy —
| CTl—kU10+CT2 X u Uml
D. BEH B XA

B LT A NEZ TR

oru; =0
E. A L& EHz2ELMAER 7
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Du, 0 k?aaﬁl am 7y (——GT

Dt ox: (Ot Gx, T M
ouU oU
-l"llzﬁa—x1 Cleuiﬁ‘f‘CTza iu 0
N PRRET HERIES Cr=0.07 , Cr, =3.2,
CTZ :0-5 ©

M-4-6 MWHEARTLEKESERX (Differential
Model or Reynolds Stress Model )

FEAMBRR SMBR o REMwu, , 0,0 Z#HK - 4

R#mEKX o
&% RV B K O A R0 R R
u, U, 2
D;itllj =Dy + pyy —'3511 k+ps
Dk_ _ alh aui
E—Dk""pk—e E—ﬂaxl ax,
B-E—De +pe—¢e¢
Du, ¢ - _
—D; =Dy, 9+ Py g+pT
EETBERHER
D U, - op 07Ty D7y,
pt — PG +axl+axj 0x;
oU; an

Ty = p (=— 7%, 8X1 ) Ty '=— 0 uuy
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DT _ an__a(h oaqt
Dt T 0X; 0x4 +a‘X1 T

— aT t —— )
q; =—Kk 3 %, 9" =—pcru;
e |a_u1 = .a_ul au" au‘—'-
O =1y X, _#(axj-l_ax, axj—.-s
oU, |
aXi _O

GR ZRERSEX 116 THERSERS5E » £F58R

168 » U, ,p,T, Wy ,k,e,u, 0 16 HEAY » BE

HWE R ER GG REHGESE  BUETRKRSE o

lM-4-7 k—¢—-A(ASM)#EX(k—ec—A(Alge-
braic Stress Model ))

R SMERAM 11 BERERSER -+ BRERBIGEEN > N
RIE LARTERE LRVE o K% @#% #0352 ( approxi-
mat ion) BT/ EHMEER HER » BB IEEERR o

. B VRS SR T S R K BOUE R /NS ( B RYH ( high
- shear flows)) BRI RIEHTLLEES ( 8IS HER (
local equilibrium)) B » u,u; FER T LK

e ____ 2
(1—-C.:)py —Cl_k'( u;u, —'3—5111()

_%—6”( € —Cypx) =0

FREERNDRAREEHER RSB RRTFER » 1.0 HER TH
a3
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— 3T e — — 0U,;
u,u, 871 +‘C'r1k—1110+( 1—Cr, ) uné a—x; =0

B EEA iy, u g %ﬁﬁﬁﬁﬁﬁﬁﬁﬁaﬁﬁﬁﬁ%ﬁﬁ&ﬁﬁﬁ
B3 (algebraic equations) 4B o

RFRBITBARRAZ Gy, , 40 BAKHBR » ¢ HER »
BBk —c —AlE%, PETFHGERF R » 1018 Rl Y
Bt > BOWT SRIB W58 o

M-4-8 k—-¢ —E®RX( k—¢—Eddy viscosity
Model )

EEATERERSER U, | 0, 0 KF— —M1t =z Boussinesq
REMEB K ( generalized Boussinesq eddy viscosity
model ) » H uu; | w § HHTES

U, aU,

— g = v, (axJ P )——51:
— AT
—Uxo—auaﬁx’
Hﬂ@?(ﬁﬁ; Ve y Qs ﬁliﬁ
kz kz CF Lz

Ve —Cﬂ_ y Av=Ca— =
€ Prl &

k,emkﬁeﬁﬁiﬁﬁé@’cp¢o.o9,P,,¢o.s~1.3

ElZz wu, , wOEE Kk, c Bk —¢ — Efisf o

—ﬂﬁaﬁxk—e—Eﬁiﬁka—e—Aﬁiﬁﬂo

I-4-9 K(Ejﬁs‘t)ﬁf(K(one equation)
Model)
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Dk _ & k* 0k o —— 35U,
Dt ax, L (CrgH¥)s-J-tu o~ —e
’ | 3/2
m(k,E)R}E%ﬁ,€=k3/z/€’&ezkg , &l
Dk _ 4 ok . — 9U, k¥?
Dt~ g, (O VR ORI G dmmn T

M ouiyy , w05 RHES

— oU, , U, 2
uile—Vc('ij'f‘aTi) 3—5in

_ oU;  oU; _‘2
—Cp\/ké(a_xj'-f——x—i) —3—5in

— Vi 0T _ oT 1
_Uiﬁ_Prt aXi _C#\/_jk'gaxi Prg

X+ REFARE
P. BRZM Prandtle 8 » A7 0.8~1.3

REZEMARSFERN Yy , w0 RESKFHES » a8

RKEABESEIER o

HAHTBRABBK TEXBE RS REHE » ATMESFER (k —

e ) B HERE o

II-4—-10 #:#%( Summary ) |

A.DIEAHERSMEER » k —e ~ABNR» k— e —E ER=
E AN ( non seperated flow) » @A HI3)
J19 ( free shear flows) ~ BEE BT /3% ( Wall shear
flows) » &R E o BN EHW ( Complex flows ) ff

-— 116 —




MAE4 B ( seperation ) RAHAIER (irregular ge-
ometry ) Ift¥l £ > RS ME RIERIS HELB T Mk — e
—ABRREKRXRE k — ¢ —EERXfFo

B. BHM MRS BRAZERD » D HRRBBIES » K
R NBRAZEAMMHAHRSEE » LSBT o

C. wiuy, FRBBHERNTZBEHEBE L BRI ETEE

uil FMERSG B h s SN R RREER T E R
gAML o

IV~ F&hEX 2 EMEH ( Examples of Application of
Turbulence Models )

DL _F P it 45 3 VB X 7E 2K 7 82 05 T O e FRS 184k ( channe 1
flows ) ~ 510 ( jets ) ~ PRy ( wakes DRI ~ WiTE i 2E 1K
Jt ( discharges into streams , lakes or ocean ) & o ¥
FRNBEERZXFRMBERG ERER » @R T » FHRH TR %
FEm 3 o |

V-1 BE##8%&E%H ( channel flow and pipe flow )
A. Hossain ( 1980 ) ffik — ¢ — AR FHE —#HEK (
Developed two-dimensional channel flow) Gk

5 # K& Z Wik ( turbulent quantities ) k , ¢ , V2
S FHERRRERELR  £EWE o
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free surface

0 02 0+ /O.D - 038 170 U/l

B. Ha Minh & Chassaing ( 1977 ) f|fik— ¢ —EEX
» Bernald et al ( 1974 ) FHE—-FBEAER »FHEZE
EEW ( sudden pipe expansion flow ) » HE MR
B3t BREEEREL BT o B— 5 R 8 A7E EWRE (
recirculation ) FAHERABRY »EEHBEEE ( re-
development ) R NF o k— ¢ —E&EKHAIEE o

= x 05 U/Ug

—__ Ke-MOOE! %9 2 9 ¢ § s7 8 86 811123’45)172 z:;Al
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V-2 SHEMA ( Jets and Wakes )

A. Rodi et al Sk — ¢« EXH BT HEEWE ( plane jet
) B AR B ~STESRHRERELR  HEWE o

50

lines : predictions {74,86]

N\

30
[
Uo i

204

104.
/?(/<Mixing length
: hypothesis

O . i T 11

0 20 40 60 80 100 120
(x -x5) /8

Juw-ugay
Ug?

Plane jet, © =
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orediciions [88]

)
ok 7 [
L = 4 2
o { o RalAC { ! (v (4720
I3 /} ! < 353 ! Reichardt [1438]
L& PO
“/" P oo .50C |
P ¢ 7 Maczynski [145]
ffg a .5C0 Criega {120]
i 1
Q 20 40 60 30 1C0 12C 140
\X—XO) /9
19
(2-1\‘1 U(L}_uﬁlr-rl(-\‘h
Round jet, © = | — = |

B. %k ( Wake Flow )
e (1984 ) FRAERE k — ¢ ERFTHETHET - BUESET
N TR S S S T o BN PO e e B AR AL 0 BRI MDD IR
W5 s o il o 3HERS R Chevray & Kovasznay (
1969 ) EEEMRHE » HRWE o
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F
s Ee0CM 1s20CM e <>m:>4$E Xxi5Q cuj
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: 1‘(7\),\1 § 5».%_‘1 6‘%_4
-
LT SR B
b ("::;:'nq'y.)
sl- :
s ’/f’V.,a"?le : %i
i 0[
osl
Q.8
Q.7
c.sh )
ok o IR UCHE
Jo ! (chevray & tovasznay)
0.4
a2t — ki
Q.2
Q.1
! . - - .
o 50 100 150 00 250 300
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75 i FR SRR, o0 B B - M
20
Jaeew '[i[% wlhk (chevray & sgwasznay)
el —— KA
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il

3.5 .
<3
T ax B e W R
10 8, {chevray & kovasxznay)
e

— R E R

,_Al
300

Q 50 .00 150 00 50

/8.

TR EmBR IR & 2 #1b

IV—3 ANl ~#asis#m% ( Discharges into Steam

, Lakes or Ocean ) o

Mc Guirk and Rodi fff k — ¢ #X3 8 =H#EBEA KK
' STERRHEERENT

side view

w4
41 .
4
e .
Ly .
2T,0¢ e
24 M
ATg/AT, -0
x .8
& .6 E +——— v r
a ) Expts ? { v ow . 3¢ @
- .2 166) v Tw
L 72 8T, .
— predictions 304 .
164} :
T ] .
N b1/2
2 ‘ SAO ; gl M
Yinz. .
\ 204 >
* AT o Meoxurements 11661
>
. @ ‘°'/’ —- Pregicions 162}
€0 ° °s W 20 , 30 & s
v o VIne,
s A ! o ¥ W W D 50 &
Yrote 1
i B T
4 [ —
30 e Vo 2 f
_3 Fz ~ T, 107 I
;A Yo
4 ° top view \ 9e aho 1

Flow configuration and surfoce

Axial voriotion of maximum excess
isotherms for F = 2.56

. surface tempercture hoif width ond
balt depth for £ = 2.56
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4. BRZ=0TE

BASICS OF FINITE-DIFFERENCE METHODS

3-1 INTRODUCTION

In this chapter, basic concepts and techniques needed in the formulation of finite-
difference representations are developed. In the finite-difference approach, the con-
tinuous problem domain is “discretized” so that the dependent variables are con-
sidered to exist only at discrete points. Derivatives are approximated by differences
resulting in an algebraic representation of the partial differential equation (PDE).
Thus, a problem involving calculus has been transformed into an algebraic problem.
The nature of the resulting algebraic system depends on the character of the
problem posed by the original PDE (or system of PDE’s). Equilibrium problems
usually result in a system of algebraic equations which must be solved simultaneously
throughout the problem domain in conjunction with specified bouncary values.
Marching problems result in algebraic equations which usually can be solved one ata
time (although it is often convenient to solve them several at a time). Several con-
siderations determine whether the solution so obtained will be a good approximation
to the exact solution of the original PDE. Among these considerations are truncation
error, consistency, and stability, all of which will be discussed in the present chapter.

3-2 FINITE DIFFERENCES

One of the first steps to be taken in establishing a finite-difference procedure for
solving a PDE is to replace the continuous problem domain by a finite-difference mesh
or grid. As an example, suppose that we wish to soive a PDE for which u(x,y) is the

39

- 133 —



40 FUNDAMENTALS OF FINITE-DIFFERENCE METHODS

dependent variable in the square domain 0 <x<1,0<y < 1. We establish a grid on
the domain by replacing u(x, y) by u(i Ax, j Ay). Points can be located according to
values of i and j so difference equations are usually written in terms of the general
point (i, /) and its neighbors. This labeling is illustrated in Fig..3-1. Thus, if we think
of u; j as u(xo ,Y¢) then

Upgp,; = UXo + A%, 3%0)  uj_y,; = ulxo ~AX, o)
Ui+ =u(xo,yo + 4y) Uij—1 =u(xy,¥0o _AY)

Often in the treatment of marching problems, the variation of the marching coordinate
is indicated by a superscript, such as u;’”, rather than a subscript. Many different
finite-difference representations are possible for any given PDE and it’s usually impos-
sible to establish a “best” form on an absolute basis. First of all, the accuracy of a
difference scheme may depend on the exact form of the equation and problem being
solved and secondly, our selection of a “best” scheme will be influenced by the aspect
of the procedure which we are trying to optimize, i.e., accuracy, economy, program-
ming simplicity, etc.

The idea of a finite-difference representation for a derivative can be introduced by
recalling the definition of the derivative for the function u(x,y)atx = x4,y =yo.

du _ . ulxo + Ax,yo) —u(xo,¥0)
ax Alf—rvlo Ax G-

Here, if u is continuous, it is expected that [u(xe + Ax, yo) —u(x,,50)]/Ax will be a
“reasonable” approximation to du/dx for a “sufficiently” small but finite Ax. In
fact, the mean value theorem assures us that the difference representation is exact
for some point within the Ax interval. The difference approximation can be put on a
more formal basis through the use of either a Taylor-series expansion or Taylor’s
formula with a remainder. Developing a Taylor-series expansion for u(x, + Ax, yo)
about (x4, )0) gives: '

a_2£>.(A")2+...
0

ou
u(xo + Ax,yo)=u(xo,¥o0) + a_x>o Ax + ax? 2
n—1 -1 n n
PU) G ) (o

w1 o =1 " ax" /) n

Xo <E<(XO +Ax) (3'2)

|

_.I_l_.'~l_._ *Uiin

I R B I :

—_— — % — 0 —g— 8 —

1 ([ | | U U us .
T —r e — e ALY B S T B ALEY
§| pobod

— ) — £ Ax —

| Ajl 18X |

RG-S Su

bl |

Figure 3-1 A typical finite-difference grid.
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BASICS OF FINITE-DJFFERENCE METHODS 41.

where the last term can be identified as the remainder. Thus, we can form the “for-
ward” difference by rearranging Eq. (3-2)

ou _ulxo + Ax,yo) —ulxo,yo) Fu) Ax_ 3-3)
ax Xos Yo AX sz 0 2'
Switching now to the i, j notation for brevity, we consider
ou Uisy,j Ui .
my 2 Wy -
ax )i.i Ax Truncation error (3-4)

where (u;4,,j — ;)] Ax is obviously the finite-difference representation for dufax); ;.
The truncation erroris the difference between the partial derivative and its finite-
difference representation. We can characterize the limiting behavior of the truncation
error (T.E.) by using the order of (O) notation whereby we write,

ou Uirr,j " Ui
5}),.,,. =T Toe

where O(Ax) has a precise mathematical meaning. Here, when the truncation error is
written as O(Ax) we mean |T.E} < X|Ax| for Ax = 0 (sufficiently small Ax). K is a
positive real constant. As a practical matter, the order of the truncation error in this
case is found to be Ax raised to the largest power which is common to all terms in
the truncation error.

To give a more general definition of the O notation, when we say f(x) = O[#(x)] ,
we mean that there exists a constant K, independent of x such that | f(x)| < K |¢(x)! for
all x in S where f and ¢ are real or complex functions defined in S. We often restrict
S by x — o (sufficiently large x) or as is most common in finite-difference applica-
tions, x = 0 (sufficiently small x). More details on the O notation can be found in
Whittaker and Watson (1927).

Note that O(Ax) tells us nothing about the exact size of the T.E. but rather how it
bebaves as Ax tends toward zero. If another difference expression had a T.E.=
O[(Ax)~ |, we might expect or hope that the T.E. of the second representation would
be smaller than the first for a convenient Ax but we could only be sure that this would
be true if we refined the mesh “sufficiently,” and “sufficiently” is a quantity which
is hard to estimate. '

An infinite number of difference representations can be found for du/dx); ;. For
example we could expand “backwards”

a’u> (ax)? a3u> (axy’ ’
+ — —_—— + .. -
ax2 o 2 ax3 0 6 ) (3 5)

and obtain the “backward” difference representation,

u\ MU
P )i,i i + O(A&x) 3-6)

ou
u(xg —A&x,yo) =u(xe,y0) — g;)o Ax

We can subtract Eq. (3-5) from Eq. (3-2), rearrange, and obtain the “central” differenc:

au) Uiy Ui
ij

= e + 0(Ax)? 37)

— 135 —



42 FUNDAMENTALS OF FINITE-DIFFERENCE METHODS

We can also add Eq. (3-2) and Eq. (3-5) and rearrange to obtain an approximation to
the second derivative .

2 u; —2u+u_ ,
a_“> Z Yoy T A T L oa ey (3-8)
ij

ox? (Ax)?

It should be cmphasized that these are only a few examples of the possible ways in
which first and second derivatives can be approximated.

It is convenient to utilize difference operators to represent finite differences when
particular forms are used repetitively. Here we define the first forward difference of
u; ; with respect to x at the point /] as

Bty ;=Ujpr,j ~Ujj 39

Thus, we can express the forward finite-difference approximation for the first partial
derivative as

Ju ui+1,/’ ui,i A)cui,j
— + = .
3 )i,,‘ = O(AX) = O(Ax) (3 10)

Similarly, derivatives with respect to other variables such as y can be represented by
Ayul.i Ui+ —Ujy

by Ay

The first backward difference of u; ; with respect to x at 1, ] is denoted b.y
Velljj=u;j—Ui_1,j (3-11)

It follows that the first backward-difference approximation to the first derivative
can be written as

qui’]'

Ju Ui —Ui_ 1
Ax

M) = o) =

(3-12)
- + 0(Ax) (3-12)

L
The central-difference operators 5,5 and 82 will be defined as

Sxlij=Ujsy,; —HUioy) (3-13)
5x”i,/‘ FUivye, " Ui—w,j (3-14)
oup; =8, (B u; )=ty — Uy (3-15)

and an averaging operator, 4 as

_Uivin,j ‘Ui

BxUij= 3 (3-16)

It is convenicnt to have specific operators for certain common central differences
although two of them can be easily cxpressed in terms of first-difference operators

Sxtjj=0xu;;+ Vyou; _ (3-17)
Siu,-.,-=Axu,-r,-—qu,~_‘,-=Axqui’/- (3-18)
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Using the newly defined operators, the central-difference representation for the first
partial derivative can be written as

%)l = HLLZ AL oy = TR 4 oy (3-19)
and the central-difference representation of the second derivative as
) . . 2
%:—Z‘)} = 2l (::;f Bt 4 ogaxy = fa_:); +0(ax)  (3:20)
Higher-order forward- and backward-difference operators are defined as
Afu;;= Ax(A;-l@i,j) ’ (3-21)
and Viu;; =V (Vi ) (3-22)

As an example, a forward second-derivative approximation is given by:

2 . _ . C—y R Ay
Axu;; _ A‘x(,qu,j ui,/’) _Hiwg Uiy T Uy tu;;

(&ax)? (Ax)? (Ax)?
Uiagj = Wiey,j Fu, 32“> Ax R
(Ax)? ax? /i, O(ax) (3-23)

We can show that forward- and backward-difference approximations to derivatives of
any order can be obtained from

B"u> A;’u,‘,,
guy) - + O(Ax 3-24
x" /i (&%) (&) (3-24)
and
a"u> Viug
=) =2 4 oax 3-25
ax" /iy (&x) (&) (3-25)

Central-difference representations of derivatives of orders greater than the second can
be expressed in terms of A and V or §. A more complete development on the use of
difference operators can be found in many textbooks on numerical analysis such as
Hildebrand (1956).

Most of the PDE’s arising in fluid mechanics and heat transfer involve only first-
and second-partial derivatives, and generally we strive to represent these derivatives
using values at only two or three grid points. Within these restrictions, the most
frequently used first-derivative approximations on a grid for which Ax = 4 = constant
are

ou Ujvr,j — Ui
—_ = —— 4 _2
ax>,-.,- n O) (3-26)
ou Uy Uiy \
3= >i.1‘ == + O(h) (3-27)
ou Uipy,j—Ui_q,f 2
—_— = — + 3.
Ix >1./' 7 Oo*) (3-28)
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du\ _ 3wt Ay Ui .

ax>,,- = = +0(n?) - G29)

A\ Bupi—duyjtui_g;

ou - . J 4 2 i}

ax>,, = Oh*) (3-30)
au ) 1 qul,f > ) 4 '
uy _ L (XA )y on 3.31

The most common three-point second-derivative approximations for a uniform grid,
Ax = h = constant, are

= MLl TAEM 4 o) (33)
gi_,:)” =u,-+x,,-—2:;'.f’f“i—1,i + O (3-34)
= i o) .

The compact, three-point schemes given‘by Eqgs. (3-31) and (3-35) having fourth-
order truncation errors deserve a further word of explanation. (See also Orszag and
Israeli, 1974.) Letting du/dx);; = vy j, Eq. (3-31) is to be interpreted as

52 gxul,i
(1 + f)v,-_i =

or
) & u::
% Wis1,j T A0 F 0 )= _‘2712 (3-36)
which provides an implicit formula for the derivative of interest, v;;. The v;; can be
determined from the u;; by solving a tridiagonal system of simultaneous algebraic
equations, which can usually be accomplished quite efficiently. Tridiagonal systems
commonly occur in connection with the use of implicit difference schemes for second-
order PDE’s arising from marching problems and will be defined and discussed in some
detail in Chapter 4. For now it is sufficient to think of a tridiagonal system as the
arrangement of unknowns which would occur if each difference equation in a system
" only involved a single unknown variable evaluated at 3 adjacent grid locations. The
interpretation of Eq. (3-35) proceeds in a similar manner providing an implicit repre-
sentation of 3?u/dx?);;. Some difference approximations for derivatives which in-
volve more than three grid points are given in Table 3-1. For completeness, a few
common difference representations for mixed partial derivatives are presented in
Table 3-2. These will prove useful for schemes to be discussed in later chapters. The-
mixed derivative approximations in Table 3-2 can be verified by using the Taylor-
series expansion for two variables
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Table 3-1 Diffgrence approximations using more than three points

Derivative Finite-difference representation Equation
g:,—")u _ up,;/ 7Ml+1,/;3h‘l- o “Hi-24 + 0(',,1) v  (3-38)
g;_,: )u _ Ll Y1 Wi 5::1 Wiy Uiy o) (3-39)
2 e - 4,"'";}’; G (3-40)
%:_:)u _ THpaay t 1ug s, _f’;‘;'*’-/ * 18y, = Suy + O(h’) : (3-41)
2%)“ - gy —Suy_yy ;’4“:—1./ THe-ag o) | » | (3-42)>
g:_,;)u _ Suyy—18uy_yy+ 24‘;;%/ Bl o VLN, +0(k?) (3-43)
%:_) - | —lpag gt 3““11,_;2; Buy_yytuy,y, + 00t (3-44)
5_;{)” _ —Upaa;+ 16Uy, “31(;:(;/ +16u;_y; —uy_y, +0(h*) (3-45)

Table 3-2 Difference approximations for mixed partial derivatives

Derivative Finite-difference representation Equition
%)“ - i (unl./ ;;Nl./- l. _ -1 )+ O(4x, &) (3-46)
:::y)u_ Alx_(uuu LY L /n —Uj_ />+O(Ax,Ay) (-47)
aiz;y)“= i( A e N /—W 1,/-1 + O(Ax, Ay) G-43)
aiz;y )U _ i(“/n S Uy g ul./zy— ul./.) + O(&x, Ay) (G-49)
aj::y )u _ ALX (llul,/ﬂz;;tﬂ./—l __ul,/uz‘;:t./—l) +0[ax, (ay)?] (-50)
aa::y )‘J= _Al_x( r/nz;yut/— . u:—l./o;;yut-l./—x) +0[ax, (Ay)?) G-51)
a?:;‘y)q - ﬁ; (Uln.h; ;yuul./—n _"1—1,/0;;}:‘1—1,/-&) +O[(ax), (ty)?]  (3-52)
aiz:y)u - ﬁ (““l'lzy_u“l.’ _"1-1,/»:};“1-1./) +0[(ax)?, ay] (3-53)
a?::y )u _ 2_1A_x (um./ “Al;m./-x Uiy ;;l—l./-l ) +0[(Ax)?, Ay) (3-54)
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) F)
u(xo + Ax,yo + Ay) =ulxo,yo) + | Ax 32+ v u(x,¥y0)
1 ) 2 \?
+ 2; (Ax ax + Ay ay> u(XanO)

1 3 RAY : _
+---+n! (A_x-a—x—+Ay—a;) u(xo + 6 Ax,y, + 0 Ay)

0<6<1 ' (337)

3.3 DIFFERENCE REPRESENTATION OF PARTIAL
DIFFERENTIAL EQUATIONS

3-3.1 Truncation Error

As a starting point in our study of truncation error, let us consider the heat equation

_ P
ot ax?

(3-55)

Using a forward-difference representation for the time derivative and a central-

difference representation for the second derivative, we can approximate the heat
equation by

ul'.'+1 —-u?_ a - no_auny n 3.562

At = (Aax)? (441 j ui_q) (3-56a)

However, we noted in Section 3.2 that truncation errors were associated with the
forward- and central-difference representations used in Eq. (3-56a). If we rearrange
Eq. (3-55) to put zero on the right-hand side and include the truncation errors asso-
ciated with the difference representation of the derivatives we obtain

aw  otw Wy a n
ar Yo A (Ax) (o =24 F14-0)
[ [ U 1
PDE FDE
a2u> At a“u) (Ax)?
N AL TN LA R 3.56b
[ afz n,j 2 * 5x4 n,j 12 ( )

L i
T.E.

The truncation errors associated with all derivatives in any one PDE should be ob-
tained by expanding about the same point (n,j in the above discussion).

The difference representation given by Eq. (3-56a) will be referred to as the
simple explicit scheme for the heat equation. An explicit scheme is one for which
only one unknown appears in the difference equation in a manner which permits
evaluation in terms of known quanti ies.. Since the parabolic heat equation governs

a marching problem for which an ini* al distribution of u must be specified, u’s at the
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time level n can be considered as known. If the second derivative term in the heat
equation was approximated by u’s at the n + 1 time level, three unknowns would
appear in the difference equation and the procedure would be known as implicit,
indicating that the algebraic formulation would require the simultaneous solution
of several equations involving the unknowns. The differences between 1mp11c1t and
explicit schemes will be discussed further in Chapter 4.

The quantity in brackets (note that only the leading terms have been written
out utilizing Taylor-series expansions) in Eq. (3-564) is identified as the truncation
error for this finite-difference representation of the heat equation and is defined as
the difference between the partial differential equation and the difference approxi-
mation to it. That is, T.E. = PDE — FDE. The order of the truncation error in this
case is O(Ar) + O[(Ax)?] which is frequently expressed in the form O[At, (Ax)?].
Naturally, we solve only the finite-difference equations and hope that the truncation
error is small. If we don’t feel a little uneasy at this point, perhaps we should. How
do we know that our difference representation is acceptable and that a marching
solution technique will work in the sense of giving us an approximate solution to the
PDE? In order to be acceptable, our difference representation for this marching
problem needs to meet the conditions of consistency and stability.

3-3.2 Consistency

Consistency deals with the extent to which the finite-difference equations approxi-
mate the partial differential equations. The difference between the PDE and the finite-
difference approximation has already been defined as the truncation error of the
difference representation. A finite-difference representation of a PDE is said to be
consistent if we can show that the difference between the PDE and its difference
representation vanishes as the mesh is refined, ie., limpepn—o (PDE — FDE) =
limpesn— (T.E.) = 0. This should always be the case if the order of the truncation
error vanishes under grid refinement [ie., O(Ar), O(Ax), etc.]. An example of a
questionable scheme would be one for which the truncation error was O(At/Ax)
where the scheme would not formally be consistent unless the mesh were refined in
a manner such that At/Ax - 0. The DuFort-Frankel (DuFort and Frarkel, 1953)
differencing of the heat equation,

n+y __,n—-1
uj up

a w"
TAr (ax)p il

gt on—1
uj u,'-’ +u}’_l) 3-57)
for which the leading terms in the truncation error are

a d%u azu> (At>2 1 a3u>
+ 204 A —aZE) (2L} L)y
12 ax* >,,,,-( Ve at* Jnj \Ax 6 313 ,,_,-( )

serves as an example. All is well if

' Ar
lim ——> =0
At ax—0 \OX
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but if Az and Ax were to approach zero at the same rate such that At/Ax = §, then
the DuFort-Frankel scheme is consistent with the hyperbolic equation, ‘

du %u du

— + 2 9 % _ =

e T e T

3.3.3 Stability

Numerical stability is a concept applicable in the strict sense only to marching prob-
lems. A stable numerical scheme is one for which errors from any source (round-off,
truncation, mistakes) are not permitted to grow in the sequence of numerical pro-
cedures as the calculation proceeds from one marching step to the next. Generally,
concern over stability occupies much more of our time and energy than does concern
over consistency. Consistency is relatively easy to check and most schemes which
are. conceived will be consistent just due to the methodology employed in their devel-
opment. Stability is much more subtle and usually a bit of hard work is required in
order to establish analytically that a scheme is stable. Much more will be presented
in Section 3-6 on stability and some very workable methods will be developed for
establishing the stability limits for linear partial differential equations. It will be
possible to extend these guidelines to nonlinear equations in an approximate sense.

Using these guidelines, the DuFort-Frankel scheme, Eq. (3-57), for the heat
equation would be found to be unconditionally stable whereas the simple explicit
scheme would be stable only if r = [« At/(Ax)*] <3. This restriction would limit
the size of the marching step permitted for any specified spatial mesh.

A scheme using a central time difference and having a'more favorable truncation
error O[(A)?, (Ax)?],

u;|+1 _u’l]—l a

5 ar = 7o Wl — 2] +ui_y) (3-58)

is unconditionally unstable and therefore cannot be used for real calculations despite
the fact that it looks to be more accurate, in terms of truncation error, than the ones
given previously which will work. i :

Sometimes instability can be identified with a physical implausibility. That is,
conditions which would result in an unstable numerical.procedure would also imply
unacceptable modeling of physical processes. To illustrate this, we rearrange the
simple explicit representation of the heat equation, Eq. (3-564), so that the unknown
appears on the left. Lettingr =« At/(Ax)?, our difference equation becomes

Wt =yt o)+ (2] (3-59)

Suppose that at time f, ufsy =Uj_y =100°C and u = 0°C. This arrangement is
shown in Fig. 3-2. If r>§ we see that the temperature at point j at time level n + 1
will exceed the temperature at the two surrounding points at time level n. This seems
unreasonable since we expect heat to flow from the warmer region to a colder region
but not vice versa. The maximum temperature which we would expect to find at point
j at time level n + 1 is 100°C. If r = 1, for example, u*! would equal 200°C by Eq.
(3-59).
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ﬁL ) Figure 3-2 Physical implausibility resulting from
3-1 3 i r=1

3-3.4 Convergence for Marching Problems

Genenally, we find that a consistent, stable scheme is convergent. Convergence here
means that the solution to the finite-difference equation approaches the true solution
to the PDE having the same initial and boundary conditions as the mesh is refined. A
proof of this is available for initial value (marching) problems governed by linear
PDE’s. The theorem, due to Lax (see Richtmyer and Morton, 1967) is stated here
without proof.

 Lax’s Equivalence Theorem. Given a2 properly posed initial value problem and a
finite-difference approximation to it that satisfies the consistency condition, stability
is the necessary and sufficient condition for convergence.

We might add that most computational work proceeds as though this theorem
applies alse to nontinear PDE’s although the theorem has never been proven for this
more general category of equations.

3-3.5 Round-off and Discretization Errors

Any computed solution, including sometimes an “exact” analytic solution to a PDE,
may be affected by rounding to a finite number of digits in the arithmetic operations.
These errors are called round-off errors and we are especially aware of their existence
in obtaining machine solutions to finite-difference equations because of the large
number of dependent, repetitive operations which are usually involved. In some types
of calculations, the magnitude of the round-off error is proportional to the number of
grid points in the problem domain. In these cases, refining the grid may decrease the
truncation error but increase the round-off error.

Discretization error is the error in the solution to the PDE caused by replacing
the contimous problem by a discrete one and is defined as the difference between
the exact solution of the PDE (round-off free) and the exact solution of the finite-
difference equations (round-off free). In terms of the definitions developed thus
far, the difference between the exact solution of the PDE and the computer solution
to the finite-difference equations would be equal to the sum of the discretization
error and the round-off error associated with the finite-difference calculation. We
can also observe that the discretization error is the error in the solution which is

-caused by the truncation error in the difference representation of the PDE plus any
errors introduced by the treatment of boundary conditions. '

~ 143 —



50 FUNDAMENTALS OF FINITE-DIFFERENCE METHODS

3-3.6 A Comment on Equilibrium Problems

Throughout our discussion of stability and convergence, the focus was on marching
problems (parabolic and hyperbolic PDE’s). Despite this emphasis on initial value
problems, most of the material presented in this chapter also applies to equilibrium
problems. The exception is the concept of stability. We. should observe, however,
that the important concept of consistency applies to difference representations of
PDE’s of all classes.

The “convergence” of the solution of the difference equation to the exact solu-

tion of the PDE might be aptly termed truncation or discretization convergence.
.The solution to equilibrium problems (elliptic equations) leads us to a system of
simultaneous algebraic equations which needs to be solved only once, rather than in
a marching manner. Thus, the concept of stability developed previously is not di-
rectly applicable as stated. To achieve “truncation convergence” for equilibrium
problems it would seem that it is only necessary to devise a solution scheme in which
the error in solving the simultaneous algebraic equations can be controlied as the
mesh size is refined without limit. Many common schemes are iterative (Gauss-Seidel
iteration ‘is one example) in nature and for these we want to ensure that the iterative
process converges. Here convergence means that the iterative process is repeated until
the magnitude of the difference between the function at the k + 1 and the k iteration
levels is as small as we wish for each grid point, i.e., quf,ﬂ —uff,-[ < €. This is known
as iteration convergence. 1t would appear that (no proof can be cited) truncation
convergence will be assumed for a consistent representation to an equilibrium problem
if it can be shown that the iterative method of solution converges even for arbitrarily
small choices of mesh sizes.

It is possible to use direct (noniterative} methods to solve the algebraic equations
associated with equilibrium problems. For these methods we would want to be sure
that the errors inherent in the method, especially round-off errors, do not get out of
conirol as the mesh is refined and the number of points tends toward infinity.

In closing this section we should mention that there are aspects to the iterative
solution of equilibrium problems which resemble the marching process in initial value
problems and a sense in which stability concerns in the marching problems correspond
to iterative convergence concerns in the solution to equilibrium problems.

3-3.7 Conservation Form and
Conservative Property

Two different ideas will be discussed in this section. The first has to do with the PDE’s
themselves. The terms “conservation form,” “‘conservation-slaw form,” “conservative
 form,” and ‘‘divergence form” are all equivalent and partial differential equations
having this form have the property that the coefficients of the derivative terms are
either constant or, if variable, their derivatives appear nowhere in the equation. Nor-
mally, for the PDE’s which represent a physical conservation statement, this means
that the divergence of a physical quantity can be identified in the equation. As an
example, the conservative form of the equation for mass conservation (continuity
equation) is

IL Y
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dp , dpu  dpu  dpw
e T ‘ .
at * ox * ay az 0 (3-60)

which can be written in vector notation as

9p

+ V-pV =
athVO

A nonconservative or nondivergence form would be

0 bl d
@+u—§+p§£+v—p+pa—v+ P dw

af Mo TPax TV TPy W te g =0 (3-61)

As a second example, we consider the one-dimensional heat conduction equation for
a substance whose density, p, specific heat, ¢, and thermal conductivity, &, all vary
with position. The conservative form of this equation is

aT 0 oT \
pC 5‘[——8—x<ka?> (3-62)
whereas a nonconservative form would be
dT _ 3T 3k oT
pcy—k’é?'f‘aa (3-63)

In Eq. (3-62) the right-hand side can be identified as the negative of the divergence of
the heat flux vector specialized for one-dimensional conduction. A difference formu-
lation based on a PDE in nondivergence form may lead to numerical difficulties in
situations where the coefficients may be discontinuous as in flows containing shock
waves,

The second idea to be developed in this section is that of the conservative pro-
perty of a finite-difference representation. The PDE’s of interest in this book all have
their basis in physical laws such as the conservation of mass, momentum, and energy.
Such a PDE represents a conservation statement at a point. We strive to construct
finite-difference representations which provide a good approximation to the PDE in
a small, local neighborhood involving a few grid points, The same conservation princi-
ples which gave rise -to the PDE’s also apply to arbitrarily large regions (control vol-
umes). In fact, in deriving the PDE’s we usually start with the control-volume form of
the conservation statement. If our finite-difference representation approximates the
PDE closely in the neighborhood of each grid point, then we have reason to expect
that the related conservation statement wiil be approximately enforced over a larger
control volume containing a large number of grid points in the interior. Those finite-
difference schemes which maintain the discretized version of the conservation state-
ment exactly (except for round-off errors) for any mesh size over an arbitrary finite
region containing any number of grid points is said to have the conservative property.
For some problems this property is crucial.

The key word in the definition above is “exactly.” All consistent schemes should
approximately enforce the appropriate conservation statement over large regions,
but schemes having the conservative property do so exactly (except for round-off
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errors), because of exact cancellation of terms. To illustrate this concept, we will
consider a problem requiring the solution_of the continuity equation for steady flow.
The PDE can be written as

VepV =0

We will assume that the PDE is approximated by a suitable finite-difference repre-
sentation and solved throughout the flow. For an arbitrary control volume which
could include the entire problem domain or any fraction of it, conservation of mass
for steady flow requires that the net mass efflux be zero (mass flow rate in equals
mass flow rate out). This is observed formally by applying the divergence theorem

to the governing PDE, A
[ff V:pVdR = ffpV-ndS'=0
R s

To see if the finite-difference representation for the PDE has the conservative pro-
perty, we must establish that the discretized version of the divergence theorem is
satisfied. We normally check this for a control volume consisting of the entire problem
domain. To do this the integral on the left is evaluated by summing the difference
representation of the PDE at all grid points. If the difference scheme has the conser-
vative property, all terms will cancel except those which represent fluxes at the bound-
aries. It should be possible to rearrange the remaining terms to obtain identically a
finite-difference representation of the integral on the right. For this example the result
will be a verification that the mass flux into the control volume equals the mass flux
out. If the difference scheme used for the PDE is not conservative, the numerical
solution may permit the existénce of small mass sources or sinks.

Schemes having the conservative property occur in a natural way when dif-
ferencing starts with the divergence form of the PDE. For some equations and prob-
Jems, the divergence form is not an appropriate starting point. For these situations,
use of a control volume method (Section 3-4.4) for obtaining the difference scheme
is helpful. This difference representation will usually have the conservative property if
care is taken to ensure that the expressions used to represent fluxes across the inter-
face of two adjacent control volumes are the same in the difference form of the con-
servation statement for each of the two control volumes.

The conservative property issué has been actively discussed and debated over the
short history of computational fluid mechanics and heat transfer. However, the con-
servative property is not the only important figure of merit for a difference represen-
tation. PDE’s represent more than a conservation statement at a point. As shown by
solution forms in Chapter 2, PDE’s also contain information on characteristic direc-
tions and domains of dependence. Proper representation of this information is also
important.. Many useful finite-difference equations do not have the conservative pro-
perty and in a few instances, prove to be more accurate in some sense than those that
do. The importance of maintaining the conservation statement with high accuracy
over a finite region is highly problem depen'deni. All consistent formulations, whether
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or not they have the conservative property, can provide an adequate representanon
for most problems if the grid is refined sufficiently .

3-4 FURTHER EXAMPLES OF METHODS
FOR OBTAINING FINITE-DIFFERENCE EQUATIONS

As we start with a given PDE and a finite-difference mesh, several procedures are
available to us for developing finite-difference equations. Among these are:

a. Taylor-series expansions

b. polynomial fitting

¢. integral method (called the micro-integral method by some)
d. control-volume approach

It’s sometimes possible to obtain exactly the same finite-difference representation by
using all four methods. In our introduction to the subject, we’ll lean most heavily on
the use of Taylor-series expansions utilizing polynomial ﬁttmg on occasmn in treating
boundary conditions.

3-4.1 Use of Taylor Series

We now demonstrate how one might proceed on a slightly more formal basis with
Taylor-series expansions to develop difference expressions satisfying specified con-
straints. Suppose we want to develop a difference approximation for du/dx);; having
a truncation error of O(Ax)* using at most values Uy_a ) Uy_y,j, and u; ;. With these
constraints and objectives, it would appear logical to write Taylor-series expressions
foru;_, ;and u;_, ; expanding about the point (i, j) and attempt to solve for du/dx), ;
from the resulting equations in such a way as to obtain a truncation error of O(Ax)?:
du 3 24x) - %u\ (—24x)
u,_z‘l =“i.l + 5;)"1 (—2 ) axu) ( 2 ) + 5;‘-) —( 30 ) +

(364)

du\ %\ (Ax)? . Pu) (—Ax) |
ul—l.i=ul,j+ a‘)il(_Ax)‘i‘ E)[} 31 +ax—3 y TR + .- (3-65)

~ It’s often possible to determine the required form of the difference representation
by inspection or simple substitution. To proceed by substitution, we will rearrange
Eq. (3-64) to put 9u/dx);; on the left-hand side such that

au) Ui  W_3;  d%u
Ly

guy T o 2
ax /), 24x 2Ax T &x+0(ax)

As is, the representation is O(Ax) because of the term (32u/dx?) Ax. We can substitute
for 3%1/3x? in the above equation using Eq. (365) to obtain the desired result. A
more formal procedure to obtain the desired expression is sometimes useful. To pro-
ceed more formally we first multiply Eq. (3-64) by a and Eq. (3-65) by b and add the
two equations. If —22 —b =1, then the coefficient of du/ax), ; Ax will be 1 after the
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addition, and if 22 + b/2 =0, then the terms involving 3*u/dx?), ; which would con-
tribute a T.E. of O(Ax) to the final result will be eliminated. A solution to the equa-
tions ’
- ‘ b
—2a~b=1 2+ 5= 0
is given by a = i, b = —2. Thus, if we multiply Eq. (3-64) by % , Eq. (3-65) by —2,add
the results and solve for 3u/dx); ; we obtain

a_u Y =u,_2‘,~—4u,_1',~+3u
ox 2Ax

which can be recogmzed as Eq. (3-30). A careful check on the details of this example
will reveal that it was really necessary to include terms involving 3%u/3x3 )i in the
Taylor-series expansions in order to determine whether or not these terms would
cancel in the algebraic operations and reduce the truncation error even further to
O(Ax)?. Fortuitous. cancellation of terms occurs frequently enough to warrant close
attention to this point.

We should observe that it is sometimes necessary to carry out the inverse of the
above process. That is, suppose we had obtained the approximation represented by
Eq. (3-30) by some other means and we wanted to investigate the consistency and
truncation error of such an expression. For this, the use of Taylor-series expansions
would be invaluablé and the recommended procedure would be to substitute the
Taylor-senes expressions from Eq. (364) and Eq. (3-65) above for u;_, 2.jand u;
into. the difference representation to obtain an expression of the form du/ax); ; i+ T. E
on the right-hand side. At this point the T.E. has been identified and if lim ax—o (T.E)
= 0 the difference representation is consistent.

As a slightly more complex example, we will develop a finite-difference approxi-
matlon with truncation error O(Ay ) for du/dy at point (i, j) using at most Uij Upjer,

-y ;1 when the grid spacing is.not uniform. We will adopt the notation that Ay,=
Yij+1 —yijand &y_=y;;—y;;  asindicated in Fig. 3-3.

h We recall that for equal spacing, the central-difference representation for a first
derivative was equivalent-to the arithmetic average of a forward and backward repre-
sentation. That is, for Ay, = Ay_ = Ay

a—u> =6yu,'i A U;/'*'V
i/

t + of(ax) ]

Y7 2
3y 24y 2 Ay +Oolyy']

We might: wonder if, for unequal spacmg, use of a geometrically welghted average will
preserve the second-order accuracy:

AN Ayuy; ( Ay_ ) Vyuy; ( Ay, > ,
' + +0[4 366
3}’)1/ Ay, \Ay. +4y. by \&y, + Ay_ [(ay)*] (3-66)

Figure 3-3 Notation for unequal y spacing.
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The truth of the above statement may be evident to some, but it can be verified from
basics by use of Taylor-series expansions about point (7, ). Letting Ay, /Ay _ = a, and
adopting the more compact subscript notation to denote differentiation, u,, = du/ay); ;,
uy, = 3%u/dy?); ;, etc., we obtain

@ty ) (@dy_ )’ @by )
Upjey Uy tu,aly +uy, T +uyy, 30 Uyyyy 2 4o
(67)
(—4ay )? (~ay ) (—ay_)
Uy =utu,(—4ay ) +uy, Ay 3 f“}'”‘y e
(3-68)

As before, we will multiply Eq. (367) by a and Eq. (3-68) by 5, add the results
and solve for du/dy); ;. Requiring that the coefficient of du/dy); ; Ay _ be equal to one
after the addition, gives ga— 5 = 1. For the final result to have a truncation error
O(Ay)? or better, the coefficient of uy,, must be zero after the addition which requires
that a*a + b = 0. A solution to these two algebraic equations can be obtained readily
asa = lja(a+ 1),b =—af(a+ 1). Thus

Q) _ aX Eq.(367) +b X Eq. (368)
/i Ay_

+ 0(Aay)?

The final result can be written as

u +(® —Duy;—aPu;
au> TR Juy /-1 (369)

gy— 1'1'— (!((1+ I)Ay_

which can be rearranged further into the form given by Eq. (3-66).

Our Taylor series examples thus far have illustrated procedures for obtaining a
finite-difference approximation to a single derivative. However, our main interest is
in correctly approximating an entire PDE at an arbitrary point in the problem domain.
For this reason, we must be careful to use the same expansion point in approximating
all derivatives in the PDE by the Taylor-series method. If this is done, then the trunca-
tion error for the entire equation can be obtained by adding the truncation error for
each derivative. '

There is no requirement that the expansion point be (i, j) as indicated by the
following examples where the order of the truncation error and the most convenient
expansion points are indicated. The geometric arrangement of points used in the
difference equation is indicated by the sketch of the difference “molecule.”

Fully implicit form for the heat equation, Eq. (3-55):

n+1

— ’=(Ax)2 @ — 2wl +utly  TE =0[ar (Ax)?] (3-70)

The difference molecule for this scheme is shown in Fig. 3-4, and pbint (n+1,))is
indicated as the most convenient expansion point.
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CONVENIENT

' ﬂ / EXPANSION POINT
t *
o Nt
e N
[ ] [ ] [ ] [ ]
:‘ Figure 3-4 Difference molecule, fully implicit form
X for heat equation. ’

Crank-Nicolson form for the heat equation:

n+i
uy

__un ) . . ‘
f__ @ A+l oM gy +ult +uf K
A 2ax) [uf's1 Fufer 2u] uf) +uiZg u,_d (3-71a)

T.E.= O[(Ar}, (Ax)?]

The difference molecule for the Crank-Nicolson scheme is shown in Fig. 3-5, and point
nt %, j) is designated as the most convenient expansion point. »
It is interesting to note that the order of the truncation error for difference
representations of a complete PDE (not a single derivative term, however) is not
dependent upon the choice’ of expansion point in the evaluation of this error by
~ the Taylor-series method. We will demonstrate this point by considering the Crank-
Nicolson scheme. The truncation error for the Crank-Nicolson'scheme was most con-
veniently determined by expanding about the point (n + -;-, j) to obtain the results
stated above. Using this point resulted in the elimination of the maximum number '
of terms from the Taylor series by cancellation. Had we used point (n, j) or even
(n — 1, ) as the expansion point, the conclusion on the order of the truncation error
would have been the same: To reach this conclusion, however, we often must examine
. the truncation error very carefully. To illustrate, evaluating the truncation error of

CONVENIENT )
,EXPANSION POINT .

] ®
o ¥l
.. .
. ' . .
- Figure 3-5 Difference molecule, Crank-Nicoleon
X form for heat equation.
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the Crank-Nicolson scheme by using expansions for u" ,, ufy,, u, Louttl, u,”ﬂ

about point (,7) in Eq. (3-71a) gives, after rearrangement,

Up— Qlyy =—Ugp % + alpyy %{ + O0(Ax)? + O(Ar? _ (3-71b)

At first glance, we are tempted to conclude that the truncation error for the Crank-
Nicolson scheme' becomes O(Af) + O(Ax)?, when evaluated by expanding about point
(n, /), because of the appearance of the terms —u,, Af/2 and quxx At/2. However,
we can recognize these two terms as —Az/2(3/d)(u, — aux, ) where the quantity in
he second set of parentheses is the left-hand side of Eq. (3-71b). Thus, we can dif-
ferentiate Eq. (3-71b) with respect to ¢ and multiply both sides by —Az/2 to learn
that —At/2(3/3rXu; — aux) = O(Ar)? + O(Ax)?. From this we conclude that the
truncation error for the Crank-Nicolson scheme is O(At)* + O(Ax)? when evaluated
about either point (1, j) or point (n +1 3+ 7). Use of other points will give the same
results for the order of the truncation error. This example illustrates that the leading
terms in the truncation error should be examined very carefully to see if they can be
identified as a multiple of a derivative of the original PDE If they can, they should
be replaced by expressmns of higher order.

3-4.2 Use of Polynomial Fitting

Many applications of polynomial fitting are observed in computational fluid mechanics
and heat transfer. The technique can be used to develop the entire finite-difference
representation for a PDE. However, the technique is perhaps most commonly em-
ployed in the treatment of boundary conditions or in gleaning information from the
solution in the neighborhood of the boundary.

Let’s consider some specific examples.

Example 3-1 In this example, the derivative approximations needed to represent
a PDE will be obtained by assuming that the solution to the PDE can be approxi-
mated locally by a polynomial. The polynomial is then “fitted” to the points
surrounding the general point (i, /) utilizing values of the function at the grid
points. A sufficient number of points can be used to determine the coefficients
in the polynomial exactly. The polynomial can then be differentiated to obtain
the desired approximation to the derivatives. Let’s consider Laplace’s equation
which governs the two-dimensional temperature distribution in a solid under
“steady-state conditions:

9T , 33T _-

P + — ay’ =0 . _ (3-72)
We suppose that both the x and y dependency of temperature can be expressed
by a second-degree polynomial. For example, holding y fixed, we assume that
temperatures at various x locations in the nelghborhood of point (i, j) can be
determined from

T(x,yo) =a + bx + cx?
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For convenience we let x = 0 at point (7, /), and Ax = constant, Clearly,

T\ _
a),,,“”

a‘2T>
ax3

The coeffi cxents 4, b, and ¢ can be evaluated in terms of temperatures at specific
grid points and Ax. To do s0, we must make some choices as to which neighboring
grid points to use and this choice determines the geometrical arrangement of the
differenice molecule; that is, whether the resulting derivative approximations are
ceptral, forward, or backward differences. Here we’ll choose points (i—1, )
(i,7),and (7 + 1,/) and obtain:

>

TG, j)=a
TG+ 1,/)=a+bAx +c(Ax)?
T(i—1,/)=a—bAx + c(Ax)?
from: which we determine that

b=§[> _Tiny—Ticyy

-ox 2Ax
c—-l— ﬂ) =T[+]J“2TL/+T[_'1'/
2 ax? /iy 2(ax)?

Thus,

2 T, —2T;; + T;_
a__r) =ty 1,7 I~1,] (3-73)

axz (Ax)l

This represents an exact result if indeed a second-degree polynomial expresses the
correct variation of temperature with x. In the general case, we -only suppose that
the second-degree polynomial is a good approximation to the solution. The
truncation error of the expression, Eq. (3-73), can be determined by substituting
Taylor-series expansions about point (7, j) for Tysy,jand Ty, ; into Eq. (3-73).
The truncation errar is found to be O(Ax)* and will involve only fourth-order
and higher derivatives, which are equal to zero when the temperature variation is
given by a second-degree polynomial.

A finite-difference approximation for 32 7/dy? can be found in a like manner.
We notice that arbitrary decisions need to be made in the process of polynomial
fitting' which will influence the form and truncation error of the result; particu-
larly, these decisions influence which of the neighboring points will appear in the
differencé. expression. We also observe that there is nothing unique about the
“procedure of polynomial fitting which guarantees that the difference approxima-
tion for the PDE is the best in any sense or that the numerical scheme is stable
{when used for a marching problem)
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Example 3-2 Suppose we have solved the finite-difference form of the energy
equation for the temperature distribution near a solid boundary and we need to
estimate the heat flux at the location. Qur finite-difference solution gives us only
the temperature at discrete grid points. From Fourier’s law, the boundary heat
flux is given by q,, = —k 387/9y)y=o. Thus, we need to approximate aT/3y), —¢
by a difference representation which uses the temperature obtained from the
finite-difference solution to the energy equation. One way to proceed is to assume
that the temperature distribution near the boundary is a polynomial and to “fit”
such a polynomial, i.e., straight line, parabola, or third-degree polynomial, etc. to
the finite-difference solution which has been determined at discrete points. By
requiring that the polynomial match the finite-difference solution for T at certain
discrete points, the unknown coefficients in the polynomial can be determined.

For example, if we assume that the temperature distribution near the bound-
ary is again a second-degree polynomial of the form T=a + by +cy?, then,
referring to Fig. 36, we note that 0T/dy),=¢ = b. Further, for equally spaced
mesh points we can write

T, =q
T, =a+bAy +c(Ay)?
T3 =a+bQAy)+ c(2 Ay)?
from which we can determine that
a=T,

__3T1 +4T2_T3

b 24y

and
T, —2T, + T,
2Aayy?
Thus, we can evaluate the wall heat flux by the approximation

=T ~—pp= K -
Q= kay>y=o_ kb= 575 BTy —4T; +T3)

By = CONSTANT Ty

Figure 36 Finite-difference grid near wall.
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It is natural to. inquire about the truncation error of this approximation for
T, /3y)y=0o. This may be established by expressing T, and T in terms of Taylor-
series expansions about the boundary point and substituting these evaluations
into the difference expression for 37/dy),—q. Alternatively, we can identify the
second-degree polynomial as a truncated Taylor-senes expansmn abouty =0:

Second-degree polynomxal
 T=a+by+op?

_Taylor serjes:

aT a?T T\ ¥
T=T(0)+ g)oy + ay?) = Y+ 3 ) ’3’—!+
, : TE,

Thus, the approximation T2za + by + cy? is equivalent to utilizing the first three
terms of a Taylor-series expansion with the resulting T.E. in the expression for T
being O(Ay)?. Solying the Taylor series for an expression for 0T/3y)y =¢ involves
division by Ay which reduces the truncation error in the expression for 37/ W)y=o
to O(Ay)*.

F.xnmple 3-3 Suppose that the energy equation is being.solved for the tempera-
ture distribution near the wall as in Example 3-2, but now the wall heat flux is
specified as a boundary condition. We may then want to use polynomial fitting to
obtain an expression for the boundary temperature which is called for in the
difference equations for internal points. In other words, if q,, = —k 37) 13y)y=0
is given, how can we evaluate T at y =0, i.e,, (7,) in termsof q,,/k and T,, T,
etc.? Here we might assume that T=a + by + ¢y® + dy® near the wall and that
3T/3y)y=¢ = b = —q/k (given). Our objective is to evaluate T, whlch in this
case equals a. Refemng to Fig. 3-6, we can write

Ty=a— —k-— Ay + ¢:(Ay)2 + d(Ay)3

T, =a—=2 (z Ay) +e(2 Ay)’ + d(2 Ay)y

Ty =a —-’;‘1 3 Ay) +c(Bay)? +d(3 Aay)

These three equations can be solved for g, ¢, and d in terms of T’, , T3, Te,qulk,
and Ay. The desired result, T, as a functxon of Ty, T3, q./k, and by, follows
. directly from Ty =g and is given by

64
T, = (mT, 9T + 2T, + i"“’) +0[(Ay)*] (3-74)

The truncation error in the above éxpressipn can be established by substituting
Taylor-series expansions about (7, /) for the temperatures on the right-hand side or
by identifying the polynomial as a truncated series by inspection. We -will close
this discussion on polynomial fitting by listing some expressions for wall values
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Table 3-3 Some useful results from polynomial ﬁtting

Polynomial

degree Wall value of function or derivative " Equation
ar) R 1T ' ' '

1 =} =———=>+00" 3.75
)y T Oh) (3-75)

1 Tyy=Tyjey —h g) +0(h?) | (3-76)

. . y Iy

2 a_r) = & (3T, 4T, ~ Ty aa) + O0Y) (3.77)
W/ 2 e "

2 rj=t a0 -1~ 2 20) + 0 3-78)

=3 R )“

3 a’_r) = 1T+ 18Ty, = 9T, 0r + 2T 0 s) + OG?) (3-79)

/iy G " " "
1 aT .

3 TU = ﬁ ]87}'141 —91‘{'/,1 + 2T,J¢3 —6h 5 » -+ o) (3-&))
aT 1 : .

4 3, ) = 1op (C25Tyy + 48T ey =367 jug + Tiyes— 3T 50e) + OG*) (3-81)
3y /iy 12h

1 [ aT .
4 T‘-/ = 2—5 487'1_,,] "367"'/;; + 16TLI"3 —3Tu,‘ -~ 12h 5 N +0(#%) (3-82)

of a function and its first derivative in terms of values of the function. These
expressions are useful, for example, in extracting a value of the function at the
wall, if the wall value of the first derivative is specified. The results in Table 3-3
were obtained from polynomial fitting, assuming that 7(y) can be expressed as
a polynomial of degree up to the fourth, and that Ay = & = constant.

3-4.3 The Integral Method

The integral method provides yet another means for developing difference approxi-
mations to PDE’s. We consider again the heat equation as the specimen equation
2
Mool (3.83)
The strategy is to develop an algebraic relationship among the u’s at neighboring
grid points by integrating the heat equation with respect to the independent variables
t and x over the local neighborhood of point (n, /). The point (n, /) will also be identi-
fied as point (o, Xo). Grid points are spaced at intervals of Ax and Ar. We arbitrarily
decide to integrate both sides of the equation over the interval #, to 1 + At and
Xo —Ax[2 to xq + Ax/2. Choosing to — At/2 to t, + At/2 would lead to an in-
herently unstable difference equation. Unfortunately, at this point we have no way of
knowing which choice for the integration interval would be the right or wrong one
relative to stability of the solution method. This can only be determined by a. trial
calculation or application of the methods for stability analysis to be presented in
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Section 36. The order of integration is chosen for each side in a manner to take ad-
vantage of exact differentials:

xo+Ax[2 to+ At 3 to+ At x,+Ax(2 3?
u = au .
f / 5, dt | dx a/ f o7 x| dr (384)
X, —8x(2 1, ‘ t x,—Ax[2 ‘

The inner level of integration can be done exactly giving

X, +Ax/2
/ ' [(to + A1, x) —ulto, x)} dx
x

/x,~Ax[2

“TA ax\ 2 Ax
u u
=q / [EX- (t,xo + 5 ) ™ (I,xo — 7)} dt (3-85)
t

For the next level of integration, we take advantage of the mean-value theorem for
integrals which assures us that for a continuous function f )

y +8y
/ Yy =0y - (3-86)
b4
where 7 is some value of y in the interval y, <y <y; + Ay. Thus, any value of y on
the interval will provide an approximation to the integral and we can write

Y +ay .
/ f@Ydy=fP)dy fory, <y<y +4y
b4
As we invoke the mean-value theorem to further simplify Eq. (3-85), we arbitrarily
select xo on the left-hand side and #, + At on the right-hand side as the locations
within the intervals of integration at which to evaluate the integrands:

u(to + At,xo) —u(to,Xo)] &Ax =« ‘:g—l; (to + At,x, + %)
— %‘C— to + A, xo — %)1‘ At (3-87)

To express the result in purely algebraic terms requires that the first derivatives,
du/dx, on the right-hand side be approximated by finite differences. We could achieve
this by falling back on our experience to date and simply utilize central differences.
Alternatively, we can continue to pursue a purely integral approach and invoke the
mean-value theorem for integrals again observing that

. xot+Ax 3
u(to +At,x° +Ax)=u(to +A[,X0)+ / 5%(1‘0 +At,x)dx
' x

C ~u(ty + AL, xe) T ?)_l;c (ro + At,xo + %) Ax  (3-88)
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from which we can write

ou
“ox

(3-89)

Ax) ulte + A, xq + Ax) —u(ty + At,Xx,)
> )= v

(to + At,xO + A Ax

In evaluating the integral in Eq. (3-88) through the mean-vatue theorem, we have
arbitrarily evaluated the integrand at the midpoint of the interval. Hence, the final
result is only an approximation, Treating the other first derivative in a similar manner
permits the approximation to the heat equation to be written as

[uto + At,x) —ulte,xo)] Ax = Aix fu(te + 82,x, + Ax) —2u(t, + At,x,)

+u(ty + At,xo — Ax)] At (3-90)

Reverting back to the n, j notation whereby n denotes time (#) and j denotes space
(x), we can rearrange the above in the form

n+l _ ..n
i Y _  a

ar o (ax

‘U

SR =2 ) @91)

which can be recognized as the fully implicit representation of the heat equation given
in Section 3-4.1. The choice of ¢, + Af as the location to use in utilizing the mean-
value theorem for the second integration on the right-hand side is responsible for the
implicit -form. If t, had been chosen instead, an explicit formulation would have
resuited. We note that a statement of the truncation error does not evolve naturally
as part of this method for developing difference equations but must be determined-
as a separate step.

. 3-4.4 Control-Volume Approach

A distinctly different point of view is taken in utilizing the control-volume approach
than is adopted in working with any of the other methods considered thus far. In the
Taylor-series aid integral methods we accepted the PDE as the correct and appropriate
form of the conservation principle (physical law) governing our problem and merely
turned to mathematical tools to develop algebraic approximations to derivatives. We
never considered again the physical law represented by the PDE. Physical reasoning
had been used previously in deriving the PDE but then put aside. The Taylor-series
and integral methods then proceed in a rather formal, mechanical way. operating on
the PDE. '

" In the control-volume method, we examine the PDE governing the problem at
hand and recall the physical law or conservation statement which the PDE represents,
In general, we translate the PDE to a statement in words as it might apply to a control
volume in the neighborhood of a grid point in a finite-difference mesh. Here we are
recognizing the discrete nature of the finite-difference model at the outset. We now
proceed to work out a mathematical statement of the physical conservation principle
following steps somewhat reminiscent of the procedures used by some to derive PDE’s
from physical laws except that we do not take the limit of shrinking the control
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volume to a point. When the governing PDE can be written in divergence form, we
can be guided in this process by employing the Gauss divergence theorem to obtain
the correct mathematical formulation for the physical law for a control volume. In
practice, the control-volume method has a history of leading quickly to expressions
that prove to be more accurate than other possibilities near boundaries, probably
because the method keeps the discrete nature of the solution method in view at all
times. ) :
As an example, consider two-dimensional steady-state conduction in a solid where

" for constant thermal conductivity we find that the temperature distribution must

satisfy Laplace’s equation, Eq. (3-72). ‘

© 7 Agrid is first established on the problem domain. Points should be placed on the
boundaries since temperatures at boundary points arise in the specification of bound-
ary conditions. The problem domain is then equitably divided up into control volumes
about each grid point. It will be most convenient to establish the boundaries of the

. control volumes halfway between adjacent grid ‘points. Following this procedure,
internal grid points will only be in the geometric center of the control volumes if the
mesh spacing is constant, i.e., Ax =¢,, Ay = c;.

~ Well first consider the control volume labeled A in Fig. 3-7 which is representa- -
tive of all internal (nonboundary) points. In steady state, the net rate at which heat
flows into control volume A must be zero. This is the conservation statement which
leads to the establishment of Laplace’s equation as governing the temperature distri-
bution at a point in the problem domain. We can also work backwards from the PDE
to obtain the proper statement for a control volume by using the divergence theorem.

- First, we must recognize that the heat-flux vector is related to the temperature distri- .
bution through Fourier’s law

q=—kVT
Thus, when & is constant, Eq. (3-72) can be interpr.eted as
—=Veq=V:(kV) =0

Applying the divergence theorem gives

. '-///v-(kvndR=//(kVD-ndS¥0
A s - _

1
}e

T . h 15: oA:.o:o
- i
SPECIFIED |~ —!— —1—
ON [ e | e | o
BOUNDARY —] I !
|

Figure 3-7 Finite-difference grid for control:

—L o 1 o - volume method.
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The integral on the right represents the net flow of heat into any arbitrary fixed re-
gion. Applying this to evaluate the inflow of heat through each of the four boundaries
of the control volume about point (i, /) gives

-—kAyaT) +kAy ij-7—') : —kAxaT) . +kAx§I) =0
0x /i_ya,j 0x Ji+1a,f ay l/ va ay i,f+12

The 1/2 in the subscripts refers to evaluation at the boundaries of the control volume
which are halfway between mesh points. The energy balance is exact if the derivatives
represent suitable average values for the boundaries concerned. Approximating the
derivatives by central differences we find that

Ti=1,;—Tijp) Tiar,;j—Tip) - (Tyjr —Tip)
k Ay ——’—+kA \ + k Ax &
T, T;;
+ kA (11+1 1,1)=0
Ay

Dividing through by k Ax Ay we can write the result as

Ti_y,;— 2T+ Tisy,j + Tj-1 —2Ty; + Tijar
(ax)? @)y

Each of these two terms can be recognized as approximations to second derivatives,
(@*7/3x? for the first and 3*T/dy? for the second) which were obtained earlier by
the Taylor-series expansion method. o '

Let’s now consider the control volume on the boundary, labeled B in Fig. 3-7.
In this example we will assume that the boundary conditions are convective. For
the continuous (nondiscrete) problem this is formulated mathematically by
h(Tw — T, ;) =—k 3T/3x),; where the point (7, /) is the point on the physical bound-
ary associated with control volume B, If we were to proceed with the Taylor-series
approach to this boundary condition, we would likely next seek a difference repre-
sentation for 37/dx), ;. If a simple forward difference is used, the difference equation
" would be ,

=0 (3-92)

k
h(Tw =T = 37 T1j = Tisn,)) _ (3-93)
In the control-volu'me approach, however, we are forced to observe that there is
some material associated with the boundary point and conduction may occur along

the boundary. The energy balance on the control volume would account for possible
transfer across all four boundaries

aT kAx oT
hAy(T. T,,)+kAya >I+1/2/+ 2 ay )[_[+1/2

k Ax aT) ' '
—_— =0 3.94
2 W Jij—n ( )
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Using central differences to approximate the derivatives, we can write

- (T -T (T =T
hAy(Tm _Tl,[)+kAy( 1+.l./ 1,/)+ k Ax ( Li+1 1-1)

Ax 2 Ay
kax Tiy—y —Tyy)
+ 2 & =0 (3-95)
Dividing through by &, we can write the result as
h Ay Ay Ax hdy Ay @ Ax
% Ta + Ax Tyey,;t+ m (Tl,/+1 + Tl.l—l)— (T +-Zx— + _A—)—' T;;=0

(3-96)

which is somewhat different than Eq. (3-93) which followed from the most obvious
application of the Taylor-series. method to approximate the derivative aT/dx); ; which
occurred in the formal mathematical statement of the boundary condition,

Looking back over the methodology of the control-volume and Taylor-series
methods, we can note that the Taylor-series method readily provided difference
approximations to derivatives and the representation for the complete PDE was made
up from the addition of several such representations. In contrast, the control-volume
method employs the conservation statement or physical law represented by the entire
PDE and appears incapable of providing a finite-difference representation just to a
derivative alone. That is, we would not know how to respond to a request to develop
a difference representation to du/dx alone by the control-volume method. The distinc-
tive characteristic of the control-volume approach is that a “balance” of some physical
quantity is made on the region in the neighborhood of a grid point. The discrete
nature of the problemr domain is always taken into account in the control-volume
approach which ensures that the physical law is satisfied over a finite region rather
than only at a point as the mesh is shrunk to zero. It would appear that difference
equations developed by the control-volume approach would almost certainly have
the conservative property. o ' '

It is difficult to appreciate the subtle differences which may occur in the dif-
ference representations obtained for the same PDE by using the four differént meth-
ods discussed in this section without working a large number of examples. In many
cases, and especially for simple, linear equations, the resulting difference equations
can be identical. That is, four different approaches can give the same result. There is
no guarantee that difference equations developed by any of the methods will be
numerically stable so that the same difference scheme developed by four methods
could turn out to be worthless. The differences in the results obtained from using the
different methods are more likely to become evident in coordinate systems other than
* rectangular and when the PDE’s being approximated are in nonconservative form.

3-5 INTRODUCTION TO THE USE
OF IRREGULAR MESHES ‘

Naturally, it’s most convenient to let the mesh increments such as Ax and Ay be
constant throughout the computational domain. However, in many instances this is
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not possible due to boundaries which do not coincide with the regular mesh or the
need to reduce the mesh spacing in certain regions in order to maintain the desired
level of accuracy. These irregularities occur frequently enough in physical problems
as to command a significant amount of attention from workers in computational
fluid mechanics and heat transfer. Prior to resorting to the use of irregular meshes,
it is well to look for possible analytical procedures such as a coordinate transforma- -
tion to bring the boundaries and the finite-difference mesh into alignment. Coordinate
transformations will be discussed in detail in Section 5-6.

3-5.1 Irregular Mesh Due to Shape
of a Boundary

To illustrate this problem we will assume that the regular mesh used for a problem is
square, i.e., Ax = Ay = constant but that one of the boundaries is curved causing
unequal spacing between the boundary and some internal grid points as illustrated in
Fig. 3-8. We wjll assume that the governing PDE is Laplace’s equation and that u is
specified on the boundaries. Some of the procedures which can be used in dealing
with irregular mesh points near boundaries are listed below:

1. Use an especially fine but regular mesh near the boundary and define the grid
point closest to the actual boundary as the boundary point for computational
purposes. Unless a coarser mesh is used away from the boundary resulting in
irregular mesh problems where the transition in ‘spacing is made, this method
could require a very large number of grid points to achieve reasonable accuracy.

2. Use linear interpolation to assign values of u to any internal point which is less
than a regular mesh increment from the boundary. The interpolation is between
the specified boundary values of u and values of u determined at neighboring
points by the finite-difference equations applicable to internal poiats in the
regular mesh. Referring to Fig. 3-8 we might interpolate to obtain up by either

Ax

up Ax + aAx (uC _uA)

=Up +

Figure 3-8 Irregular mesh caused by the shape of a
boundary.

— 161 —




68 FUNDAMENTALS OF FINITE-DIFFERENCE METHODS

or
&
up, =up+t R, (up —up)

We could also use the average of the two interpolated valuei, up = (up, +up)2.
3. Develop a finite-difference approximation to the governing PDE which is valid at
internal points even when the mesh is irregular.

_ A difference expression valid on an arbitrary irregular mesh can be developed
quite readily through the integral method by integrating about point x,,y¢ and letting
each integration interval extend halfway to a neighboring point. The mesh notation
used is defined in Fig. 3-9. The starting point for the integral development of the
difference expression is

Yot Ays/2 Xo+Axy[2 2 xotAxyf2 Yotdysl2 _,
» o'u - 0‘u
_ ﬁdx dy + 5}—2-dy dx=0
Yo—4y_ /2 Xo—A4x_[2 : x,—4x_[2 Yo—AY.[2
. . (397
Using the definition of an exact differential, this can be written as

Ays/2 ‘ ' '
Yot Ay4/ ‘a_y_ . -‘-.A—x_+ _Q x-_AX__ d
ax Xo 2 »Y ax ] 2 4 Ly
¥, .

2 —Ay.[2

’ Xg+Axy /2 ) :
ou Ay, _ 3_!{ _ Ay_ _
xo—Ax_[2

. Employing the mean-ﬁalué theorem for integrals and vsing the central point of the
interval to evaluate the integrands gives

du (o Ax N w0 Ax by, +ay.
3% \Xo ¥ 7 2o f T \Fo T T » Yo 2

ou Ay, __a_li __Al: Ax, +Ax_

~$=

U i+1,j

Ax. . .
L—‘J‘ Figure 3.9 Notation for arbitrary irregular mesh.
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Approximating these derivatives centrally as was done in Section 3-4.3 gives,
after rearrangement, the following approximation for Laplace’s equation in subscript
notation: '

2 Uppy, g "Ugj Uy —"1—1./>
Axy + Ax_ Ax, Ax_

2 Ujjer —Ugj “1,1‘“.',/-1)
+ - =0 3.99
Ay, + Ay-( 2 ay_ (3:99)

When the above is specialized to the points near the irregular boundary depicted in
Fig. 3-8, the derivative approximations appear as

u\) o 2 ‘-‘C‘—“p_“p—“A)
a2 )," &x(1 +a) \ ahx ax

az_u) - 2 (uD —up Up —uB)
» /) HO+H\ By &

Equation (3-99) can also be developed by utilizing Taylor-series expansions. The
unequal spacing makes the Taylor-series method noticeably more laborious whereas
the integral approach proceeds for unequal spacing with no increase in effort. How-
ever, Taylorseries expansions about (7, j) should be substituted into Eq. (3-99) to
establish the consistency and truncation error of these approximations. This will be
left as an exercise for the reader. As a note of warning, we might recall that our
second-derivative approximations on a regular mesh acquired second-order truncation
errors only through fortuitous cancellation of terms from the forward and backward
Taylor-series expansions. This cancellation will not occur if the mesh increments are
unequal. ,

When approximately the same number of grid points are being used, we might
expect this third method of treating irregular points near boundaries to be the most
accurate because the governing PDE is being approximated at each internal point [not
the case for method (2)] and the location of the boundary is not being altered as was
done in method (1).

Irregular boundaries with derivative (Neumann) boundary conditions can also be
treated, but the algebraic relationships become more complex. Some elementary
examples illustrating the application of derivative boundary conditions to irregular
boundaries can be found in Forsythe and Wasow (1960), James =¢ ai. (1967), and
Allen (1954).

(3-100)

3-5.2 Irregular Mesh Not Caused by Shape
of a2 Boundary

In some flow problems it is necessary to use especially small grid spacing near solid
boundaries or shock waves where gradients in the dependent variables are especially
large in order to obtain the desired accuracy or “resolution.” In the interest of com-
putational economy we strive to use a. coarser grid away from these critical regions
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so that we are forced to consider ways of treating an irregular or variable mesh in these
problems. We can cite at'least two ways to proceed:

1. We can employ a coordinate transformation so that unequal spacing in the original
coordinate system becomes equal spacing in the new system but the PDE becomes
altered somewhat in form. This will be described in detail later in our course
of study. '

2. The difference equation can be formulated in such a way that it remains valid
when the spacing is irregular. Actually this is the same procedure as method 3)
used above in connection with the irregular mesh caused by curved boundaries.

" Such a formulation for Laplace’s equation is given as Eq. (3-99).

3-5.3 Concluding Remarks

The purpose of this section has been to introduce some of the problems and applicable
solution procedures associated with irregular bouidaries and unequal mesh spacing
in general. Our coverage of the topic has been by no means complete. More advanced
considerations on this topic tend to quickly become quite specialized and detailed.
Good pedagogy suggests that we move on and see more of the forest before we spend
any more time studying this tree. Some ideas on this topic will be developed further
in connection with specific problems in fluid mechanics and heat transfer. '

3-6 STABILITY CONSIDERATIONS

A finite-difference approximation to a partial differential equation may be consistent
but the solution will not necessarily converge to the solution of the PDE. The Lax
Equivalence theorem (see Section 3.-3.4) states that a stable numerical method must
also be used. We will address the question of stability in this section.

The problem of stability in numerical analysis is similar to the problem of stability
encountered in a modern control system. The transfer function in a control system
plays the role of the difference operator. Consider a marching problem in which initial
values at time level n are known and values of the unknown at time level n + 1 are
required. The difference operator may be viewed as a “black box” which has a certain
transfer function. A schematic représentation would appear as shown in Fig. 3-10.
The stability of such a system depends upo1 the operations performed by the black
box on the. input data. A control systems engineer would require that the transfer
function have no poles in the right-half plane. Without this requirement, input signals
would be falsely amplified and the output would be useless; in fact, it would grow
without bound. Similarly, the way in which the difference operator alters the input
information to produce the solution at the next time level is the central concern of
stability analysis.

—
INPUT ouTPYT

— 1 BLACK BOX  f————— . i -
TIME LEVEL n TIME LEVEL n+1 Flgu.rf: 3-10 Schematic diagram of
i stability. .
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As a starting point for stability analysis, consider the simple explicit approxima-
tion to the heat equation

n+l ___.n
u,- u,' _ a (n _2u"+ n
At —(Ax)z Ujr1 i tuiy)
This may be solved for uf *! to yield:
mel_yn g AL 42u”+ n - (3-101
Ui T YAy Ui+, i tui_y) (3-101)

Let the exact solution of this equation be denoted by D. This is the solution that
would be obtained using a computer with infinite accuracy. Similarly, denote the
numerical solution of Eq. (3-101) computed using a real machine with finite accuracy
by M. If the analytical solution of the partial differential equation is 4, then we may
write

Discretization érror =4 4D
Round-off error = N —D

The question of stability of a numerical method examines the error growth while
computations are being performed. O’Brien et al. (1951) pose the question of stability
in the following manner:

1. Does the overall error due to round-off
[~ =
Grow instability
= strong
Not grow stability

2. Does a single general round-off error

Grow instability—
) = weak

Not grow stability

-

The second question is the one most frequently answered because it can be treated
much more-easily from a practical point of view. The question of weak stability is
usually answered by using a Fourier analysis. This method is also referred to as a von
Neumann analysis. It is assumed that proof of weak stability using this method implies
strong stability. :

36.1 Fourier or von Neumann Analysis

Consider the finite-difference Eq. (3-101). Let e represent the error in the numerical
solution due to round-off errors. The numerical solution actually computed may be
written

N=D+e (3-102)
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e(x,0)

A

’W\\ [M\ /\J/ x Figure 3-11 Initial error

V W o distribution.

This computed numerical solution must satisfy the difference equation. Substituting
Eq. (3-102) into the difference Eq. (3-101) yields: _
D'+t D — o Za Dj\y + €'y —2D] —2¢f + DI, +€;’—1>
At ' ' Ax?

Since the exact solution D must satisfy the difference equation, the same is true of
the error, i.e., :

'~ —a<57+1 — 2 +€7-1)

At sz (3' ! 03)

In this case, the exact solution D and the error € must both satisfy the same difference
equation. This means that the numerical error and the exact numerical solution both
possess the same growth property in time. Any perturbation of the input values at
the nth time level will either be prevented from growing without bound for a stable
system or will grow larger for an unstable system.

Consider a distribution of errors at any time in a mesh. We choose to view this
distribution at time £=0 for convenience. This error distribution is shown sche-
matically in Fig. 3-11. We assume the error e(x, f) can be written as a series of the
form

ex, 1) = Z b, () m= | (3-104)

where the period of the fundamental frequency (m = 1) is assumed to be 2L. The
interval of interest is taken to be L units in length and the wave number may be
written

k,,,=%r- m=0,1,2,... .M

where M is the number of intervals Ax units long contained in length L. For insiance,
if an interval of length 2L is subdivided using five points, the value of M is 2 and the:
corresponding frequencies are

Km

fm=7=

fo=0

LIE

3
i
o
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The frequency measures the number of wave lengths in each 2L units of length. When
m =0, fo = 0 and this corresponds to a steady term in the assumed expansion.

Since the difference equation is linear, superposition may be used and we may
examine the behavior of a single term of the series given in Eq. (3-104). Consider the
term '

€m (X, 1) = by (r)e¥m™
We seek solutions of the form
znelk,,,x

which reduces to e**m* when ¢t = 0 (n = 0). Toward this end, let

2=¢% Ar
s0 that
2" = g AL — pat
and €m(x, 1) = e¥etkm* (3-105)

where k,,, is real but a may be complex. '
If Eq. (3-105) is substituted into Eq. (3-103) we obtam

a(r+At)elkmx e%Teikmx — r(eatelkm(x+Ax) _ 2e‘"e'k'"" + earelk,,,(x—-Ax))
where r = a At/(Ax)?. If we divide by e®e*m* and utilize the relation
cosg=tote?
2
the above expression becomes
A=+ 2r(cos f—1)

where § = k,, Ax. Employing the trigonometric identity

: sin? £3_= 1 —2cosﬁ
the final expression is

e A" = | —4r sin® % (3-106)
Furthermore, since €/'*! = e? A'e" for each frequency present in the solution for the

error, it is clear that if || is less than or equal to one, a general component of the
error will not grow from one time step to the next. This requires that
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1 — 4rsin? g I <1 (3-107)
The factor 1 — 4rsin® §/2 (representing € +l/e, ) is called the amplification factor and
will be denoted by G. Clearly, the 1nﬂuence of boundary conditions is not included
in this analysis. In general, the Fourier stabxlxty analysxs assumes that we have imposed
periodic boundary conditions.

In evaluating the inequality Eq. (3-107), two possible cases must be considered:

1. Suppose (1 — 4r sin 9) >0  then 4r sin? g >0

2. Suppose (1 — 4r sin? g) <0 then 4r sin? g —-1<1

The first condition 1s always satisfied since r is positive. The second inequality is
satisfied. only if. r< which is the stability requirement for this method. This nu-
merically places a constramt on the size of the time step relative to the size of the
mesh spacing. The reason for the physically implausible temperatures calculated in
the example at the end of Section 3-3.3 is now very clear. The step size At selected
was too large by a factor of 2 and the solution began to diverge immediately. The
stability of the calculation with a(At/Ax? =§ can easily be verified. It should be
noted that the amplification factor given by Eq. (3-106) could have been deduced
by substituting a general form given by Eq. (3-104) into the difference equation.
The proof is left as an exercise for the reader.

The application of the von Neumann or Fourier stability method is equally
straightforward for hyperbolic equations. As an example, the first-order wave equation
in one dimension is:

a_u+ du

5t =0 (3-108),

where ¢ is the wave speed. This equation has one characteristic given by a solution of
= c. The solution of Eq. (3-108) is given by

u(x —ct) = constant

This solution requires the initial data prescribed at r = O to be propagated along the
characteristics.

Lax (1954) proposed the following first-order method for solving equations of
this form

n n n n
pet _Uin YU Ar (Ul —ul

n Ax (3-109)

The first term on the right-hand side represents an average value of the unknown at
the previous time level while the second term is the difference form of the first deriva-
tive. If a term of the form

u;l — eare tkppx
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is substituted into the difference equation, the amplification factor becomes

e*8f =cosf —ivsin

The stability requirement is
lcosB—ivsinfl <1

where v=c At/Ax is called the Courant number. Since the square of the absolute
value of a complex number is the sum of the squares of the real and imaginary parts,
the method is stable if

<1 (3-110)

Again a conditional stability requirement must be placed on the time step and the
spatial mesh spacing. This is called the Courant-Friedrichs-Lewy (CFL) condition and
was discussed at length relative to the concepts of convergence and stability in an
historically important paper .by: Courant et al. (1928). Some authorities consider
this paper to be the starting point for the development of modern numerical methods
for partial differential equations. ,

The amplification factor or growth factor for a particular numerical method
depends upon mesh size and wave number or frequency. The amplification factor for
the Lax finite-difference method may be written

G=cosp—ivsinB=|Gle™® =+cosT f+ o7 sin? f /@' (~vunB) (3.q11)

where ¢ is the phase angle. Clearly the magnitude of G changes with Courant number
v and frequency parameter . A good understanding of the amplification factor can be
obtained from a polar piot. Figure 3-12 is a plot of Eq. (3-111) for several different

1.0
\v =1.0

0.9

0.8}
0.7
0.6
0.5

0.4|— v =205

0.3

AMPLITUDE, |G)?

0.2— v=0.25
0.1

0.0 |- L1 1 L 1 ! . . ’
0.00.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.91.0 Figure3-12 Amplitude-phase

- lot for the amplification factor
RELATIVE PHASE, - p
ELATIVE PHASE n of the Lax scheme.
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Courant numbers. Several interesting results can be deduced by a careful examination
of this plot. The phase angle for the Lax method varies from 0 for the low frequencies
to —n for the high frequencies. This may be seen by comoputing the phase for both
cases. For a Courant number of one, all frequency components are propagated without
attenuation in the mesh. For Courant numbers less than one, the low and high fre--
quency components are only mildly altered while the mid-range frequency signal -
content is ‘severely attenuated. The phase is also shown and we can determine the
phase error for any frequency from these curves, . '

A physical interpretation of the results provided by Eq. (3-110) for hyperbolic
equations is important. Consider the second-order wave equation

Ugr —ClUyx =0 (3-112)
This equation has chafacteristics
x'+ ¢t = constant = ¢,
x —ct = constant =¢,

A solution at a point (x, f) depends upon data contained between the characteristics
which intersect that point as sketched in Fig. 3-13. The analytic solution at (x, f) is
influenced only by information contained betweenc, and c;. »
The numerical stability requirement for many expifcit numerical methods for
solving hyperbolic PDE’s is the CFL condition which is '
At

C_A—x <1

This is the same as given in Eq. (3-110) and may be written as

At 1
(Ax) <c2

The characteristic slopes are given by dt/dx = *1/c. The CFL condition requires that
the analytic domain of influence lie within the numerical domain of influence. The
numerical domain may include more than, but not less than, the analytical zone.
Another interpretation is that the slope of the lines connecting (Gti,n)and(j,n+1)
must be smaller in absolute vatue (flatter) than the characteristics. The CFL require-

|

(x.t)

x-ct = CZ xyct = C1

»  Figure 3-13 Characteristics of the second-order
/ \ X wave equation. '
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ment makes sense from a physical point of view. One would also expect the numerical
solution to be degraded if too much unnecessary information is inciuded by allowing
c(At/Ax) to become greatly different from unity. This is in fact what occurs numeri-
cally. The best results for hyperbolic systems using the most common explicit methods
are obtained with Courant numbers near unity. This is consistent with our observa-
tions about attenuation associated with the Lax method as shown in Fig. 3-12.

Before we begin our study of stability for systems of equations, an example
demonstrating the application of the von Neumann method to higher dimensional
problems is in order. '

Example 3-4 A solution of the two-dtmensional heat equation

ar " ax* ay?

is desired using the simple explicit scheme. What is the stability requirement for
the method?
-The finite-difference equation for this problem is:

n+l _ .n n n n n n n
Uk =ux Fre@ivi e — 22 Yui_y )+, Wl esy — 200 +uli_))
v ) j

where r, = a(At/Ax?) and ry = a(At/Ay?). In this case a Fourier component of
the form

u;:k = earelkxxetkyy

isassumed. If 8, =k, Axandf,; = ky Ay we obtain

e =1+ 2r,(cos By — 1) + 2ry(cos B, —1)
If the identity sin? (8/2) = (1 — cos 8)/2 is used, the amplification factor is
in? B2

G = 1 —4dr, sin? % —4ry sin 3
Thus for stability |1 — 4r, sin? (8,/2) — 4r,, sin? (8,/2)| < 1, which is true only if
4r, sin® /2 + ar, sin® /2 €2. The stability requirement is then r, + r, <% or
aAr[1/(Ax)* + 1/(Ay)*]} <3. This is similar to the analysis of the same method
for the one-dimensional case but shows that the effective time step in two dimen-
sions is reduced. This example was easily completed, but in general a stability
analysis in more than a single space’ dimension and time is difficult, Frequently,
the stability must be determined by computing the magnitude of the amplifica-
tion factor for different values of 7, and r,,.

3-6.2 Stability Analysis for Systems
of Equations

The previous discussion illustrates how the von Neumann analysis can be used to
evaluate stability for a single equation. The basic idea used in this technique also pro-
vides a useful method of viewing stability for systems of equations. Systems of equa-
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tions encountered in fluid mechanics and heat transfer can usually be written in the
form

3E | OF _
S5+, =0 (3-113)

where E and F are vectors and F = F(E). In general this system of equations is non-
linear. In order to perform a linear stability analysis, we rewrite the system as

o . [ar | oE - |

9

or
ErmE=o

where [A4] is the Jacobian matrix [9F/0F]. We locally linearize the system by holding
[4] constant while the E vector is advanced through a single time step. A similar
linearization is used for a single nonlinear equation permitting the application of the
von Neumann method of the previous section.

For the sake of d1scussxon let us apply the Lax method to thlS system. The
result is

EF*! =% ([1] + %[A]") B, + = ([1] ——[A]") nL (3-115).

where the notation is as previously defined and {/] is the identity matrix. The stability
of the difference equation can again be evaluated by applying the Fourier or von
Neumann method. If a typical term of a Fourier series is substituted into Eq. (3-115),
an expression is obtained

" (k) = [G(At, k)] e (k) (3-116)
where
. . At .
[G] = 1] cosB—1i = [A] sin B (3-117)

and e” represents :he Fourier coefficients of the typical term. The {G] matrix is called
the amplification matrix. This matrix is now dependent upon step size and frequency
or wave number, i.e., [G] = [G(At, k)] . For a stable finite-difference calculatxon the
largest eigenvalue of [G] 0 max, Must obey

[Omax] <1 (3-118)
This leads to the requirement that
At ;
Amax A <1 (3-119)

where A, is the largest eigenvalue of the [4] matrix, i.e., the Jacobian matrix of the
system. A simple example to demonstrate this is of value.
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Example 3-5 Determine the stability requirement necessary in solving the system
of first-order equations '

u v
— 4 ==
ar FCax 0
ov ou
5 +.c 3x =0
using the Lax method. In this problem
u
E=
v
and
oF oE
at + 4] ox 0
where
[4] =
c 0
Thus, the maximum eigenvalue is ¢ and the stability requirement is the usual CFL
condition '
At
€ A% <1

It should be noted that the stability analysis presented above-does not include the
effect of boundary conditions even though a matrix notation for the system is used.
The influence of boundary conditions is easily included for systems of difference
equations.

Equation (3-116) shows that the stability of a finite-difference operator is related
to the amplification matrix. We may also write Eq. (3-116) as

™" (k) = [G(at, k)] " [e! (k)] (3-120)
The stability condition (Richtmyer and Morton, 1967) requires that for some positive
7, the matrices [G(At, k)]” be uniformly bounded for
0<Aar<r
O0<snAt<T

for all k where T is the maximum time. This leads to the von Neumann necessary
condition for stability which is

lo;(Ar, k)| < 1 + O(Ar) (3-121)
for 0<Ar<r ‘

for each eigenvalue and wave number where o; represents the eigenvalues of [G(At, k)] .
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The stability requirement used in-previous examples required that the maximum
eigenvalue have a modulus less than or equal to one. Clearly that requirement is more
stringent than Eq. (3-118). The von Neumann necessary condition provides that local
growth ¢ At can be acceptable and, in fact, must ‘be possible in many physical prob-
lems. The classical example illustrating this point is the heat equation with a source
term. i

Example 3-6 Suppose we wish to solve the heat equation with a source term

du a’u
W _
ar & ax?

using the simple explicit finite-difference method. If a Fourier stability analysis
is performed, the amplification factor is '

G=1—4rsin2—2—+cAt

‘This shows that the solution of the difference equation may grow with time and
still satisfy the von Neumann necessary condition. Physical insight must be used
when the stability of a finite-difference method is investigated. One must Tecog-
nize that for hyperbolic systems the strict condition less than or equal to one
should be used. Hyperbolic equations are wave-like and do not possess solutions
which increase exponentially with time. '

We have investigated stability of various finite-difference methods by using the
von Neumann method. If the influence of boundary conditions on stability is desired,
we must use the matrix method. This is most easily demonstrated by applying the Lax
method to solve the one-dimensional linear wave equation

au+ du _

atean-0

Assume that an array of m points is used to solve this problem and that the boundary
conditions are periodic, i.c.,

u;',,.H =u’1' ) ] (3'122)

If the Lax method is applied to this problem, a system of algebraic equations is gene-
rated which has the form '

utl = [Xe" (3-123)
where

u = [uy,ua, .U )T (3-124)

— 174 —



BASICS OF FINITE-DIFFERENCE METHODS 81

and
i 0 lzv 0 . . l;—v—
1‘;”' 0.
o L
(x] = . 0 (3-125)
1;v 0 . . . 1~2Fv 0

The stability of the finite-difference calculation in Eq. (3-123) is governed by the
eigenvalue structure of [X]. Since [X] was formed assuming periodic boundary
conditions, only the three diagonals noted in Eq. (3-1 25) and the two corner elements
contribute to the calculation. This matrix is called an aperiodic matrix (Lomax et al.,
1970). For matrices of the form . :

— —_
a, a5 0 - - * a

ao a4 a4z 0 . M 0
0 .ao N *

(3-126)

. . a,

LazO"°aoa,

the eigenvalues are given by
- N=a + (@ +a;)cos 2;” G—1)+i@ —ay)sin %:— G—1

j=1,m
In this case aq, @; , and a, have the values

+ -
a°=12v a=0 a2=1 d
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and the eigenvalues are
2r . o 2m '
)\,—-cos;(/ I)+wsmm Gg—1n (3-127)

The numerical method is thus stable if ¥] < 1, i.e., if the CFL condition is satisfied.
This shows that an analysis based upon the matrix operator associated with the Lax
method yields the same stability requirement as previously derived for the simple
wave equation. For periodic boundary conditions, the Fourier and matrix method
yield virtually identical results. Another example is needed in order to demonstrate
the effect of boundary conditions and the discreteness of the mesh.

As in the previous example, assume that the Lax method is used to solve the
first-order linear wave equation. If a four-point mesh is used, special treatment is
needed to enforce the boundary conditions at the first and fourth points. For sim-
plicity we set u at the first point equal to a constant value for all time so the equation
for the first point reads

Wit =
Since we are computing a solution to the wave equation, the value of u, cannot be .
arbitrarily chosen. It must be consistent with the way the solution is propagated. We
elect to set

ug*! =ug
which determines the boundary value from the interior solution. With this boundary
condition treatment the [X] matrix becomes

[ 1 0 0 0
1+v 1—»
2 0 2 0
1+v 1 —v
0 2 0 2
0 0] 1 0 N
The eigenvalues are easily computed and are
Al =1
A: =0

M =t3VO-0)GE +9)

Using the requirement that [A| < 1 for stability, the restriction on » is the usual CFL
condition

<1

While the CFL condition was uraltered by the boundary conditions in this example,
the stability bound is usually changed and this should be expected.
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It is clear that the boundary conditions on the mesh are included in the matrix
method. This means that the influence of boundary conditions on stability is auto-
matically included if the matrix analysis is used. Unfortunately, a closed-form solution
for the eigenvalues is usually not available for arbitrary end boundary conditions.

The treatment of stability presented in this section has included the Fourier
(von Neumann) method and the matrix method of analysis. These two techniques are
probably the most widely used to determine the stability of finite-difference schemes.
Other methods of analyzing stability have been devised and are frequently very con-
venient to use. The works of Hirt (1968) and Warming and Hyett (1974) are typical
of these techniques. A more comprehensive mathematical analysis of stability includ-
ing many theorems and proofs is contained in the book by Richtmyer and Morton
(1967).
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WEL 6 A

ESTIMATION OF BOUNDARY CONDITIONS FOR COASTAL MODELS
, by
S. K. Liu,1 J. J. Leendertse,1 and J. Voogt2

ABSTRACT

In this study, frequency response and transfer function techniques
are used together with cross-spectral and fast Fourier transform methods
to determine the proper boundary values for computing. the flow field of
a coastal sea. Tide data containing considerable perturbations from
swell and meteorological disturbances are analyzed.

In computing the frequency response estimates, the effect of noise
in the input is treated by a cancelling technique and by the choice of
a reference station to evaluate the interdependencies among the other
stations at the boundary. The usefulness of the network frequency response
function is threefold: (1) future conditions can be simulated using
observed water levels at any single location, (2) boundary information
for models of different grid size can be obtained by interpolation, .and
(3) missing data at a given location can be estimated optimally using
data at neighboring stations and the network response function. The
paper discusses an example of such an application, the determination of
a boundary of a two-dimensional model of Jamaica Bay, New York City,

U.S.A.

INTRODUCTION

One of the major difficulties in coastal and estuarine hydrodynamic
computation is obtaining good boundary information. For example, the
computation requires the time histories of water levels at open boundaries
as one of the major input forcing functions from which is derived the

" internal flow field. Field measurements at boundaries, as well as within
the prototype, are also needed during various phases of model development
and adjustment. However, such field data often contain noise generatéd by
instruments, meteorological disturbances, or short-period waves. Often,
part of the records of the critical period may even be missing. This
paper deals mainly with problems such as these encountered frequently in
hydrodynamic and water quality modeling. The analyses used are the esti-
mation of network frequency response function, cross-spectral computation,
noise cancellation, and numerical comnvolution. .

'IThe Rand Corporation, Santa Monica, California 90406 U.S.A.

2Rijkswaterstaat, Dienst Informatieverwerking, The Hague, The
Netherlands.
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ESTIMATION OF NETWORK FREQUENCY RESPONSE FUNCTIONS

The frequency response function H(f), as its name indicates, describes
the amplitude and phase relationship between one fluctuation with a certain
frequency f as input and the resulting fluctuation as output.

In determining network frequency response relationships, the statisti-
cal approach using cross-spectral estimates is used instead of the classic
method employing the deterministic Fourier or Laplace transforms, because
the sampling variability, confidence limits, and the phase of the frequency
response function can only be estimated using cross-spectral procedures.

A description of the computational method used in this paper is
presented by Liu,(l) and by Leendertse and Liu. 2,3) Reference is alsg
made to the handbook of Jenkins and watts(4) and the thesis of Goodman(s)
on this subject. A brief outline of the computational method is given

below.

With respect to the interdependency (or the lack of it) between two
random time series, x and yg, we see that if the random processes are
jointly statiomary such that the joint distribution depends only on time
differences, then the degree of interdependency can be measured by the
cross-covariance function. In discrete time this is defined as

1 n-k

ny(k) “h-k Eg; (xt - x) (yt+k - )

1
n—k _ _
cz=:1 (v, =¥ Gy =0

- 1
ny(k) “h-k

"for k=0, 1, 2, ... m, where m is the largest time lag chosen, n the
total number of data points, and X,V the mean values of the series {x},{y}.

The relationship between these two stochastic processes can also be
expressed by the integral equation

- w
y(e) ~u = j h(r) [X(t - 1) - u ] dt + N(©) (2)
0 .
where h(t) is the impulse response function, u*, u are the mean values

of the two processes, and N(t) is the uncorrelated’ exror term.

Wiener(é) showed that the optimal estimates of h(t) should satisfy
the following integral equation: :

= b t - dt 3)
ny(t) J; h(t) v, (¢ = 1) ‘
The solution to Eq. (3) may be obtained by Fourier transformation. Because

covariance function and spectral density function form a Fourier transform
pair, thus
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ny(f) = g(f) . Pxx(f) .bor H(E) = ny(f)/Pxx(f) (4)

where P, (f) is the cross—-spectrum between x(t) and y(t), P__(f) is the
auto—spectrum,of‘x(t), and the complex valued function H(f)"1is the frequency
response function. The possibility of using a statistical approach usin§
spectral densities to ive the frequency response was suggested by Lee. (7

However, it was later( that a quantitative basis for applying the method
with finite sample records corrupted by measurement noise became available.

For computing the cross-spectral density function estimate by a
aumerical Fourier transform, the even and odd parts of the cross—covariance

function are determined by

AGO) = lslr, 00 + v, (0] (5)

B(K)

%[ny(k) - ny(k)] (6)

from which the co-spectral density function is estimated:

R R k=m-1 . -
c_(f) = 2r[§(o) +2 Y A(k) cos (2nfkr) + Alm) cos (anmTi} M
* k=1

The quadrature spectral density function is estimated by

R k=m-1 . ~
Qxy(f) = 21[2 5;& B(k) sin (2nfkt) + B(m) sin (2ﬂfkr)] (8)

The spectral density functions of input and output are determined
in a similar manner. If, in Eq. (1), the output series is replaced by
the input series, we obtain the auto-covariance function of the input,

t=n-k .

1 —
Yxx(k) “n-k 2;& <xt - (xt+k - x) (9

from which the input spectral density function is determined:

- k=m-1
Pxx(k) = 2T[yxx(0) + 2 2;& yxx(k) cos (2nfkt) + Yxx(m) cos (anmt)}
(10)

The output spectral density function is determined similarly.

The time interval t used in the analysis influences the highest
frequency that can be determined by the analysis method. At least two
samples per cycle are required to define 2 frequency component in a data
set; thus the highest frequency determined is

lr—*

£ = 7 (11)

O
3]
~
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This frequency is the so-called Nyquist frequency. If higher frequencies
are present in the data, these are aliased as lower frequencies.

The spectral density functions are determined for particular fre-
quencies f. These frequencies are calculated only at the gpecial discrete
frequencies of harmonic number k, where

f=—2 k=0,1,2,3...n (12)

The total number of discrete frequencies determined depends on the maximum
lag mrt.

For each spectral function, the discrete value found is a kind of
average value in a certain range or band. The bandwidth for the compu-
tations is ’

B = 1 (13)
mT

One would tend to determine the spectral functions with small band-
width -- thus in much detail -- by choosing a large value for m. Unfor-
tunately, this considerably affects the accuracy of the result.

It should be understood that the analysis method gives estimates
of the function only. Since we are dealing with data that is uot deter-
ministic, each sample record used for analysis differs from another and
the results obtained from these records will also differ somewhat.

The estimates of spectral density functions described above are
so—called "raw" estimates, which have certain undesirable properties.
If a strong periodic component is present, the analysis may show small
positive and negative values in the frequency bands adjacent to that in
which the periodic component is present. This phenomenon is called
"leakage," and the negative values it produces are particularly bother-
some. To counter it, frequency smoothing is used, by which the estimate
at a particular frequency is computed as a weighted average of the par-
ticular frequency and the adjacent frequency.

For example, the smoothed co-spectral density function can be taken
as '

= (kf ~ (k- DE, . (kf - (G DE
c (i) =¢C (——5) = .25C ( )+ .5C (-—C) + .25C (——————)
m Xy m Xy\ m Xy

m

(14)

This frequency smoothing is called "hanning," which is equivalent to the
Tukey lag window. (4) Other methods of minimizing the effect of leakage
are available,(1»4) but these are not applied in this investigation.

For the absolute value of the smoothed cross-spectral density we
obtain the following estimate:
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= b

- B 2 2 2
e ()] = (c )" +q_ 6 ) (15)
xy Xy xy
Subsequently, the estimated amplitude of the frequency response
function is

[B(E)| = B () /B (F) =4 (D) (16)

and its estimated phase spectrum is

5 (£) = can‘l[éxy(f>/6xy<fﬂ (1

The frequency response function thus obtained is an optimal estimate (in

a least square sense), assuming that the system is linear. Even if we
assume that we have a linear system whose input {x} may be measured exactly,
the output may still contain measurement errors. Ln the case analyzed here,
the output may be influenced by wind and system nonlinearities. The
measured output then contains the transformed input signal plus measurement
noise, etc. (in our case noise caused by wind and nonlinearities).

It is now possible to introduce a measure of the linear relation
between the two series, called the coherency function Qx (f). The squared
coherency is estimated to be y

= 2

[P ()]
Q2 (f) = — X (18)
Xy - -
Pxx(f) Pyy(f)

If the system is completely linear, the squared coherency is unity;
if the two time series are completely uncorrelated, then the coherency
would be zero. If the coherency 1is less than unity but greater than
zero, then there is noise in the measurements, the system is not linear,
or the output {y} of the system is due to an input {x} as well as other

inputs.
In determining the behavior of a system it is often useful to see

how the noise is distributed over the frequency range. The estimated
spectral density function of the noise is expressed by

~ 2 ~
PxAy(f) = {1 - Qxy(f)] Pyy(f) (19)

In a strict sense, when the cross-spectral estimates ny(f) are used
to determine the frequency response function, the measurement noise at
the input will cause the frequency response function to be underestimated,
as can be seen from the equation

B(E) = By (/R (D) = B (][R (0) + B, ()] < MDD (20)
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in which Py, (f) is the true value of input spectra and P, .(f) is the
spectrum of extraneous noise components in the input. Notice that cthe
uncorrelated noise at the output does not cause bias.

The amount of measurement noise and the error due to it can be
estimated by computing the amplitude function forward and backward between
two sets of records (i.e., switching x series and y series in the compu-
rational sequence). By going from y to x, the noise iny would cause the
transfer from y to X to be underestimated, which is equivalent to the
overestimation of x in the relative amplification factor. However, by
going from x to y, the noise in y no longer influences the value or back-
ward transfer, but the noise in x is now the imporcant factor. In each
direction the transfer function is underestimated. Therefore, the best
estimate of the transfer function from y to x is

M(1/A, () + 4 (D)] (21)

The error would be cancelled out if the random measurement noise level
in both records were about the same.

The computed coherency Qiy(f) also contains some bias if the phase
difference between two stations is appreciable. This bias can be reduced
by a process called alignment (see Ref. 4 for details), using the peak
of the cross—covariance as a guide to make the required shift.

DATA ANALYSIS

One of the applications of the network frequency response analysis
is estimating open boundary conditions for a two-dimensional mathemati-
cal model of the Netherlands coast in the North Sea (Fig. 1). 1In order
to determine the proper boundary conditions for the model, 29 bottom
pressure recorders were installed by the Netherlands Rijkswaterstaat
during the months of May and June 1971. Hourly water level data were
first analyzed without astronomical prejudices, thus allowing for all
possible frequencies and their higher harmonics that were present.

The frequency domain mapping was carried out using arbitrary-radix
algorithms of fast Fourier transforms. During the transformation,
Tukey's(s) interim data taper window was applied to eliminate leakage
from the peaks. The Fourier line spectra for stations U (reference station)
and Ay are shown in Fig. 2. The contribution from the meteorological
disturbances, located in the frequency range below 0.04 per hour, and the
higher harmonic components induced by the diurnal-semidiurnal components

can be noted in the graphs.

Frequency response analyses and cross-spectral computations were
then carried out between the reference station U and the 21 stations
located at the model open boundary. The graphic results from a typical
analysis are shown in Fig. 3. In the. top row the adjusted bottom pressures
at station A are shown. The computed spectra at station A are also shown.
It will be noted that the higher harmonics of the lunar component, which
are the quarter-diurnal tide (M, at f = .16 hr'l) and the sixth-diurnal
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tide (Mg at f = .24 hr'l), contain much less energy than the semi-diurnal
tide at £ = .08 hr~l. This can also be found in the cross—spectrum
between the reference station U and A} in the first graph in the second
row of Fig. 3., The amplitude of the frequency response estimate between

U and Ay shown in the middle graph, indicates that the amplification
factor is 1.36 for the diurnal tide (f = 0.04), but only 0.3 for the
semi-diurnal tide (£ = 0.08). The phase of the response function is shown
in the third graph of the second row in fractioms of a circle. The phase
is also shown in the bottom row as the lag in seconds. The computed
square coherency and the spectrum of the uncorrelated components are

shown in the bottom row.

The spatial distribution of the amplitude and phase of the frequency
response function and the spatial distribution of the coherency of the
records for the semidiurnal component from the reference station U and
the boundary stations are shown in Fig. 4. The decrease in amplification
near station Aj indicates the passing of the amphidromic point located
approximately halfway between the English and Dutch coasts (see Proudman
and Doodson, Fig. 5, Ref. 9). The amplitude, phase, and squared coherency
of the computed frequency response function for the quarter-diurnal harmonic
(f = 0.16/hr) along the boundary network are shown in Fig. 6.

Frequency response function for points between gauges can be
interpolated for models of different grid size. The impulse response
function h(k) between the reference station U and the boundary stations
is obtained by inverse Fourier transform from the co-, quad-, and auto-

spectra of the reference station.

m -~ =~
- [c (h) /P (h)] cos KT
&y Lsy XX m

L)

h(k) =

2 [= ~ hkﬂ)
+ 3 [Qxy(h)/Pxx(h)] sin -y (22)
h=0
for k =0, 1, 2, 3 ... m
h=0, ... m
The water levels at these boundary points for any future condition

can then be generated optimally from the measured information at station U
(or from any other single station) by the convolution formula:

n -
y(nat) = At ) x(kAt) h(nAt - kAt) (23)
k=0

RECONSTRUCTION OF BOUNDARY INFORMATION

The aforementioned approach was used for reconstructing the open
boundary information of a two-dimensional mathematical model of Jamaica
Bay, New York City, U.S5.A., as shown in Fig. 7.(2) During a large-scale
field observation of water quality for comparing simulated with observed
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pollutant distribution after a rainstorm, the tide zauge in the bay at
Canarsie (northwestern corner of Fig. 7) malfunctioned without being
detected until after the entire field operation was completed. It was

- found that the gauge became inoperative just‘before the sampling started
with a few days of usable data prior to that period. Without tide
informacion, no meaningful simulation could be made. Rather than request
another survey, it was decided to reconstruct the missing water level time
history. The nearest available tide data covering the entire period was
the East Rockaway gauge located on Long Island (southeast corner of map).
The only way for making the simulation is to derive the response (transfer)
function from East Rockaway to Canarsie with the mutually available data
berore the experiment. Secondly, response function can be derived between
Canarsie and Rockaway (open boundary) with data collected in October 1970
wich high accuracy. Once these response functions are determined, the
time history of the water levels at the open boundary can be reconstructed
(eicther in the frequency domain by transformation or in the time domain by
convolution) for the water quality simulation period.

Figures 8a, 8b, and 8c are the computed frequency response functions
between Canarsie and East Rockaway using the group of data just prior to
May 31, 1972. Figures 8d, 8e, and 8f are the respouse functions between
Rockaway and Canarsie using October 1970 data (dotted lines). The solid
lines in this set of graphs are results derived from another numerical
simulation of tidal flows between these two stations. Figure 8g is the
reconstructed water level (by transformation) at the model boundary
using data observed from May 31 through June 3, 1972, at East Rockawav.

With the boundary information determined, the water qualicy simulation
can then be carried out. A typical constituent distribution map is shown
in Fig. 9. Decailed discussion of this parcticular simulation can be
found in Leendertse and Liu.

SUMMARY

The usefulness of the network response function in numerical simulation
is threefold: (1) future conditions can be simulated using observed water
levels at any single location; (2) boundary information for models of
different grid size can be obtained by spatial interpolation along the
boundary line; and (3) missing data at any location can be estimated
optimally (in a least squarc error sense) using data at neighboring station
and the network response functions. The usas of response function and
cross-spectral density function to make numerical or hydraulic model
adjustment are discussed elsewhere. 2,3)
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APPENDIX 6-8

CROSS-SPECTRAL COMPUTATION FOR SYSTEMS WITH
MULTIPLE INPUTS *

The extension of the analyses described in Appen. 4A is the multivariate cross-
spectral computation. In many cases, a water-quality parameter in a given location
may be influenced jointly by many factors. Then the water-quality response relation-
ship between these factors must be analyzed using multivariate formulations. In
other words, we want to determlne the vector frequency response function H be-
tween the multiple input series X [X,(t), X,(t), ... X,(t)] and the output series Y(t).

If one expresses the problem as a vector-valued integral equation similar to Eq.
(2, then, by calculus of variation, it can be shown that the optimal estimates of
satisfy the following integral equation:

2> @ -> ->
= - (B-1)
Yxy (u) J:m h(v)yxx(u v) dv
The solution may be obtained again by Fourier transforms. Because the cross-
covariance function matrix and the cross-spectrum matrix form a Fourier transform
pair, therefore

ny(f) = H(f) - Pxx(f) (B-2)

which is equivalent to

r‘ L r= el .
ley(f) pxlxl(f) lexz(f) ... lexn(f) [_Hl(f)
P (f)J P (£) P (£) P (£) H,(f)

X,y X,%xy X%, XX 2 (5-3)
P (f) P (£f) P (£) P (£) H (f)
___xny - anxl xnx2 xnxn - . ° -

The solution requires the inversion of the n-dimensional complex-valued Hermitian
matrix [P,].

From :

Lit. 8. K. (1974). " Stochastic Analysis.and Control of Urban Estuarine Wa(er-Qu_mlil_v S_\_:slcmis:
Vol. 1. Estimation and Prediction.” R-1622-NYC. Rand Corp.. Santa Monica. California.
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ml B P (D) P ] [p. (D]
L X% X%, 150 1Y
H. (f) P (£) p (£) P () P (£)
2 ) Xy %g X X,y XX X,¥ (5-4)
H (f P £ P £ P £ P £
hn( l anxl( ) xnxz( ,) ’ xnxn( : . xny( 1

. Each element in the complex Hermitian matrix f’xx(f) and the column vector
P,,(0) is the co-spectral and quadrature spectral estimate between the input and the
resulting output series, except, of course, the real-valued principal diagonal, which
is the auto-spectral density function of the multiple input series. With the basic
computational program for cross-spectral computation, the frequency response ma-
trix can then be derived using inversion techniques. For a system of two-inputs and
one output, through transforms we obtain

P (f) = H (£)P (£) + H f£)p £ 3—
X] Yy ) }’X] x] xl ) yx ( ) X3 (£) (8-9)
H —.“
P (£) = (£)p () +‘ H (£)p (£) ) (B-6)

The frequency response matrix becomes

P,{ (f)Px x (f) - P y(i:')l’x < (£)

> X 9
1, (0 - 1 272 2 12 . (5et)
1 P (BR (6 - [P (D)
11 2%2 1%2
Py P x, O L
H () = 3 (B-8)
e P (B)P_ () - [P (D]F
11 2%2 172

The amplification and phase components of the frequency response in terms of co-
spectral and quadrature spectral estimates are:
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2

C p ) ) - c £
. . Cxly(f)szxz(f) + szy(f)Qxlxz(f) cxzy(f) xlxz( )
mx,y [P, (P _ () -4 (6]
1M *2%2 1%2
1
~ ~ -~ ~ ~ -~ 2 i
r P - f)C £) - C £ £
[Qxly(f) ey, ()7 Qo (0, (D) =€ (D0, (© .
+ - - - 8-9
2
[lex1<f)Px2xﬁ(f) h Amxlxz(f) ]
~ - ~ - ~ -~ 2
- £ £)7°
A () = {CXZY(E)lexl(f) ’ Qxly(f)szxl(f) Cxly( )CXZXI( )
mx.,y N - A 2
2 L [pxlxl(f)szxz(f) Amxlxz(f) ]
]
) . . . ) . . 5
[y Oy (O = 0, (00C, () - cxly<f)ox2xl<f)1 1
+ = = = (8~10)
2
\\ [lexl(f)PXZXZ(f) - Amxlxz(f) ] - .I J
where
A p (B=11)

Amxlxz(f) = ,lexz(f)l

rQxly(f)szxz(f) - sz

P O,

- C .
x1x2(f) xzy(f)Qxlxz(f)

5 2
® -, ©® ]

y(f)C

171 2%2

2
(1) 7 0 (00, 0 (©) - € (0C, ()

o ®°]

; (f) = arctan - —A —
*7 [C. _(f)P
354 X

(8-12)

2
P (£)P_ _ (£) - |p
[ 1% X% *1

[Q, , ()P, S0, (D)

, xl(f) - Q y(f)Cx < (E) - C.

1 1 2%1 1 21
- = ~ 2
[Pxel(f)szxz(f) ) ,lexz(f) ,J 4
- " " - ~  (5-13)
y O 0 = C (DE (D

5){ (f) = arctan - — - -
17 ¢, (O () +q
Y X% 1

X

271 1

~

-~ _ l -~ 2
- [lexl(f)szxz(f) ‘lexz(f) ,J

— 213 —



The frequency domain decomposition of the uncorrelated components between
three series is the spectral estimate of noise, i.e.,

(f)Pyx (£) - ny (*E)Pyx (£f) (B=14)

P (f) =P (f) -H
w(® =P (0 - H 1 ©F,

1

The degree of linear dependency between one input and the output with the
other input removed can be derived from the partial coherency spectra:

~ 1
-2 1 - nylxz(f)
Q (£) = 1- = (8-1
x2y|x1 1 - QZ (£) 5)
. yx ¥y
2
., 1 - nylxz(fﬂ
o, vlx (£) =1 - = (8-16)
17 %2 1-9° (f)
24 )

These partial coherency spectra are ratios between the multiple coherency estima-
tors and the bivariate coherency estimators.

~

- 9 | o~ -
Qxly(f) = Amxly(f) / [lexl(f)Pyy(f)] (g=17)

-2 N 2/r5 5 .
“xzy(f) = Amxzy(f) /[szxchwyy(f)] (e-18)

-

~ 2 VA ~ 2 ~
P, (DAL (O +P (DA (O - 20(5)

mx.y

~ X
NG - — 12 5 (8-19)
Y172 P (D)[p (DR (D) - A, ()]
vy 1%1 2%2 12
Y(f) = C £)C  (£)C (f) + C 0 (£)q (£
y(£) x1x2( ) xzy( ) xly( ) x1x2( )szy( )Qxly( )

-~ S

- Q, , (0)Q,

(£)C
1%2 2y x

SO+ O, (DQ, (D0, (6 (5-20)

1 172 1
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Locations of field measurement stations installed for
the modelling work of The Netherlands Delta project
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Fig 7-3 Due to the interactive aspects, the western portion of
the Beaufort Sea Model (shaded) is overlapped with the Chukchi
Sea Model. This technique not only minimizes the boundary's
effects on the computed residual currents but also would ailow
oil spill trajectory computations to be continued into the
neighboring models. Submodels improve the near-shore resolution.
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sub-model of Bering Sea covering the area of Bristcl Bay and a portion
of the Gulf of Alaska. lInsert map at the lower left corner is another
sub-mode! of this one, covering the area of l|zembak Lagoon.

» J :
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Computed co-tidal chart for the semi-diurnal component (primarily M2), Each ten degrees
represents approximately 20 minutes lag relative to the Greenwich mean phase. The maximum tidal
amplitues are found in the Cook Inlet reaching 250 cm.
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Partially insulated by the pycnocline, 24-hour trajectories of
particle groups released in the upper five layers experience
less turbulent diffusion than the lower layers when the

system is forced only with tidal energies
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tnformation flow chart showing that both the th. -dimensional hydrodynamic and the weather model
provides important parameters needed by the oil-spill trajectories model. These parameters are
difficult and expensive to measure over the entire Alaskan waters. Observed wind roses, if
available, can still be used to drive the trajectories model in its simplist mode.
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Displacements of the one-part-per billion concentration envelop every five days for an
instantaneous release of 700000 bbl crude oil from five hypothetical launch points during
the summer oceanic season. The variability of local advective and diffusive mechanisms
are being illustrated by the changing speed and direction of the oil's movements.
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rrow: Liu and Leenuertse, tusy
{A)
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v |
Dao 4
f
0il spill trajectory launched in Lhe middle or the Bering Strait under a
30-day stochastic weather scenario during the summer oceanic period,.
Figure A illustrates the progressive daily displacements of the | part per
billion concentration envelop for the continuous discharge of 2000 bbl of
cruge oil. The traveling speed of oil is governed by the evolutionary weather

state as well as the local circulation pattern.
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Figure B illustrates the concentration contour of the oil. Notice the
cumulation effects when the oil reaches the coastal area where the on-shore
current components drop while the along-shore currents strengthened. This
near-shore effect tends to redirect the oil while slowing it down somewhart.
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Jamaica Bay urban estuarine water-quality simulation system
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A typical pollutani constituent map from the four-day hindcast (June 13, 1973) showing synoptic tidal current field,"
pollutant distribution field, numerical values of bacterial concentration, water levels, and wind speed
and direction at a particular time, which is 22:44 on June 13, 1973, as indicated by the clock.
(Dotted lines show tidal marshes.)
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Computed and observed time histories of coliform concentration and their

associated 96-percent confidence bands at three localities in
Jamaica Bay after the storm occurred on May 31, 1972

AAND CORP.  WQ2vA
0BSCAVED DAFA, WITH
UPPER & LOMER LINITS
951 LOnF IDENCE 8AND

COL IFORM o<mm«.—.n!w
WiTH AHPCF

LI OF
, .._..._..t_ . {STATION 7 (10,31}
\a 72 72 £ 72 D
31 HAY 1972 } ANE 1972 2 ANE 1972 3 JUNE 1972
TINE IN HOURS ON ASOVE DATE
10"

RAND CORP. WQ2%A
O0GSERVED DATA, WilH
UPPLR 3 LOWER LIAITS
gSE CONF IDENCE BAMD

nPN/al

| COLIFORM OVERFLOWS
B } mihﬁﬁxm AN
[T

| . i L 1 L ! AN
1 H] ED 12 -l A LN ]

31 MAY 1972 | ARIE 1972 2 JNE 1972 3 ANE 1972

TIME IN HOURS ON ABOVE DATE
_o: RAND CORP. wQ24A

NBSCAVED DATA, WIIH
UPPER b LONLA L INITS
953 CONF |OENCE BAND

/-

nPN/e)

o i

Sm—

COL IFORH OVERFLCWS

BCInING H1TH AHPCF
WA ) L STATION 1D (30,%8)

1 | — “__
_m_ a4 _N. Mﬂ e [} Mﬂ
31 MAY 1972 1 AME 1972 2 ANE 1972 3 ANE 1972
TINE IN HOURS ON ABOVE OATE

PN/ el

B 7.14 ,mi@%%mmEﬂﬁ%%ﬁ&@&»ﬁ%ﬁ%%ﬂé%%Nmﬂﬁ

:.._annu—!_ and observed time histories of coliform concentration and
:S_.—. associated 95-percent confidence bands at three localities
in Jamaica Bay after the storm occurred June 13, 1973

RAMD CORP WO 26K 1104
”EI(!B OAtA,
UPPLR L LOKN
_Ol 951 COW IDIN.L 8AND
103 ,,‘.,_. \ I
) .\\/:/\/. o
107 <.< ..\ . ﬁ */\\,\/\./ ] *r *
_ L |
= T
ot ———d I - I .1\/\1*'!—;[ —
10¢
COLIFORM
HINDCASTED WATER QuALlTY
) , 1 N { N _m;q_n! 1 L1, w30
19 [ ) e FI) It o 2 23
13 Juae 73 14 June 73 15 June 73 16 June 73
TIME IN Iha®G ON ABOVE DATE
RAnG CORP. WG J8E. 1171177 .
COSFAVED UATA, xh.....a e
| L T P
[
w./ o el
10 _ \\\\.|
P * -\\ﬁ*ﬁmvmn
T S p—g ) — /I\:ﬁ * *
o 0T T ‘.*v/./lll-|| .:::-In
10"
COLIFAn
. HIHLE ASITD WA TEA UAL 1 TY
\ N 1 N 1 N _.__::! ___ 130, 5)
18 12 ED 2 3 2 2 ie 2
13 June 73 14 June 73 15 June 73 16 June 73
VIME 1N HOURS ON ABOVE [ATE
PoND CORE. WG 2KE. 117117 s —— i e e e e
NUSTAVED OATS . Wik R
BB A
10 vB Mv I
\ o el
ol e
* e JAMAICA BAY
107 S
ﬁtJ_,P-D?\- i N
o 111,4. /L,,V *W[\ T’.\.I/-I*IM\I*—T'Ill—.ll*I*)
16" : *-
COLIFOR
HIHCASTED WATER DuAL Y TY
. N N N o N _f:_nl m A, 150
1 £ F e 7

(5 (4 (3
14 June 73 15 June 73 16 June 73
TIME 14 VOURS ON SBUVE DATE

From: Liu . 1974

B
13 June 73

— 231 —



o\

I\~ B = P 2 fif] i
T EF2

g A/ 4

8.1 BREBH  HAEFEZRBEXEHE

BER B B A — TR AR 2 S TR = 2 v B
 REMER G AN 2% » NAXER MR ESH L4 A8
S T AR BE AR S B IS o H AR S

BEZH NEBEKE  MAFREOHEES
S SR AR A0 1 TR 37 (R 9 B R B A R R T B

HEEF B HEX -
ou  0(uu)  0(uv) N 0(uw) 10p
ot  0x * oy | 0z +f"+?ax
1 , 0Taxx  0Txy  0Txz |
——5'( P 5y + P ) =0 (1)
ov . d(vu)  0(vv)  d(vw) 10p
ot | ox  ay ez Tiutggy
1, 0Ty 0Ty 0Ty |
T T oy T 270 2
op/ 0z +pg=0 3)
KO BE DB ELE -
du , v  oOw
ax—i-ay-f-az—() 4)

Liu, S. K. and A. B. Nelson, (1977) :A three dimen-
sional model of estuaries and coastal seas, Vol. V, Tur-
bulent Energy Program, RAND R-2188. (Listing of the
computer programs) .

— 232 —




EENT & HEZR
as+ o0(us) +_8(Vs) +5(ws) _a[Dx(ﬁs/&x)]

ot 0x oy 0z 0Xx
_0(Dy(ds “dy)) d(k(ds “0z)] ~0

oy 0z B

BREM TG HEA :

8T+ o0(uT) +3(VT) +8(WT) __0[Dx(0T 0dx) ]
ot 0x oy 0z 0x
_ 300,31 /0y)) (k' (AT /32)) _,

oy 0z -

REBESEEHEE=Z(HMBHNEREHFELX :
p=p+0" (s,T)

RE TAKRE] RENBLESBEEFEE FEX :
6e+ 0(ue) 4 o(ve) 4 d(we) 0dDx(de 0x)

0t 0x oy 0z Ix
_ a[Dy(ae/ay)]_a[k(ae/az)j-|-hDiSe =0
oy 0z

DRAIBEGERYNEEFHEHEX
6P+6(uP) +8(VP) +8(WP)_6D,(3P/8X)

(5)

(6)

®

ot 0xX oy 0z 0X
_ 20200 /5y))  BLRWIELIB) 4y, i, =0 o

EEESH  FERUFRNEXRKAEXITIERES ¢

1

( >k:j () dz
k+—;—

—_ 233 —




k+1/2
z={(x, y.t)
}__¢ Mean sea level
et e e | - am e — —
\—ﬂ/\'\..
h1 —— + —— + —— + - ko]
" w
: 4 /
u
hy | = + -t +PS 0, T~ + —p k=2
e,p
+ | ' t
h] B -+ —— “+ —— 4~ ‘e k=]
+ } $ }
h. —— -+ —pa + E o + kel
h i b '\
L] 1 ¥

EH 8.1

BHUREE—ENHNEEHEA  BE-EEBHEABFRYNTE
wHREX

0 Lu) 0 <uu>  0<uvd
ot + 0x - + oy

+ (uw) x-1/2 — (UW) w4y — (VD

1 ,0p\ 1 " 07 = af"
AT RN
=0
5 0 0
a<:> ;;@ g;D F VW) mape = (VW) gy + £ KD
1 ap vz vz az—yx az—" ‘
> —[( Ty 1/2—Tk+1/2) ,- < >j
o a
h 0
a(ahtu) +a(aiu) + (g;uu(uw) k-1 — (UW) ket — £hV
h op xs xs 1 9ChA-(9u/795))
+;5;+<‘57 >*+v2"(—f S = ox
_ 1 3(hA,(3u/dy)] _ 12
0
e y |

—_ 234 —



d0(hv) + o0(hvu) a(hvv)

ot % dy + (VW) k=1/2 — (VW) x+y T fhu

hadp ve 1 _,, 1 0(hA. (0v/0x))
+;"'a_y+ ( 0 T )k+1/z —( ‘—7 re 1/2 7)‘ % -
__l_a[hA,(av/ay)] ~0 13

o - 0y |
a(hs) d(hus) a(hvs) (

ot 0% ay +(Ws)k—1/2 — (ws) k+1/2

_ a[th(as/ax)]_,a[hD,(&s/ay)] K ds
0xX oy

5, ) ki
— (k(0s8/02) Jx—1z =0

14
3(hT) . d(huT) . d(hvT) -
ot ox * dy + (W) a-yfz = (WT) xtys
_ 8(hD.(9T/3x)) _ d(hD,(IT8y)) 0T,
0x oy oz ~ v
(k2D =0 19
0 d(h d(h
(ahte) (aie) (a;e) + (we) k-1f2 (we) k+1/2
_a[th(ae/ax)] a(hD, (6e/ay)]+( £ 8e)
0x oy oz T
de _
__(Ee az)k—l/z+Se_Deh—0 (10
0(h h ,
(atP) +é‘(a;:P) + a(g;rP) + (WP) x—y/ - (We) xty/z
d(hD.(0P/0x)]) 0J(hD, (aP/ay)] opP
- ax ay : +( k—)k+l/2
a .
_(kaz)k—ljz—Drh:() 17

KROETBER MTEL SBES > AREKLEL;

— 235 —




NS d(hu)  d(hv)
8t+,§1[ ox oy

BHUAZEREFESE CHAWEEKHE
0(hu) a(hv)

Ji =0 ‘ a8

Wk—l/z = — ,ék [ aX ay ]1 (19)
FHEFHNTEERNDEER :
0p, _ a0l 1 00
0X —-gplax+‘2gh1 0x
apy_ 9t 1 50, KEI 20
KABEEMSEN T mE ¥ E
apk _apk—l : apk-—l/z
ox  0x +_ghk_vz_—5§___
apk . apk—l + h ‘apk_l/,z k =2 ) 3 s T b (2]-)
oy - oy g k—1/2 ———ay

1
lok—l/z :E'( 0 x—1 +0k )

P = layer average density of layer k

KL AT BN ERES TN iR E  EXARERER

0,8 =— X (0x(h*u) +0,(h'v)) ati, j,n @2
k

S (b u) =—o0(Fa a*)—0,(h'v @a’) —h*0.(0*w*)
FER*TY — R d.p
e

b (0B .Ex0.T% +0x(hAx0at) 40,0 Ay" 6yu)-)

ati.—l—%,j,k,n 03
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3(h'v) =— 0«(hu ¥*) —8,(R’u V’) —h’d.(V'W?)

— tR7E™ —%,- R*d,p

+;;ly‘ (ho.E,8.97 + 0 (W AL 6.v)_+ d,(hA,8,v)_]

ati,j+—%—,k,n @4

S Chs) =—0.(h"us*) —d,(h’v§’) —hd.(ws*)
+0:(h*Dx0xs)_+ 6,(h"Dy0y8)_
— ho.(kod.§52%) ati,j,k,n )

5, (hT) ' =—0.(h*uT*) — 3, (h"VvT’) — hé .(WT*)
+08.(h*Dx0:T)-+d,(h’D,d,T)_
+h5,(k"5,'f“) at i , j,k,n @

6,(he)' =—0,(R*u€e*) —d,(h"ve’) —hd .(we*)

+ 0.(h*Dxdxe)_+d,(h’D’d%e)—
+hd.(Eed.8*)+S—D ati,j,k,n @
6.(hP) ' =— 08 .(h*uP*) —3d,(RA"vP’) —hd.(wP*)
+ 6x(h*Dx0sP)_+d,(hy,Ds0,P) -
+ hd.(kd.P*)+S ati, j,k,n 08
HpZEBRNAAEERRO AR EERRERE °

EEFASENENSEEEEEENE L BN FEEHLE >

theh TFWRBHEX] K -

o=1(5890+ 38T —0.375T* +3s )/ ((1779.5+11.25T

— 0.0745T%? ) —( 3.8+ 0.01T ) s+ 0.698 ( 5890
+38T—0.375T*+3s)) ati,j,k,n+1 @9
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Ps,r = (5890 + 38T -0.3751% + 3,]/[(1779.5
+ 11,257 -0.0745T2) - (3.8 + 0.01 T)s
+ 0.698 (5890 + 38T - 0.375 T2 + 34)]

WA
(£;WN

Salinity, (0/00)

1.03

40

-

1.02 —
- : ™~ 3
- 30
— , 25

Density of water, Pyl cm )
s’

1.01 .
20
15

1
0 5 10 15 20 25 30 315 40
Temperature T (°C)

-1.00

0.99

@ 8.2

MEBTHUEH  MANEBEEAXNVEBKUNERRK
FREzZHNEEREANBRER N ELEHE S
0 ew=—0s(h*u) —d6,(h7v) at i, j,k,n+180

Rz » §—EW 4 HEEE /7% A R K 8 {05 i B w BRIBAGR » B Lk
- ATES
é,p:g‘ﬁ‘é,c+%'ﬁ“5,p+5.p. ati+—;-,j,l,n+l

6D
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5,p:g‘(_)'5,c+—;-5’5,,0+5,p.. ati,j+—;-,l,n+l

@2
- . 1 . 1

0:(0xp) =g0.0* at 1+—2-,.J,k+—2—,n+1 33
1 1

0:.(6,p)=gl,p°" at i, j+~§, k+~5, n+1 7))

R AR KFHAH RERL

5.(h*u) =—0.(h*u @*)—08,(h’v @’) —h*d.(

zax)

=]

T —% B*0.p +%[0p,w,z sin ¢

- (E15 zEZt)kzzlz + 6x(hAx5xU)_

+5,(E‘K,‘y5,u)..] at i+—}-, i, 1,n@y

2
S (Rv) =— 0 (FFu ) —0,(A"v ¥7) —R70.(¥*%")
— fhru*’ —-L,E’é,p +.L, (Bp..w.* cos ¢
o 0

—(Eya s{'Zt)k=3/2 + 6:(H’Axy‘5x")_

+6,(hA,0,v)_]) ati, j+%, 1,n 6

DERARKEBNB NFEEX  HPRNWHRE () » REH
CENBEHERE (EXHE) AERBENEE  BHR—REZZHA
DEH  BEEABEEREBEEER  KANEERBAERIEER
BREEZR  -RZ > MREENHEEERNKENEE > KEHRK
REEBRZRRA AEFABHNRERTELEN-BERENRGFRER
# o

EEEARE  FEEXEIOL  EEESAE [BE] W\
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Y,

SEA SURFACE WIND STRESS COEFFICIENTS FOR VARIOUS
WIND SPEED AND AIR-SEA TEMPERATURE DIFFERENCLS

Wiand STRESS COEFFICIENTS
Speed
tn Air-Sea Temperature Difference (C)
M/S 0.0 5.0 -5.0
5.0 0.00110 0.00029 0.00148
10.0 0.00137 0.001i3 0.00160
15.0 0.00166 0.00145 0.00176
20.0 0.00191 0.00174 0.00202
25.0 0.00220 0.00205 0.00227
30.0 0.00250 0.00232 0.00257
35.0 0.00274 0.00291 0.00236
40.0 0.00303 0.00291 0.00313
45.0 0.00330 0.00320 0.00339
50.0 0.00360 0.00349 0.00366
55.0 0.00389 0.00376 0.00393
60.0 0.00412 0.00408 0.00421
3.0 Q.004453 0.0043 0.00447
70.0 0.00470 0.00462 0.00475

A &2

RELATIONSHIP BETWEEN AILR-SCA TLMPERATURL DIFFERENCE
AND THE FULLY DEVELOPED OCEAN WAVES (H 1/3) UNDER
YVARVARIOUS WIND SPEEDS

10-Meter SIGNIFICANT WAVE HEIGHTS IN METERS

Wind

Speed Air-Sea Temperature Difference (C)
(M/S) 0.0 5.0 - -5.0
0.0 0.0 a.0 0.0
2.5 0.241 0.093 0.500
5.0 0.62% 0.335 0.900
7.5 1.510 0.710 1.820
10.0 2.550 1.520 2.800
12.5 3.750 2.900 4.380
15.0 5.500 4L .380 6.330
17.5 7.6490 6.350 §.400
20.0 9.800 8.700 10.650
22.5 12.520 11.250 13.100
25.0 14.7C0 12.850 15.450
27.5 17 17.900

.300 16.370
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KpREME - BAKEEE ZEREE > LT EEBXN H [18
B BE e
EWEEAP  FERESE > WHEMEH FKM®H ] ( Richard-

son number ) *» Ri = — ‘o(g;fp//a(?zz))z cE L NEEMHEEN [RBE

Bl dRi =0, RiRK > AIRIRBE - IRRi RE» AIZ
EFEFMENNBERR - BRXEWEERFR (HEEE » vertical
momentum transfer ) W H®E N o |
BRATHEBEEATRAN T ERERBRETRENHEREE
REEFEHREATHWREMNHA( R Eq. 8 ) B -

S:—De=as;LyvE ((0.u%)2+(0.v7)?)
— . :

(1)

+a, L\/_ez-ﬁ%;(ﬁzﬁ‘)—azem/L
N~ —V— M

(2) - (3)

HEESETF®EE HSEWEE ( Liu & Leendertse, 1981,82
,83,84,85) R EE T IR ESRATHAEN [ REBH6E] (
SGSenergy ) EEMHN [MBEE] FINA - ABAATEW K«
EEHSABELUE  XBTEHKW (FHREE] -

EXFPHWE-HREH > ERFNBIAEE NG » 5 ZHAMEERM
B RE—HRBBEHRRE -

EEGERERETEEN - SR TR A RERE 2R EY
AN [HE] - AMRR%ERE  ARARSEHARIFEHER -
FUAE B Pt EH KNS REBUNARER  EERETPW K
Wl ALl e
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8.2 EBHEAMASEEL

BEHNBEREN EEESFANBDEEBRHE  SPRAGFES

KRB EBRAK -

u = TV exp (m £ & );? (7*) |
5, 5 T exp[:m-i,(t?);g’(p’)]
k:a.LJ?fexp(r;(IUZ%%-
E.=a, L6 exp [m;g-,— (L*) 56'_{)]

DENERTRHE EEHEEE | & BEEEES | B

BEAR HUANGERENSHE (ZERAK] WRE * ° &£ 1977
FELRMFBRNER > EEAKNHE ST > SLRAHEHE o H
MGRBm, rEXRRHHAE RER—EEANRE NS8REE
REE o AT REEE - o

HELR  LTERMA > ( Liu, 1983) - BHERBER=K

EAFHENBRN HESBEIANERX [REK] » BERH
B o BB B 0 S5 2 R T R VR UT (A5 B A+ I
EEW THUR SR E=% 0N R LR — B o b BERR
A7 Bt ELEY VR S TR R o T L LAY SR R B AT B KE
MR [ WA RG] "™ & By E R o

Liu, S. K., and J. J. Leendertse, (1978) :Multi-
Dimensional Numerical Modeling of Estuaries and
Coastal Seas, in Advances in Hydroscience, Academic
Press, New York.

“ [BFREER] A normal izatibn

=s#¢ Turbulent-closure schome.
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Y Lo T Y T

Comcarison of relative turdulence Fntensities
tetween the three-dlmensional model for stretified
flow fleld and the 1tanderd verlification curve of

-~ o« alrflow in plpe mreasured by Laufer
1 o 2/
K '|= N 39 2 7@'
N
~
® “a Adjusted for quesi-
o) ~ horogeneoss turbulence
06 O\& in 1-0 model

Laufer curve for
air-flow In 24.7 cm
brass pipe

Relative turbulence Intensitley (

L3
9 Computed non- Q/
homogeneous ~ .
turbulence flald (0] \\\
(3-0 moael) ~
.02}
Location of pycnociine
0.0 A 1 -l 1 1
¢ .2 & .8 .8 t.0
Discance from wall ;w %.

B 8.3
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8.3 HERALHTE

MAJOR SYMBOLS

Note: Other symbols are defined in the text.

day, 33, dy. ds
A4,

> o

i

J

k

Teas Tays Tyxn
Tyys Taes Tpz

T,

Constants

Horizontal momentum
exchange coefficient in
the x direction

Horizontal momentum
exchange coetficient in
the y direction

Chezy coefficient

Horizontal diffusion
coefficient in the x
direction

Horizontal diffusion
coefficient in the y
direction

Subgridscale kinetic
energy density

Vertical exchange
coefficient for
subgridscale turbulent
energy

Vertical exchange
coefficient for dissolved
pollutant concentration

VYertical momentum
exchange coefficient in
the x direction

Vertical momentum
exchange coefficient in
the y direction

Coriolis parameter

Acceleration of gravity

Water depth measured
downward from the
reference plane to the
bottom

A location index

A location index

Index for layer or levei

Components of the
stress tensor
Component of the wind
stress in the x direction
Componeat of the wind
stress in the y direction

tSox

wl
P AT+

Ar
Al

~

oo

Pa

Bottom layer

Length scale

Index for the number
of constituent

Time level

Pressure

Concentration of any
dissolved constituents

Tidal flow

A constant

Salinity

Time

Temperature

Respective components of
velocity

Respective components of
horizontal mean
velocity

Wind velocity

Cartesian coordinates:
positive eastward,
northward, and
upward, respectively

Time step size

Grid distance

Wind stress coefficient

Vertical mass diffusion
coefficient

Vertical thermal diffusion
coefficient

A coanstant

Water density

Reference density, a
constant

Departure from 3,
depending on salinity
and temperature

Atmospheric density

Angle between the wind
direction and the y axis

Water level, vertical
distance from the
reference plane
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8.4 ZETMEREXTIEXREE

The computational program consists of a main program and a set of subrou-
tines written in FORTRAN IV. It operates on IBM 360/370 series machines.

The main program reads and prints all control parameters and input data. It
also administers the output display, and controls saving and reading of data for the
restart of simulation. The subroutines are listed and described in Table 1. Table 2
gives dimensions for the arrays in the blank COMMON block, and Table 3 for the

PROGRAM DESCRIPTION

arrays in program MAIN.

DsvPp

PRNT1—
PRNT®6

RESAL

SESUV

SETCON

SGSLOs

TiDAL

TRANS

Table ﬁ 3
DESCRIPTION OF SUBROUTINES

Computes local density of water from most recent values
of temperature and salinity according to equation of state.

Control the format of output reporis according to user’s
specification.

Specifies manner in which initial values of salinity field
are to be read at beginning of simulation. (If a constant
salinity field is specified, a “*“RETURN" instruction should
be inserted at the beginning of this subroutine to bypass
its execution.)

Computes new water level.

Sets up conditions for computation of velocity and con-
stituent concentration at closed and open boundaries.
Computes constituent concentrations at upper time level
for entire field.

Computes velocity components u and v at upper time
level for entire field.

Sets up initial conditions for time integration and defines
constants used frequently in computation.

Computes constituent concentrations across open bound-
aries.

Specifies water level information at open boundary of
model. In the sample program, specifies angular fre-
quencies of, and Fourier coefficienis associated with,
major tidal components. (If model is used for an enclosed
body of water, such as a lake, this subroutine should be
bypassed.)

Handles output of computed results to a sequence of
time series data at user-specified locations.
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Table &- ¥

DIMENSIONS OF ARRAYS IN BLANK
COMMON BLOCK

Arrays Dimensions
u,v,s, T.E,P N, M, KMAX, 3
W, TAUX, mAUY, EPSLON N, M, KMAX+1
PGRAX, PGRAY, RHO N, M, KMAX
SE N,M,3
KH, C, RHOZ, HZ, NSE N, M
AHUV N, 3, KMAX
DEPTH KMAX
HS KMAX+1
YY,ZL KMAX, KMAX

Table J.J—

DIMENSIONS OF ARRAYSIN
PROGRAM MAIN

Arrays Dimensions

UG1, UG2,UG3,

VG1, VG2, VG3,

SG1, SG2, SG3, N. M. KMAX
TG1, TG2, TG3, e

EG1, EG2, EG3,

PG1, PG2, PG3

SEG1, SEG2,
SEG3, PRINT } N.M
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8.5 RARHZER

INPUT PARAMETERS

Making a numerical simulation using the model presented in this report re-
quires the insertion of several groups of data (or the following purposes:

« . To specify control parameters for the execution of machine computation.
. To describe physical characteristics of the system to be simulated.

« To set up initial conditions for the numerical integration.

« To provide boundary conditions during the simulation.

« To select coefficients and constants for the computation.

o To specify time intervals and locations for displaying results.

To describe the requirements and conditions for model setup and data inser-
tion, we use a sample data sequence involving a rectangular basin that has a
time-varying water level input at the open boundary and a river inflow at the closed
end. Appendix C contains a table showing the location, format, name, and descrip-
tion of the input data, as well as a listing of the sample run’s actual data deck.
Results of the sample simulation are presented in App. .
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8.6 HEMBREZBE

IMPLEMENTATION AND OPERATIONAL ASPECTS

The program presented here can be implemented on computer systems with an
extended FORTRAN compiler that accepts variables with four subscripts. The core
size and central processing unit (CPU) time requirements and the input/output
(I/0) requirements for model implementation depend on the grid dimensions of the
model schematization. the size of the time integration steps. the user-specified
frequency for output display, and the computer installation.

Experience with the FORTRAN H compiler and the IBM 370/158 system has
shown that in the sample case, a rectangular model with a grid dimension of
10x26x6 uses approximately 348,000 bytes of core memory, and each simulation
time step requires about 4.4 seconds of CPU time. The compilation time was approx-
imately 115 seconds. The Long I[sland Sound sample case described in Leendertse
and Liu [1] has a grid dimension of 24x79x9. With the FORTRAN H compiler on
an IBM 360/91 machine, the model uses approximately 2 million bytes of core
memory, and each simulation time step requires approximately 3 seconds of CPU
time.

In addition to the core space required for making a simuiarion with the model,
the system may require up to four data files for accumulating data for later process-
ing or restart. These unformatted files contain the following data:

File 1- TITLE is written as the first record, and KMAX, LMAX, M, N,
DX, DY, TD. HS, KII, C are written as the second record. Then
arrays of the state variables are saved at time level L1. The
following records are written at intervais of LGRPH:

Rec. 1 - L, SE
Rec. 2
Rec. 3
Rec. 4
Rec. 5 -
Rec. 6
Rec. 7

8

3

Rec.

TEHAW G s

- Data required for restarting the simulation are saved at all
three time levels. The following records are written at intervals

of LRST:

Rec. 1 - L, L1, L2, L3, IB, JB, KB. UVB, KH, HS
Rec. 2 - CPO, CLAM, CLAMO, CP1, CLAM1, RHOT, RMM1, RMM2
Rec. 3- M, MM1, MM2, N, NM1, NM2, DX. DY, RDX, RDY, RDXS,

Files 2 and

RDYS

Rec. 4 - DT, DT2, DT4, CNU, GRAV, KMAX, CKA. AHX, AHY, AMX,
AMY, F

Rec. 5 - RHOM, RHOM2, ALPHO, TINV, THETA. RHOA, WSPD, PHI,
WINCH :
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Rec.
Rec.
Rec.
Rec.
Rec.
Rec.

Rec. 6 -

Rec. 7 -
Rec. 8 -
Rec. 9 -

10 -
11 -
12 -
13 -
14 -
15 -

File 4 -

C, RHOZ, HZ, UFLOS, UFLOT, UFLOE, UFLOP, LTURN,
STURN, TTURN, ETURN, PTURN
W, TAUX, TAUY

PGRAX, PGRAY, RHO

8)

\%

S

T

E

P

SE

Data are saved at specified locations and used for time

histories. This file is written using subroutine TRANS and may

be either sequential or direct access. Fixed size records are
written when a temperary—bufter is filled. Initially, TITLE,
DATE, DT, LMAX, LHIST, MHIST, NOWL3, NOCUR3, MWL3,
NWL3, TITWL3, MC3, NC3, KC3, TITC3, and some flags are
saved. At intervals of LHIST, time (L) and the values of water
level {SE) and of current (u and v) at the designated stations are
saved. When the run terminates, the maximum and minimum
values of water level and current are saved.

If one or more of the above files is not desired, a dummy output unit must be
specified in the job control language (JCL). For a non-IBM computer, the JCL
describing the job and data file must be converted to appropriate form.
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8.7 BIEEBREMEH

DEFINITION OF FORTRAN VARIABLES

(* indicates variable array)

FORTRAN Symbol Definition and Units

A Temporary variable for wind speed (cm/sec).

B Temporary variable for wind-generated kinetic

energy (ergs/unit mass). :

*C  Values for Chezy coefficient (square-root of

cm/sec).

Variables for kinetic energy density (ergs/unit

mass).

Cariolis parameter.

Temporary value for layer thickness (cm).

Index for spatial differencing in x-direction.

Index for spatial differencing in y-directicn.

.Index for vertical grid.

Index for time level.

Index used for max number of grid points in

x-direction.

Index for the max grid number in y-direction

Variables for pollutant concentration in a

user-specified unit.

*S  Variables for salinity (gr/kg, or approx gr/l).

*T  Variables for temperature in Celsius.

*U Velocity components in x-direction (cm/sec).

*V  Velocity components in y-direction in (cm/sec).

*W  Velocity components in z-direction in (cm/sec).

AE Recursion coef of turbulent energy diffusion in
z-direction. ' '

AP  Recursion coef for vertical implicit computation of
pollutant constituent diffusion in z-direction.

AS Recursion coef for vertical implicit computation of
salt diffusion in z-direction.

AT Recursion coef for vertical implicit computation of
heat diffusion in z-direction.

AU  Recursion coef for vertical implicit computation of
momentum transfer in x-direction.

AV  Recursion coef for vertical implicit computation of
momentum transfer in y-direction.

Al - Coef relating transfer coef of vertical exchange of
momentum to transfer coef for vertical exchange
of kinetic energy.

A2 Coef for estimating decay of kinetic energy
density.

A3  Coef for turbulent energy generation at bottom.

=
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Ad

BE

BP

BT
BU
BV
CB
cp

CS

Cu
Ccv
DG

DP

DT
DU

DV

DX
DY
EM
EN
HB

HC
HL

HQ

Coef relating vertical exchange coef of mass and
heat to universal vertical exchange coef as derived
from local subgridscale turbulent energy intensity.
Recursion coef for vertical implicit computation of
turbulent energy diffusion in z-direction.

Recursion coef for vertical implicit computation of
pollutant constituent diffusion in z-direction.
Recursion coef for vertical implicit computation of
salt transfer.

Recursion coef for vertical implicit computation of
heat transfer. -

Recursion coef for vertical implicit computation of
momentum transfer in x-direction.

Recursion coef for vertical implicit computation of
momentum transfer in y-direction.

Averaged value of Chezy coef in x-direction
(square-root of cm/sec).

Recursion coef for vertical implicit computation of
pollutant constituents transport in z-direction.
Recursion coef for vertical implicit computation of
salt transport in z-direction.

Input value for Chezy coef {square-root of cm/sec).
Recursion coef for vertical implicit computation of
momentum transfer in x-direction.

Recursion coef for vertical implicit computation of
momentum transfer in y-direction.

Recursion coef for vertical computation of
turbulent energy transfer in z-direction.

Recursion coef for vertical implicit computation of
pollutant transfer in z-direction.

Recursion coef for vertical implicit computation of
salt transfer in z-direction.

Value of time step for integration (sec).

Recursion coef for vertical implicit computation of
momentum transfer in x-direction. '

Recursion coef for vertical implicit computation of
momentum transfer in y-direction.

Horizontal grid size in x-direction (cm).

Horizontal grid size in y-direction (cm).

Total value of computed e(j,i,k,l) in the field.
Variable for SGS energy density (ergs/unit mass).
Averaged value of layer thickness in x-direction
(cm). :

Surface layer thickness for time level L3 (cm).
Temporary variable.

Averaged value of layer thickness in z-direction
(cm).
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HR  Average surface layer thickness in y-direction
(cm).
*HS Thickness of each layer in z-direction.
HT Temporary variable.
HZ Unused parameter.
H2 Temporary variable for layer thlckness (cm).
*‘IB  Location indices for open boundary in x.
IH Location index for water level station in X.
II Index.
IJ  Index.
*JB  Location indices for open boundary iny.
JH Temporary variable.
J1  Index.
*KB Input parameters used to specify type of opening.
*KH Number of layers at location x ¥
KK Index.
KR Number of layers at location i+ 1.
KT Number of layers at location j+1.
K1 Maximum number of layers.
K2 Index.
K3 Index.
LB Unused parameter.
LC  Control parameter for frequency of time

smoothing.
LF Index.
L1 Time level index.
1.2 Time level index.
L Time level index.
NH Index.

PI  3.1415926
PM Cumulated value for pollutant concentration.
Q1 Temporary variable similar to Q2, Q3, Q4, etc.
RU Bottom stress for vertical implicit computation in
x-direction.
RV Bottom stress for vertical implicit computation in
y-direction.
*SE Water surface elevations (cm) from reference
~ _plane.
TD. Size of time step (sec).
‘Tt Temporary variable similar to T2, T3, T4, etc.
UB  Averaged velocity component in x-direction.
UU  Temporary variable. '
VB - Averaged velocity component in y- dxrectlon
VV  Temporary variable.
WL  Temporary variable.
WO  Temporary variable.
XE Temporary variable.
XL  Floating point value of time step number.
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XP

XS

XU

XV

YP
YT
YU

Yv

YY
*ZL
ABS
AHX
AHY
AMX
AMY
*BUF
CKA
CKE
CKH
CKP
CNU
CPO
CP1

DEN
DHE
DHP
DHS
DHT
DHU
DHV
DTT
DT2
DT4
EBZ
EEM
EEP
*EG1
*EG2
*EG3
EJI
GEN

Recursion coef for implicit computation of
pollutant diffusion in z-direction.
Temporary variable.

Temporary variable.

Recursion coef for implicit computation in
x-direction.

Recursion coef for impiicit computation in
y-direction.

Temporary variable.

Temporary variable.

Recursion coef for impiicit computation in
x-direction. )

Recursion coef for implicit computation in
y-direction.

Distances from bottom to point of concern.
Length scales in turbulent energy computation.
Absolute value of variable.

Horizontal mass-heat diffusion coef in x.
Horizontal mass-heat diffusion coef in y.
Horizontal momentum diffusion coef in x.
Horizontal' momentum diffusion coef in y.
Indices for time history data output.

Coef of vertical diffusion of mass.

Coef of vertical diffusion of kinetic energy.
Coef of vertical diffusion of heat.

Coef of vertical diffusion of pollutant.
Coef of vertical diffusion of momentum.
Constant in the equation of state.
Constant in the equation of state.
Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Temporary variable.

Values of energy for time level L1.
Values of energy for time level L2.
Values of energy for time level L3.
Temporary variable.

Temporary variable.
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HBL Temporary variable.
HBR  Temporary variable.
HBT Temporary variable.
HB3 Temporary variable.
HEK Temporary variable.
HPK Temporary variable.
HSB Temporary variable.
HSK Temporary variable.
HSL  Temporary variable.
HSR Temporary variable.
HST Temporary variable.
HS1 -Temporary variable.
HTD Temporary variable.
HTK Temporary variable.
HTM  Temporary variable.
HTS Temporary variable.
HTX Temporary variable.
HTY Temporary variable.
IAH Temporary variable.
IBT Location index.
IM1 Temporary index.
IP1 Temporary index.
JBT Location index.
JM1 Temporary index.
JP1 . Temporary index.
K1U Temporary variable.
K1V  Temporary variable.
KBT Temporary variable.
KBT Type of opening.
*KC3 Number of layers at current station.
KC3 Number of layers at specified current station.
KHT Number of layer if entire model has same number

of layers.
KI1 Index.
KI2 Index.
KI3 Index.
Ki4 Index.
KKK Index.
KM1 Temporary index.
KN1 Index.
KP1 - Temporary index.
KP1 Index.
KQl Index.

LP1 Print-control parameter.
LP2 Printcontrol parameter.
LP3 Printcontrol parameter.
LP4 Print-control parameter.
LST = Time step to restart computation.
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*MC3 Location indices for current station.
MM1 Temporary location index.

MM2 Temporary location index.

MOD Modulus.

*NC3 Location indices for current station.

NM1 Location index.

NM2 Location index.

*NSE Temporary variable.

NWD | Index.

*PG1 Temporary variable.

*PG2 Temporary variable.

*PG3 Temporary variable.

PHI Clockwise angle (deg) between model’s y-axis and

direction into which wind is blowing.

PJI Temporary variable.

PPM Temporary variable.

PPP Temporary variable.

Q2A Temporary variable.

Q4A Temporary variable.

Q6A  Temporary variable.

Q8A  Temporary variable.

RDX Temporary constant.

RDY Temporary constant.

*RHO Density anomaly from mean density (RHOM).
RIX Richardson number for momentum transfer in x.
RIY Richardson number for momentum transfer in y.
SAL Cumulative value of salinity.

SEM Cumulative vzlue of computed water level.
SET Unused parameter.
*SG1l Values of salinity for time level L1.
*SG2 Values of salinity for time level L2.
*SG3 Values of salinity for time level L3.
SJI Temporary variable.
SSM  Temporary variable.
SSP Temporary variable.
TD2 Temporary constant.
TD4 Temporary constant.
TEM Cumulative value of computed temperature of
entire field. o
*TGl Values of temperature for time level L1.

*TG2 Values of temperature for time level L2.

*TG3 Values of temperature for time level L3.
TJI Temporary variable.

TOM  Cumulative value of computed water level.
TTM Temporary variable.
TTP Temporary variable.
UBK Temporary variable.
UBM Temporary variable.
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UBP Temporary variable.

*UG1 Values of u-component for time level L1.

*UG2 Values of u-component for time level L2.

*UG3 Values of u-component for time level L3.

UUM  Temporary variable.

UUP Temporary variable.
*UVB  Specified velocity components at open boundary.
VBK  Temporary variable.

VBM  Temporary variable.

VBP Temporary variable.

VEL  Temporary variable.

*yG1 Values of v-component for time level L1.

*VG2  Values of v-component for time level L2.

*VG3  Values of v-component for time level L3.

VVM  Temporary variable.

VVP  Temporary variable.

WBX  Temporary variable.

WBY  Temporary variable.

ZLB Temporary variable.
*AHUV  Horizontal diffusion coef derived from deformation
of velocity field. ' '

AHXP Fixed portion of horizontal diffusion coef for
transport of pollutant in x-direction.

“AHXT Fixed porticn of horizontal diffusion coef for
transport of heat in x-direction.

AHYP Fixed portion of horizontal diffusion coef for
transport of pollutant in y-direction.

AHYT Fixed portion of horizontal diffusion coef for

: transport of heat in y-direction.

BND1 Temporary control parameter.

BND2 Temporary control parameter.

BND3 Temporary control parameter.

BND4 Temporary control parameter.

BND5 Temporary control parameter.

CLAM Constant in the equation of state.

DHEI Temporary variable.

DISP Temporary variable.

DRHO Temporary variable.

*EINI  Specified initial values at open boundary for
estimating concentration recovery of SGS
turbulent energy density.

EINV  Initial value for turbulent energy density specified
for entire field.

GRAV  Gravitational acceleration.

HBB3 Temporary variable for average layer thickness.

HBLB Temporary variable for average layer thickness.

HBL3 Temporary variable for average layer thickness.

HBRB Temporary variable for average layer thickness.
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HBRT
HBR3
HBTL
HBTR
HBT3
HBU1
HBEV1
HESQ

[AHM
IAHP

IMC3
INC3
KBST

KCUR

KLP2
KMAP
KMAX

LMAX
LRST
"MWL3

NREC
*NWL3

“PINI

PINV
RDXS
RDYS

RHOA
RHOM

RHOT
KHOZ

RICH
RMM1

RMM2
*SEG1

‘SEG2
*SEG3

Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable for average layer thickness.
Temporary variable in turbulent energy
computation.

Temporary index for horizontal diffusion
coefficient.

Temporary index for horizontal diffusion
coefficient.

Temporary index.

Temporary index.

Temporary constant denoting layer number at
open boundary point.

Layer number at current station.

Print-control parameter.

Print-control parameter.

Maximum number of layers assigned for vertical -
grid dimension.

Number of time steps specified for simulation.
Frequency to write restart file.

Location indices for water-level station in
x-direction.

Temporary index for data management.

Location indices for water-level station in
y-direction.

Specified initial values at open boundary for
estimating concentration recovery of pollutant
constituent.

Initialevalue of pollutant concentration field.
Reciprocal of square of x-grid spacing.

Reciprocal of square of y-grid spacing.

Density of air.

Mean value for computing density anomaly,
usually set to 1.0.

Actual value of water density.

Twice the vertically averaged value of density.
Richardson number.

Coef used for Richardson number-related vertical
exchange coef.

Coef used for Richardson number-related vertical
exchange coef.

Values of computed water level for time level L1.
Values of computed water level for time level L2.
Values of computed water leve! for time level L3.
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*SINI  Specified initial values for salinity at open
boundary. '
STMP Initially specified value of salinity.
*TAUX Inter-layer shear-stress terms in x-direction.
*TAUY Inter-layer shear-stress terms in y-direction.
TEMP Unused parameter.
*TINI  Specified initial values at open boundaries.
TINV  Initially specified value of temperature array.
UBAR Temporary variable.
VBAR Temporary variable.
WBXM  Temporary variable.
WBXP Temporary variable.
WBYM  Temporary variable.
WBYP Temporary variable.
WSPD Input windspeed (knots).
WSPS Converted wind speed (cm/sec).
ZEXP Temporary variable.
*ZWL3 Water levels at water-level stations.
AHXBB Temporary variable for averaged values of
horizontal diffusion coefficient.
AHXLB Temporary variable for averaged values of
horizontal diffusion coefficient.
AHXPL Temporary variable for averaged values of
horizontal diffusion coef. ’
AHXPR = Temporary variable for averaged values of
horizontal diffusion coef.
AHXRB Temporary variable for averaged values of
. horizontal diffusion coef.
AHXSL Temporary variable for averaged values of
horizontal diffusion coef.
AHXSR Temporary variable for averaged values of
‘horizontal diffusion coef.
AHXTB Temporary variable for averaged values of
horizontal diffusion coef.
AHXTL Temporary variable for averaged values of
horizontal diffusion coef.
AHXTR Temporary variable for averaged values of
horizontal diffusion coef.
AHYBB Temporary variable for averaged values of
horizontal diffusion coef.
AHYLB Temporary variable for averaged values of
horizontal diffusion coef.
AHYPB Temporary variable for averaged values of
horizontal diffusion coef.
AHYPT Temporary variable for averaged values of
horizontal diffusion coef.
AHYRB Temporary variable for averaged values of
horizontal diffusion coef.
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AHYST
AHYTB
AHYTT

ALPHO
CLAMO
CLAM1
CWMAX
DECAY
*DEPTH
EGRAD

*ETURN

GENN1
GENN2

HBLB3
HBLLT
HBLT3
HBRT3
HBTR3
LGRPH

LHIST .

*LTURN

MHIST
NAVDA
NHIST
NOWL3
NUNIT
PGRAD

‘PGRAX
‘PGRAY

‘PTURN

SEINV

SGRAD
SKIPT
*‘STURN

Temporary variable for averaged values of
horizontal diffusion coef.

-Temporary variable for averaged values of

horizontal diffusion coef.

Temporary variable for averaged values of
horizontal diffusion coef.

Constant used in equation of state.

Constant used in equation of state.

Transitional variable in equation of state.

Upper or lower limit for output.

Decay coef for pollutant concentration (1/sec).
Local depths in (cm).

SGS' turbulent energy gradient across open
boundary.

Stored values of SGS turbulent energy at open
boundary for computing energy transport across
open boundary.

Energy generation term from interface located
above the layer of concern.

Energy generation term from interface located
below layer of concern.

Temporary variable for averaged layer thickness.
Temporary variable for averaged layer thickness.
Temporary variable for averaged layer thickness.
Temporary variable for averaged layer thickness.
Temporary variable for averaged layer thickness.
Frequency to write an output file.

Frequency to write time-history file.

Time step at which most recent change of current
direction took place at open boundary.

Buffer size for time history output file.

Constant for time history output file.

Constant for-time history output file.

Number of water level stations.

Output unit for time history file.

Pollutant concentration gradient across open
boundary.

Pressure gradient terms in x-direction.

Pressure gradient terms in y-direction.

Stored values of pollutant concentration when
current changes its direction from ebb to flood at
open boundary. :

Initial specified value of water level for the entire
computational field.

Salinity gradient across open boundary.

Variable not used in computation.

Stored values of salinity when current changes its
direction from ebb to flood at open boundary.

— 259 —




TGRAD
THETA

*TITC3
*TITLE
*TTURN

*UFLOE

*UFLOP
*UFLOS
*UFLOT
WINCH

‘WLMAX
*WLMIN
*ZCUR3

ANGLAT
*CURMAX
*CURMIN
DUVDZI
DUVDZ2
*EPSLON

ERETIM

ESQRT1
ESQRT2
HBLLT3
NOCON3
NOCUR3
PRETIM

RHOBXZ
RHOBYZ
SALINV
SETIDE

SRETIM
*TITWL3
TRETIM

WSCALE

Temperature gradient across open boundary.
Coef of momentum transfer across air-water
interface.

Names of current stations.

Title of simulation.

~ Stored values of temperature at open boundary

when current changes its direction from ebb to
flood.

Kinetic energy density of inflow at outside of open
boundary. '
Pollutant concentrations of inflow.

Salinity of inflow at outside of open boundary.
Temperature of inflow.

Flag for changing wind speed during computation
restart.

Maximum values of water level at selected
stations.

Minimum values of water level at selected
stations.

Value of computed value of w-component of
current.

Latitude (deg).

Maximum values of current at selected stations.
Minimum values of current at selected stations.
Temporary variable for velocity derivatives.
Temporary variable for velocity derivatives.
Computed vertical exchange coef from SGS
turbulent energy.

Recovery time (hrs) for SGS energy at open
boundary.

Temporary variable in energy computation.
Temporary variable in energy éomputation.
Temporary variable for averaged layer thickness.
Constant for time history output file.

Number of current stations. '

Recovery time (hrs) for pollutant concentration at
open boundary.,

Temporary variable for density derivatives.
Temporary variable for density derivatives.
Specified initial value for salinity in field.
Convoluted value of water level from tidal
constituents. , ‘ ' ,
Recovery time {hrs) of salinity at open boundary.
Names of specified water level stations.

Recovery time (hrs) of temperature at open
boundary. ‘

Multiplier for linear increase of wind speed in
time.
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COMMON CPO,CLAM,CLAMO,CP1,CLAMI1,RHOT
COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
COMMON DT,DT2,DT4,CNU,L,L1,L2,L3,GRAV,KMAX, CKA, AHX , AHY , AMX , AMY , F
COMMON RHOM,RHOM2,ALPHO,TEMP , THETA,RHOA,WSPD, PHI ,WINCH,DEPMIN
COMMON PI,KMAP,TD,TD2,TD4 ,KHT,CT,CKH,AHXT,AHYT
COMMON RMM1,RMM2,CKP,AHXP,AHYP,PRETIM,PINV,DECAY, LMAX,CONVER
COMMON U(10,26,6,3),V(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
COMMON W(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
COMMON PGRAX(10,26,6),PGRAY(10,26,6) ,RHO(10,26,6),HK(10,26,6)
COMMON SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10,26)
COMMON RHOZ(10,26),HZ(10,26) ,NSE(10,26) ,ZL(6)

COMMON IB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)
COMMON UFLOS(100),UFLOT(100) ,UFLOP(100),PTURN(10,100)

COMMON STMP,LTURN(10,100),STURN(10,100),SET

, TTURN(10,100)

COMMON SINI(10,100),TINI(10,100),SRETIM, TRETIM
COMMON ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
COMMON ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
DOUBLE PRECISION CPO,CLAM,CLAMO,CP1,CLAMI1,RHOT

DIMENSION PRINT(10,26)
DIMENSION UG1(10,26,6),UG2(10,26,6),UG3(10,26,6)
DIMENSION VG1(10,26,6),VG2(10,26,6),VG3(10,26,6)
DIMENSION SG1(10,26,6),5G2(10,26,6),5G3(10,26,6)
DIMENSION TG1(10,26,6),TG2(10,26,6),TG3(10,26,6)
DIMENSION EG1(10,26,6),EG2(10,26,6),EG3(10,26,6)
DIMENSION PG1(10,26,6),PG2(10,26,6),PG3(10,26,6)
DIMENSION SEG1(10,26),SEG2(10,26),SEG3(10,26)
DIMENSION TITLE(20),DATE(4)
DIMENSION BUF(100)
DIMENSION WLMAX(20),WLMIN(20),CURMAX(3,9,20),CURMIN(3,9,20)
DIMENSION MWL3(20),NWL3(20),TITWL3(5,20),ZWL3(20)

DIMENSION MC3(20),NC3(20),TITC3(5,20),2ZCUR3(3,20),KC3(20)

EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE
EQUIVALENCE

(UG1(1,1,1),U(1,1,1,1))
(UG2(1,1,1),U(1,1,1,2))
(UG3(1,1,1),0(1,1,1,3))
(vé1(1,1,1),v(1,1,1,1))
(vé2(1,1,1),v(1,1,1,2))
(vG3(1,1,1),v(1,1,1,3))
(sG1(1,1,1),s8(1,1,1,1))
(sG2(1,1,1),5(1,1,1,2))
(863(1,1,1),8(1,1,1,3))
(TG1(1,1,1),T(1,1,1,1))
(T62(1,1,1),T(1,1,1,2))
(TG3(1,1,1),T(1,1,1,3))
(EG1(1,1,1),E(1,1,1,1))
(EG2(1,1,1),E(1,1,1,2))
(EG3(1,1,1),E(1,1,1,3))
(PG1(1,1,1),P(1,1,1,1))
(PG2(1,1,1),P(1,1,1,2))
(PG3(1,1,1),P(1,1,1,3))
(SEG1(1,1),SE(1,1,1))

(SEG2(1,1),SE(1,1,2))

(SEG3(1,1),SE(1,1,3))

DIMENSION KCOL1{30),KCOL2(30)
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DATA DEND/'END '/
DATA KCOL1/'0000','0000','0111","1111","1112","2222"'2222",
* '2333','3333"',"3334", '4444" 4444 | '4555" [ '5555"'5556", 16666,
* '6666','6777','7777",'7778"','8888"',"'8888",'8999",'9999"',"'9990",
* '0000','0000','0111","'1111","1112"/
DATA KCOL2/'1234','5678','9012"','3456"','7890"','1234"','5678",
* '9012','3456"','7890"',"'1234"','5678"','9012",'3456"','7890"',"'1234",
* '5678"','9012','3456"','7890"',"'1234"','5678",'9012"',"'3456','7890",
* '1234','5678','9012"','3456"','7890"'/
1 FORMAT (1X,'NU=' 1PE12.5,' F=',1PE12.5,
* 1X, 'AMX=',1PE12.5,"' AMY=',1PE12.5)
FORMAT (20A4)
FORMAT (4110,4E10.0)
FORMAT (7E10.0)
FORMAT (4I110,5(1X,1PE12.5))
FORMAT (7(1X,1PE12.5))
FORMAT (1X,71I1)
FORMAT (1X,72I1)
FORMAT (20F4.0/20F4.0)
10 FORMAT (7E10.0)
11 FORMAT (7(1X,1PE10.3))
12 FORMAT (2I10,5A4)
13 FORMAT (3110,5A4)
15 FORMAT (4I5,5E10.0)
16 FORMAT (7211)
17 FORMAT (1HO,'CONSTANT DEPTHS  KHT=',I3)
18 FORMAT (1X, LOCATIONS TERMINATED BY A BLANK CARD ',
* " I5,' LOCATIONS READ')
19 FORMAT (1H1,'M0DEL;',4A4)
21 FORMAT (1HO,S5X, 'LMAX',9X,'M',9X,'N',6X, 'KMAX',2X,'DT',11X, 'DX',
* 11X,'DY")
22 FORMAT (1HO,2X,'ANGLAT',7X,'AHX',10X,'AHY',610X,'AMX', 10X, 'AMY',
* 10X, 'NU',11X, 'KAPA') :
23 FORMAT (1HO,2X,'RHO',10X, 'RHOA',9X,'TINV',9X, 'THETA',8X,'PHI',
* 10X, 'WSPD') '
24 FORMAT (1HO,6X,'LP1',7X,'LP2',7X,'LP3',7X,'LP4")
25 FORMAT (1HO,6X, 'KHT',8X,'LC',5X,'LGRPH',6X, 'KLP2')
26 FORMAT (1HO,2X,'CT',11X,'SALINV',9X,'SEINV',8X, 'RMM1',9X, 'RMM2',
* 9X,'EINV')
27 FORMAT (1HO,5X,'DEPTHS OF LEVELS 1 THROUGH KMAX')
28 FORMAT (1HO,3X,'DEPTH ARRAY OF ESTUARY')
29 FORMAT (IHO 5X, 'LOCATION & TYPE OF OPENINGS',/,
9%, 'KB=(1,2,3,4)=(W,S,E N) R
9X, 'KB.GT.0=TIDAL OPENING',/,
9X,'KB.ET.0=WATER INPUT',/,
8x,'IB',8%X,'JB',8X, 'KB',13X,'UV",8X, 'UFLOS',8X, 'UFLOT',
8X, 'UFLOE’,8X, 'UFLOP')
30 FORMAT (1HO,2X, 'RESTART FREQUENCY',SX,'LHIST')
31 FORMAT (1HO, 'SALINITY AT LEVEL',I3,' IS BEING READ')
32 FORMAT(1HO,2X,'CKH',610X, 'AHXT',b6X, 'AHYT',4X,"' SKIPT',
*6X, 'SRETIM',5X, 'TRETIM',S5X, 'ERETIM')
33 FORMAT (1HO,5X, 'MWL3',6X, 'NWL3',4X, 'TITWL3')
34 FORMAT (1HO,6X,'MC3',7X,'NC3',9X,'K',4X, 'TITC3")
35 FORMAT (1HO, 'RUN TERMINATING UNDER PROGRAM CONTROL,',IS8,
* ' INTEGRATION STEPS MAXIMUM WATER LEVEL= ',1PE12.5)
36 FORMAT (1HO, 'DEPTH K=',12,9(10X,12))
37 FORMAT (7X,10(1X,1PE11l.4))
38 FORMAT (1HO,2X,'YY K=',12,9(10X,I2))
39 FORMAT (1HO,2X,'ZL K=',12,9(10X,I2))
40 FORMAT (1X,'Kl=',6I2,2X,10(1X,1PE11.4))
41 FORMAT (1HO,2X,'CKP',8X,'AHXP',7X,'AHYP',7X,'PRETIM',
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49
51
59
55
56
57
67
60

100

105

* 5X, '"PINV',7X, 'DECAY',5X, '"CONVER')
FORMAT (30F2.0)

FORMAT (1HO,40X, 'VARIABLE DEPTHS')

FORMAT (1X,I3,2X,10F10.1,3(/,6X,10F10.1))
FORMAT (1HO, 10X, 'DEPTH ARRAY')

FORMAT (6X,30A4)

FORMAT (4X, 'M=',3044)

FORMAT (3X,'N')

FORMAT (1X,I3,1X,35(1X,I2))

NIN=5 :

NOUT=6

READ (5,2) TITLE

WRITE (6,2) TITLE ‘

READ (5,3) LMAX,M,N,KMAX,TD,DX,DY

‘WRITE (6,21) .

WRITE (6,5) LMAX,M,N,KMAX,TD,DX,DY

READ (5,3) LST,LRST,LHIST

WRITE (6,30)

WRITE (6,5) LST,LRST,LHIST

READ (5,4) ANGLAT,AHX,AHY,AMX,AMY,CNU,CKA
WRITE (6,22)

WRITE (6,6) ANGLAT,AHX,AHY,AMX,AMY,CNU,CKA
F=.0001458*SIN(ANGLAT/57.2957795)
READ(5,10) CKH,AHXT,AHYT,SKIPT,SRETIM,TRETIM,ERETIM
WRITE (6,32)

WRITE (6,11) CKH,AHXT,AHYT,SKIPT,SRETIM,TRETIM,ERETIM
READ (5,4) RHOM,RHOA,TINV,THETA,PHI,WSPD
WRITE (6,23)

WRITE (6,6) RHOM,RHOA,TINV,THETA,PHI,WSPD
READ (5,3) LP1,LP2,LP3,LP4

WRITE (6,24)

WRITE (6,5) LP1,LP2,LP3,LP4

READ (5,3) KHT,LC,LGRPH,KLP2

WRITE (6,25)

WRITE (6,5) KHMT,LC,LGRPH,KLP2

READ (5,4) CT,SALINV,SEINV,RMM1,RMM2,EINV
WRITE (6,26)

WRITE (6,6) CT,SALINV,SEINV,RMM1,RMM2,EINV
READ (5,10) CKP,AHXP,AHYP,PRETIM,PINV,DECAY,CONVER
WRITE (6,41)

WRITE (6,11) CKP,AHXP,AMYP,PRETIM,PINV,DECAY,CONVER
READ (5,4) (HS(K) K=1,KMAX)

WRITE (6,27)

WRITE (6,6) (HS(K),K=1,KMAX)

WRITE (NOUT,51)

DO 100 J=1,N

READ (NIN,49) (DEPTH(J,I), I=1,M)

DO 100 I=1,M
DEPTH(J,I)=DEPTH(J,I)*CONVER

DO 100 K=1,KMAX

HK(J,I,K)=0.0

CONTINUE

DO 105 J1=1,N

J=N+1-J1

WRITE(NOUT,59) J, (DEPTH(J,I),I=1,M)
CONTINUE

DO 210 I=1,M

DO 210 J=1,N

DEPMIN=.10

DEPMIN=DEPMIN*CONVER
IF(DEPTH(J,I).LE.DEPMIN) GO TO 208
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206
207

209

210

245

246

250

252

253

255

270

110

120

IF(DEPTH(J,I).LT. (0.5%HS(1))) GO TO 209

TEMP1=DEPTH(J,I)

DO 206 K=1,KMAX

IF (K.EQ.KMAX) GO TO 207

IF(TEMP1.GE. (0.5%HS(K)).AND.TEMP1.LT. (HS(K)+0.5%HS (K+1)))

* GO TO 207

HK(J,I,K)=HS(K)
TEMP1=TEMP1-HS (K)

HK(J,I,K)=TEMP1

KH(J,I)=K

GOTO 210

HK(J,I,1)=0.0

KH(J,I1)=0

GO TO 210

HK(J,I1,1)=DEPTH(J,I)

KH(J,I)=1

CONTINUE

GO TO 250

CONTINUE

DO 246 I=1,M

DO 246 J=1,N

KH(J,I)=KHT

DO 246 K=1,KHT

HK (J, I,K)=HS(K)

CONTINUE

WRITE (NOUT,17) KHT

CONTINUE

DO 252 I=1,M

KH(1,I)=0

KH(N-1,1)=0

KH(N,I)=0

CONTINUE

DO 253 J=1,N

KH(J,1)=0

KH(J,M-1)=0

KH(J,M)=0

CONTINUE

MCOL=(M+3) /4

WRITE (NOUT,S55)

WRITE (NOUT,56) (KCOL1(I),I=1,MCOL)
WRITE (NOUT,57) (KCOL2(I),I=1,MCOL)
WRITE (NOUT,67)

DO 255 J1=1,N

J=N+1-J1

WRITE (NOUT,60) J,(KH(J,I),I=1,M)
CONTINUE

DO 270 K=1,KMAX :
CALL PRNT3 (HK, 'HK ',M,N,KMAX,K,L)
CONTINUE

NOWL3=0

WRITE (6,33)

CONTINUE

NOWL3=NOWL3+1

READ (5,12) MWL3(NOWL3),NWL3(NOWL3), (TITWL3(K,NOWL3),K=1,5)
WRITE (6,12) MWL3(NOWL3),NWL3(NOWL3), (TITWL3(K,NOWL3),K=1,5)
IF (MWL3(NOWL3)+NWL3 (NOWL3).NE.0) GO TO 110
NOWL3=NOWL3-1

NOCUR3=0

CONTINUE

NOCUR3=NOCUR3+1

READ (5,13) MC3(NOCUR3),NC3(NOCUR3),KC3(NOCUR3),

— 264 —




* (TITC3(K,NOCUR3),K=1,5)
IF (MC3(NOCUR3)+NC3(NOCUR3).NE.0) GO TO 120
NOCUR3=NOCUR3-1
NHIST=0
NAVDA=0
MHIST=100
NUNIT=11
NWD=1
NREC=1
MONE=-1
CWMAX=1.0E50
CALL SETCON
IF (LHIST.EQ.0) GO TO 1253
DO 1252 I=1,NOCUR3
IME3=MC3(I)

INC3=NC3(I)
KC3(I)=KH(INC3,IMC3)
DO 1252 II=1,3
DO 1252 K=1,KMAX
CURMAX (II,K,I)=-CWMAX
CURMIN(II,K,I)=CWMAX

1252 CONTINUE
DO 1001 I=1,NOWL3
WLMAX (I)=-CWMAX
WLMIN(I)=CWMAX

1001 CONTINUE
NOCON3=0 _
CALL TRANS (BUF,MHIST,TITLE,18,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,DATE,4,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,TD,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,LMAX,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,LHIST,1,NREC,NWD,NUNIT,NAVDA,O0)
CALL TRANS (BUF,MHIST,MHIST,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF ,MHIST,MONE,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,NOWL3,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,NOCUR3,1,NREC,NWD,NUNIT,NAVDA,Q)
CALL TRANS (BUF,MHIST,NOCON3,1,NREC,NWD,NUNIT,NAVDA,Q)
CALL TRANS (BUF,MHIST,MONE,1,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,MWL3,NOWL3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,NWL3,NOWL3,NREC,NWD,NUNIT,NAVDA,O0)
CALL TRANS (BUF,MHIST,TITWL3,5*NOWL3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,MC3,NOCUR3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,NC3,NOCUR3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,KC3,NOCUR3,NREC,NWD,NUNIT,NAVDA,O0)
CALL TRANS (BUF,MHIST,TITC3,5*NOCUR3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,NWD,1,NREC,NWD,NUNIT,NAVDA,0)

1253 CONTINUE
WRITE (6,34)
DO 1000 I=1,NOCUR3

1000 WRITE (6,13) MC3(I),NC3(I),KC3(I),(TITC3(K,I),K=1,5)
WRITE (6,28)
DO 1255 J1=1,N
J=N+1-J1

1255 WRITE (6,8) (KH(J,I),I=1,M)
DO 1275 I=1,M
DO 1275 J=1,N
DO 1275 L=1,3
IF (KH(J,I).EQ.0) GO TO 1275
SE(J,I,L)=SEINV

1275 CONTINUE
CALL RESAL
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DO 1260 IJ=1,100
IB(1J)=0
JB(1J)=0
KB(1J)=0
UVB(IJ)=0.0
DO 1260 K=1,KMAX
LTURN(K, IJ)=-1
STURN(K,IJ)=0.0
TTURN(K,1J)=0.0
ETURN(K,IJ)=0.0
PTURN(K,IJ)=0.0
1260 CONTINUE
WRITE (6,29)
DO 310 IJ=1,100
READ (5,15) IB(IJ),JB(IJ),KB(IJ),LB,UV,UFLOS(IJ),UFLOT(1J),
* UFLOE (IJ),UFLOP(1J)
WRITE (6,5) IB(IJ),JB(IJ),KB(IJ),LB,UV,UFLOS(1J),UFLOT(IJ),
* UFLOE(IJ),UFLOP(1J)
IF (IB(IJ).EQ.0) GO TO 320
IBT=IB(IJ)
JBT=JB(IJ)
UVB(IJ)=UV
KI1=0
KI2=0
KI3=0
KI4=0
KBT=IABS(KB(IJ))
IF (MOD(KBT,2).EQ.1) KIl=1
IF (MOD(KBT,2).EQ.0) KI2=1
IF (KBT.LT.3) GO TO 1265
KI1=-KIl
KI2=-KI2
KI3=KI1
KI4=KI2
1265 CONTINUE
IF (KB(IJ).GT.0) GO TO 305
DO 1270 LF=1,3
S(JBT, IBT,1,LF)=-S(JBT+KI2,IBT+KI1,1,LF)+UFLOS (1J)+UFLOS(1J)
T(JBT,IBT,1,LF)=-T(JBT+KI2, IBT+KI1,1,LF)+UFLOT(IJ)+UFLOT(1J)
E(JBT,IBT,1,LF)=-E(JBT+KI2,IBT+KI1,1,LF)+UFLOE (I1J)+UFLOE (1J)
P(JBT,IBT,1,LF)=-P(JBT+KI2, IBT+KI1,1,LF)+UFLOP(I1J)+UFLOP (1J)
SE(JBT, IBT,LF)=-SE(JBT+KI2, IBT+KI1,LF)
IF (KI2.EQ.0) U(JBT+KI4,IBT+KI3,1,LF)=UVB(IJ)
IF (KI1.EQ.0) V(JBT+KI4, IBT+KI3,1,LF)=UVB(IJ)
1270 CONTINUE
GO TO 309
305 CONTINUE
309 CONTINUE
KBST = KH(JBT,IBT)
DO 308 K=1,KBST
SINI(K,IJ)=S(JBT,IBT,K,1)
TINI(X,IJ)=T(JBT,IBT,K,1)
EINI(K,IJ)=E(JBT,IBT,K,1)
PINI(K,IJ)=P(JBT,IBT,K,1)
308 CONTINUE
310 CONTINUE
320 CONTINUE
=0
L3=MOD(L,3)+1
L2=MOD(L3,3)+1
L1=MOD(L2,3)+1
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WRITE (8) TITLE
WRITE (8) KMAX,LMAX,M,N,DX,DY,TD,HS,KH,C,HK,DEPTH
WINCH=1.0
SEM=0.0
IF (LST.EQ.0) GO TO 300
I=10
301 CONTINUE
READ (I) L,L1,L2,L3,IB,JB,KB,UVB,KH,HS,HK,DEPTH
READ (I) CPO,CLAM,CLAMO,CP1,CLAM1,RHOT,RMM1,RMM2
READ (I) M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
READ (I) DT,DT2,DT4,CNU,GRAV,KMAX,CKA,AHX,AHY,AMX,AMY,F
READ (I) RHOM,RHOM2,ALPHO,TINV,THETA,RHOA,WSPD,PHI ,WINCH,DEPMIN
READ (I) C,RHOZ,HZ,UFLOS,UFLOT,UFLOE,UFLOP,
* LTURN, STURN, TTURN,ETURN, PTURN
READ (I) W,TAUX,TAUY
READ (I) PGRAX,PGRAY,RHO
READ (I)
READ (I)
READ (I)
READ (I)
READ (I)
READ (I)
READ (I) SE
IF (L.LT.LST) GO TO 301
READ (5,4) ANGLAT,WSPD,PHI
WRITE (6,6) ANGLAT,WSPD,PHI
F=.0001458*SIN(ANGLAT/57.2957795)
PHI=PI*PHI/180.
READ (5,4) RMM1,RMM2
WRITE (6,6) RMM1,RMM2
GO TO 620
300 CONTINUE
WRITE (6,5) L
DT=TD
DT2=TD2
DT4=TD4
IF (L.LE.O0) GO TO 325
IF (MOD(L,LC).NE.0) GO TO 375
325 CONTINUE
DT2=TD
DT4=TD2
L3=L2
375 CONTINUE
CALL DSVP
IF (L.EQ.0) GO TO 500
IF (MOD(L,LP3).EQ.0) CALL PRNTS (SE,'ZETA',M,N,L1,L)
DO 376 KPR=1,KMAX
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V ' ,M,N,KMAP,L1,KPR,L)

T nga

IF (MOD(L,LP3).EQ.0) CALL PRNT6 (U,'U  ',M,N,KMAP,L1,KPR,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (W,'W ',M,N,KMAP,1,KPR,L)
376 CONTINUE
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V ' ,M,N,KMAP,L1,1,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V ' ,M,N,KMAP,L1,2,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V  ',M,N,KMAP,L1,3,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V ' ,M,N,KMAP,L1,4,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V  ',M,N,KMAP,L1,5,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (V,'V  ',M,N,KMAP,L1,6,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (U,'U ',M,N,KMAP,L1,1,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (U,'U ' ,M,N,KMAP,L1,2,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (U,'U ', ,M,N,KMAP,L1,3,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6 (U,'U ', ,M,N,KMAP,L1,4,L)
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IF (MOD(L,LP3).EQ.0) CALL PRNT6é (U,'U ' M,N,KMAP,L1,5,L)
IF (MOD(L,LP3).EQ.0) CALL PRNT6é (U,'U ',M,N,KMAP,L1,6,L)
SEM=0.0
TOM=0.0
SAL=0.0
TEM=0.0
EM=0.0
PM=0.0
DO 400 I=1,M
DO 400 J=1,N
DO 390 K=1,KMAX
TEM=TEM+T(J,I,K,L1)
EM=EM+E(J,I,K,L1)
PM=PM+P(J,I,K,L1)
390 SAL=SAL+S(J,I,K,L1)
IF (ABS(SE(J,1,L1)).GT.SEM) SEM=ABS(SE(J,T,L1))
TOM=TOM+SE (J,I,L1)
400 NSE(J,I)=SE(J,I,L1)
WRITE (6,6) TOM,SAL,TEM,EM,PM
IF (MOD(L,LP2).NE.O) GO TO 425
DO 422 KK=1,KLP2
DO 421 J=1,N
DO 421 I=1,M
421 PRINT(J,I1)=P(J,I,KK,L1)
CALL PRNT4 (PRINT, 'POLLUTANT',M,N,KK,L)
422 CONTINUE
DO 415 KK=1,KLP2
DO 416 J=1,N
DO 416 I=1,M
416 PRINT(J,I)=E(J,I,KK,L1)
CALL PRNT4 (PRINT, 'ENERGY',M,N,KK,L)
415 CONTINUE
DO 420 KK=1,KLP2
DO 410 J=1,N
DO 410 I=1,M
410 PRINT(J,I)=S(J,I,KK,L1)
CALL PRNT4 (PRINT,'SALINITY',M,N,KK,L)
420 CONTINUE
425 CONTINUE
500 CONTINUE
IF (LHIST.EQ.0) GO TO 560
IF (MOD(L,LHIST).NE.O) GO TO 560
CALL TRANS (BUF,MHIST,L,1,NREC,NWD,NUNIT,NAVDA,0)
DO 510 NH=1,NOWL3
IH=MWL3 (NH)
=NWL3 (NH)
ZWL3 (NH)=SE (JH, IH,L1)
IF (ZWL3(NH).GT.WLMAX(NH)) WLMAX(NH)=ZWL3 (NH)
IF (ZWL3(NH).LT.WLMIN(NH)) WLMIN(NH)=2ZWL3 (NH)
510 CONTINUE
CALL TRANS (BUF,MHIST,ZWL3,NOWL3,NREC,NWD,NUNIT,NAVDA,0)
DO 530 NH=1,NOCUR3
IH=MC3 (NH)
JH=NC3 (NH)
K1=KC3(NH)
ZCUR3(1,1)=W(JH,IH,1)
IF (ZCUR3(1,1).GT.CURMAX(1,1,NH)) CURMAX(1,1,NH)=ZCUR3(1,1)
IF (ZCUR3(1,1).LT.CURMIN(1,1,NH)) CURMIN(1,1,NH)=ZCUR3(1,1)
DO 520 K=1,K1
ZCUR3(2,K)=U(JH, IH,K,L1)
ZCUR3(3,K)=V(JH, IH,K,L1)
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ZCUR3(1,K+1)=W(JH, IH,K+1)
IF (ZCUR3(2,K).GT.CURMAX(2,K,NH)) CURMAX(2,K,NH)=ZCUR3(2,K)
IF (ZCUR3(2,K).LT.CURMIN(2,K,NH)) CURMIN(2,K,NH)=ZCUR3(2,K)
IF (ZCUR3(3,K).GT.CURMAX(3,K,NH)) CURMAX(3,K,NH)=ZCUR3(3 K)
IF (ZCUR3(3,K).LT.CURMIN(3,K,NH)) CURMIN(3,K,NH)=ZCUR3(3 .K)
IF (ZCUR3(1,K+1).GT.CURMAX(1,K+1,NH))
*  CURMAX(1,K+1,NH)=2CUR3(1,K+1)
IF (ZCUR3(1,K+1).LT.CURMIN(1,K+1,NH))
*  CURMIN(1,K+1,NH)=ZCUR3(1,K+1)
520 CONTINUE
CALL TRANS (BUF,MHIST,ZCUR3,3*K1+1,NREC,NWD,NUNIT,NAVDA,0)
530 CONTINUE
WRITE (6,3) NREC,NWD
560 CONTINUE
IF (MOD(L,LGRPH).NE.0) GO TO 600
IF (L1.NE.1) GO TO 570
WRITE (8) L,SEG1
DO 561 K=1,KMAX
WRITE (8) ((W(J,I,K),J=1,N),I=1,M)
WRITE (8) ((UG1(J,I,K),J=1,N),I=1,M)
WRITE (8) ((VG1(J,I,K),J=1,N),I=1,M)
WRITE (8) ((SG1(J,I,K),J=1,N),I=1,M)
WRITE (8) ((TG1(J,I,K),J=1,N),I=1 M)
WRITE (8) ((EG1(J,I,K),J=1,N),I=1,M)
WRITE (8) ((PG1(J,I,K),J=1,N),I=1,M)
561 CONTINUE
KK=KMAX+1
WRITE (8) ((W(J,I,KK),J=1,N),I=1 M)
GO TO 600 ~
570 CONTINUE
IF (L1.NE.2) GO TO 580
WRITE (8) L,SEG2
DO 571 K=1,KMAX
WRITE (8) ((W(J,I,K),J=1,N),I=1,M)
WRITE (8) ((UG2(J,I,K),J=1,N),I=1,M)
WRITE (8) ((VG2(J,I,K),J=1,N),I=1,M)
WRITE (8) ((SG2(J,I,K),J=1,N),I=1,M)
WRITE (8) ((TG2(J,I,K),J=1,N),I=1,M)
WRITE (8) ((EG2(J,I,K),J=L,N),I=1,M)
WRITE (8) ((PG2(J,I,K),J=1,N),I=1,M)
571 CONTINUE
KK=KMAX+1
WRITE (8) ((W(J,I,KK),J=1,N),I=1,6M)
GO TO 600
580 CONTINUE
WRITE (8) L,SEG3
DO 581 K=1,KMAX
WRITE (8) ((W(J,I,K),J=1,N),I=1,M)
WRITE (8) ((UG3(J,I,K),J=1,N),I=1,M)
WRITE (8) ((VG3(J,I,K),J=1,N),I=1 M)
WRITE (8) ((SG3(J,I,K),J=1,N),I=1,M)
WRITE (8) ((TG3(J,I,K),J=1,N),I=1,M)
WRITE (8) ((EG3(J,I,K),J=1,N),I=1,M)
WRITE (8) ((PG3(J,I,K),J=1,N),I=I M)
581 CONTINUE
KK=KMAX+1
WRITE (8) ((W(J,I,KK),J=1,N),I=1,M)
600 CONTINUE
L=L+1
IF (LRST.EQ.0) GO TO 620
IF (MOD(L,LRST).NE.0) GO TO 620
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WRITE (9) L,L1,L2,L3,IB,JB,KB,UVB,KH,HS,HK,DEPTH

WRITE (9) CPO,CLAM,CLAMO,CP1,CLAM1,RHOT,RMM1,RMM2

WRITE (9) M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
WRITE (9) DT,DT2,DT4,CNU,GRAV,KMAX,CKA,AHX ;AHY, AMX,AMY,F
WRITE (9) RHOM,RHOM2,ALPHO,TINV,THETA,RHOA,WSPD,PHI,WINCH,DEPMIN
WRITE (9) C,RHOZ,HZ,UFLOS,UFLOT,UFLOE,UFLOP,
* LTURN, STURN, TTURN , ETURN, PTURN

WRITE (9) W,TAUX,TAUY

WRITE (9) PGRAX,PGRAY,RHO

WRITE (9)
WRITE (9)
WRITE (9)
WRITE (9)
WRITE (9)
WRITE (9)
WRITE (9)
CONTINUE
IF (L.GT.LMAX) GO TO 700

L3=MOD(L, 3)+1

L2=MOD(L3,3)+1
L1=MOD(L2,3)+1
IF (SEM.GT.1.0E3) GO TO 700

CALL SESUV
WINCH=0.0

WINCH=1.0

GO TO 300

CONTINUE
WRITE (6,35) L,SEM

IF (LHIST.EQ.0) STOP

CALL TRANS (BUF,MHIST,WLMAX,NOWL3,NREC,NWD,NUNIT,NAVDA,0)
CALL TRANS (BUF,MHIST,WLMIN,NOWL3,NREC,NWD,NUNIT,NAVDA,0)
KCUR=3*KMAX*NOCUR3 :

CALL TRANS (BUF,MHIST,CURMAX,KCUR,NREC,NWD,NUNIT,NAVDA,O)
CALL TRANS (BUF,MHIST,CURMIN,KCUR,NREC,NWD,NUNIT,NAVDA,0)
IF (NAVDA.EQ.0) WRITE (NUNIT) BUF

IF (NAVDA.NE.O0) WRITE (NUNIT'NAVDA) BUF
WRITE (6,6) BUF

STOP

SUBROUTINE TRANS (A,LREC,B,LTM,NREC,NWD,NUNIT,NAVDA,IO)
DIMENSION A(LREC);B(LTM)

DEFINE FILE 50 (50,100,L,NAVDA)

FORMAT (10(1X,1PE12.5))

IF (I0.EQ.0) GO TO 400

IF (NREC.NE.0) GO TO 25

IF (NAVDA.EQ.0) GO TO 10

READ (NUNIT'NAVDA) A

NREC=NAVDA

GO TO 50
10 CONTINUE
READ (NUNIT,END=800) A
NREC=2

GO TO 50

CONTINUE

IF (NAVDA.EQ.0) GO TO 50

IF (NAVDA.EQ.NREC) GO TO S0
READ (NUNIT'NAVDA) A
50 CONTINUE
DO 300 I=1,LTM

B(I)=A(NWD)

NWD=NWD+1

Lo ngCc

E
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100

200
300

400

500

600
700

800

IF (NWD.LE.LREC) GO TO 200

NWD=1

NREC=NREC+1

IF (NAVDA.EQ.0) GO TO 100
READ (NUNIT'NAVDA) A

GO TO 200

CONTINUE

READ (NUNIT,END=800) A
CONTINUE

CONTINUE

IF (NAVDA.NE.O) NREC=NAVDA

RETURN

CONTINUE

DO 700

A(NWD)=B(I)
NWD=NWD+1
IF (NWD.LE.LREC) GO TO 600

NwD=1

NREC=NREC+1

IF (NAVDA.EQ.0) GO TO 500
WRITE (NUNIT'NAVDA) A

GO TO 600

CONTINUE

WRITE (NUNIT) A

CONTINUE

CONTINUE

IF (NAVDA.NE.O) NREC=NAVDA

RETURN

CONTINUE

I0=-1
RETURN
END

SUBROUTINE SETCON

COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
DOUBLE

I=1,LTM

CPO,CLAM,CLAMO,CP1,CLAM1, RHOT
M,MM1,MM2 ,N,NM1,NM2,DX,DY,RDX,RDY,RDXS , RDYS
DT,DT2,DT4,CNU, L,L1,L2,L3,GRAV,KMAX, CKA, AHX , AHY , AMX , AMY , F
RHOM,RHOM2 , ALPHO , TEMP , THETA , RHOA , WSPD, PHI ,WINCH , DEPMIN
PI,KMAP,TD,TD2,TD4 ,KHT,CT,CKH, AHXT, AHYT
RMM1,RMM2,CKP, AHXP, AHYP , PRETIM, PINV,DECAY , LMAX , CONVER
u(10,26,6,3),v(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
w(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
PGRAX(10,26,6),PGRAY(10,26,6) ,RHO(10,26,6) ,HK(10,26,6)
SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10, 26)
RHOZ(10,26),HZ(10,26) ,NSE(10,26) ,ZL(6)
IB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)

UFLOS (100) , UFLOT(100) ,UFLOP(100) , PTURN( 10, 100)

STMP, LTURN(10, 100) ,STURN(10,100) ,SET  ,TTURN(10,100)
SINI(10,100),TINI(10,100),SRETIM, TRETIM

ETURN(10,100) ,EINI(10,100),UFLOE(100),E(10,26,6,3)
ERETIM,EINV,TINV,SALINV,P(10,26,6,3) ,PINI(10,100)
PRECISION CPO,CLAM,CLAMO,CP1,CLAMI,RHOT

PI=3.14159265 :

ALPHO=.

698

GRAV=980.
PHI=PI*PHI/180.

Ll1=1
L2=2
L3=3

MM1=M-1

MM2=M-2
NM1=N-T
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KMAP=KMAX+1
KMAP=KMAX
NM2=N-2
RDX=1.0/DX
RDY=1.0/DY
RDXS=RDX*RDX
RDYS=RDY*RDY
RHOM2=RHOM+RHOM
TD2=TD+TD
TD4=TD2+TD2
Al=.68
CP0=5890.+38.*TINV-.375*TINV*TINV
CLAM=1779.5+11.25%TINV-.0745%TINV*TINV
CLAMO=3.8+.01*TINV
CLAMO=3.8+.01*TINV
CP1=CP0+3.0*SALINV
CLAM1=CLAM-CLAMO*SALINV
RHOT=CP1/ (CLAM1+ALPHO*CP1) -RHOM
DO 200 I=1,M
DO 200 J=1,N
IF (KHT.NE.O) KH(J,I)=KHT
IF (I.EQ.1) KH(J,I)=0
IF (I.EQ.MM1) KH(J,I)=0
IF (I.EQ.M) KH(J,I)=0
IF (J.EQ.1) KH(J,I)=0
IF (J.EQ.NM1) KH(J,I)=0
IF (J.EQ.N) KH(J,I)=0
C(J,I)=CT
RHOZ (J,1)=0.0
HZ(J,1)=0.0
W(J,1,1)=0.0
TAUX(J,I,1)=0.0
TAUY(J,1,1)=0.0
EPSLON(J,I,1)=A1*CNU
DO 100 K=1,6KMAX
W(J,I,K+1)=0.0
TAUX(J,I,K+1)=0.0
TAUY(J,I,K+1)=0.0
EPSLON(J, I,K+1)=A1*CNU
PGRAX (J,I,K)=0.0
PGRAY (J,I,K)=0.0
RHO(J,I,K)=RHOT
DO 100 L=1,3
U(J,I,K,L)=0.0
V(J,I,K,L)=0.0
S(J,I,K,L)=SALINV
T(J,I,K,L)=TINV
E(J,I,K,L)=EINV
P(J,I,K,L)=PINV
100 CONTINUE
DO 200 L=1,3
SE(J,I,L)=0.0
200 CONTINUE
RETURN
END
SUBROUTINE DSVP
COMMON CPO,CLAM,CLAMO,CP1,CLAMI1, RHOT
COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
COMMON DT,DT2,DT4,CNU,L,L1,L2,L3,GRAV,KMAX, CKA, AHX , AHY , AMX , AMY | F
COMMON RHOM,RHOM2 ,ALPHO, TEMP, THETA,RHOA,WSPD, PHI ,WINCH, DEPMIN
COMMON PI,KMAP,TD,TD2,TD4,KHT,CT,CKH, AHXT, AHYT
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1001
1002

50

70
75

51
55

COMMON RMM1,RMM2,CKP,AHXP, AHYP ,PRETIM,PINV ,DECAY, LMAX , CONVER
COMMON u(10,26,6,3),v(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
COMMON w(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
COMMON PGRAX(10,26,6),PGRAY(10,26,6),RHO(10,26,6),HK(10,26,6)
COMMON SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10,26)
COMMON RHOZ(10,26),HZ(10,26),NSE(10,26)  ZL(6)

COMMON TB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)
COMMON UFLOS(100),UFLOT(100),UFLOP(100),PTURN(10,100)
COMMON STMP, LTURN(10,100),STURN(10,100),SET  ,TTURN(10,100)
COMMON SINI(10,100),TINI(10,100),SRETIM,TRETIM

COMMON ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
COMMON ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
DOUBLE PRECISION CPO,CLAM,CLAMO,CP1,CLAM1,RHOT

RIX=0.0

RIY=0.0

IF (WINCH.EQ.0.0) GO TO 50

TAUXS=0.0

TAUYS=0.0

FORMAT (1X, 'DSVP')

CONTINUE

IF(L.LE.3) GO TO 50

WLAG=1.0

WL=L

WLAG=(WL-1984.)/128.

IF (WLAG.GE.1.0) WLAG=1.0

WSPS=WLAG*WSPD*51.447192

THETA=.001*(.8+.065%.514472*WSPD)
STRESS=THETA*RHOA*WSPS*WSPS

TAUXS=STRESS*SIN(PHI)

TAUYS=STRESS*COS (PHI)

CONTINUE

DO 75 I=1,M

DO 75 J=1,N

K1=KH(J,I)

IF (K1.EQ.0) GO TO 75

DO 70 K=1,K1
CP0=5890.+38*T(J,I,K,L1)~.375*T(J,1,K,L1)*T(J,I,K,L1)
CLAM=1779.5+11.25*T(J,I,K,L1)-.0745%T(J,1,K,L1)*T(J,I,K,L1)
CLAM0=3.8+0.01*T(J,I,K,L1)

CP1=CP0+3.0%S(J,I,K,Ll)

CLAM1=CLAM-CLAMO*S (J,I,K,L1)

RHOT=CP1/ (CLAM1+ALPHO*CP1) -RHOM

RHO(J,I,K)=RHOT

CONTINUE

CONTINUE

DO 250 I=2,MM1

IP1=I+1

IM1=I-1

DO 250 J=2,NM1

K=KH(J,I)

IF (K.EQ.0) GO TO 250

IF(K.EQ.1) GO TO 55

TEMP2=0.0

K3=1

K2=K

DO 51 KX=K3,K

YY(K2)=0.5%HK(J,I,K2)+TEMP2

TEMP2=TEMP2+HK (J,I,K2)

K2=K-KX

CONTINUE

IF(HK(J,I,1).LT.(.5%HS(1))) GO TO 56
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YY(K)=0.5*%HK(J,I,K)

GO TO 59
56 YY(1)=.5%HK(J,I,1)
59 CONTINUE
DO 60 KX=1,K
ZL(KX)=0.4*YY (KX)*SQRT(1. -YY (KX) /DEPTH(J,I))
IF(2L(KX) .GT..5*HK(J,I,K)) ZL(KX)=0.S5*HK(J,I,K)
60 CONTINUE
JP1=J+1
M1=J-1
KR=KH(J,IP1)
KT=KH(JP1,I)
W0=0.0

RHOB=RHOM+. 5% (RHO(J,I,1)+RHO(J,IP1,1))
TAUX(J,I,1)=TAUXS
RHOB=RHOM+. 5% (RHO(J,I,1)+RHO(JP1,I,1))
TAUY(J,I,1)=TAUYS
CB=.5%(C(J,I)+C(J,IP1))
CB=CB*CB
B=U(J,I,K,L2)
UU=UB*UB
VB=.25%(V(J,I,K,L2)+V(J,IP1,K,L2)+V(JM1,I,K,L2)+V(JM1,IP1,K,L2))
VV=VB*VB
RHOB=RHOM+ . 5* (RHO(J, I ,K)+RHO(J, IP1,K))
TAUX(J,I,K+1)=GRAV*RHOB*UB*SQRT (UU+VV)/CB
CB=.5*%(C(J,I)+C(JP1,I))
CB=CB*CB
UB=.25*%(U(J,I,K,L2)+U(J,IM1,K,L2)+U(JP1,I,K,L2)+U(JP1,IM1, K, L2))
UU=UB*UB
VB=V(J,I,K,L2)
VV=VB*VB
RHOB=RHOM+. 5% (RHO(J,I,K)+RHO(JP1,I,K))
TAUY (J,I,K+1)=GRAV*RHOB*VB*SQRT (UU+VV)/CB
IF (KR.LT.1) GO TO 80
RHOT=.5*(RHO(J,I,1)+RHO(J,IP1,1)+RHOM2)
PGRAX(J,I,1)=GRAV*RDX* (RHOT*(SE(J,IP1,L1)-SE(J,I,L1))
*+( 0.5%(HK(J,I,1)+HK(J,IP1,1))+.5%(SE(J,I,L1)+SE(J,IP1,L1)))
* *(RHO(J,IP1,1)-RHO(J,I,1)))
80 CONTINUE
IF (KT.LT.1) GO TO 100
RHOT=.5%(RHO(J,I,1)+RHO(JP1,I,1)+RHOM2)
PGRAY(J,I,1)=GRAV*RDY* (RHOT*(SE(JP1,I,L1)-SE(J,I,L1))
*+(0. 5*(HK(J I,1)+HK(JP1,I,1))+.5%(SE(J,I,L1)+SE(JP1,I,L1)))
* *(RHO(JP1,I,1)-RHO(J,I,1)))
100 CONTINUE
IF (K.NE.1) GO TO. 150
HC=SE(J,I,L1)+HK(J,I,1)
HR=HC+SE(J,IP1,L1)+HK(J,IP1,1)
HL=HC+SE(J,IM1,L1)+HK(J,IM1,1)
HT=HC+SE(JP1,I,L1)+HK(JP1,I,1)
. HB=HC+SE (JM1,I,L1)+HK(JM1,I,1)
WO=W0+.5* (RDX* (HR*U(J,I,K,L1)-HL*U(J,IM1,K,L1))
+ +RDY* (HT*V(J,I,K,L1)-HB*V(JM1,I,K,L1)))
GO TO 200
150 CONTINUE
HC=HK(J,I,K)
HR=HC+HK (J, IP1,K)
HL=HC+HK (J, IM1,K)
HT=HC+HK (JP1,I,K)
HB=HC+HK (JM1,I,K)
W0=W0+.5* (RDX*(HR*U(J,I,K,L1)~-HL*U(J,IM1,K,L1))
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* +RDY* (HT*V(J,I,K,L1) -HB*V(JM1,I,K,L1)))
200 CONTINUE

W(J,I,K)=-W0

KP1=K

K=K-1

IF (K.EQ.0) GO TO 250
HTX=HK(J,I,K)+HK(J,I,KP1)

HTY=HTX

HTS=HTX

IF (KR.GE.KP1) HTX=HTX+HK(J,I+1,KP1)
IF (KR.GE.K) HTX=HTX+HK(J,I+1,K)

IF (KT.GE.KP1) HTY=HTY+HK(J+1,I,KP1)
IF (KT.GE.K) HTY=HTY+HK(J+1,I,K)

IF (K.NE.1) GO TO 225
HTX=HTX+SE(J,I,L2)
HTY=HTY+SE(J,I,L2)

IF (KR.NE.O0) HTX=HTX+SE(J,IP1,L2)

IF (KT.NE.O0) HTY=HTY+SE(JP1,I,L2)
HTS=HTS+SE(J,I,L2)

225 CONTINUE

DRHOX=( (RHO(J, I ,K)+RHO(J,IP1,K))-(RHO(J,I,KP1)

*4+RHO(J,IP1,KP1)))/HTX
DRHOY=( (RHO(J,I,K)+RHO(JP1,I,K))-(RHO(J,I,KP1)

*+RHO(JPL,I,KP1)))/HTY
DUDZ=(U(J,I,K,L2)-U(J,I,KP1,L2))/ (HTX*.5)
DVDZ=(V(J,I,K,L2)-V(J,I,K+1,L2))/ (HTX*.5)
K1=KH(J,I)

IF (RIX.GT. 5.) RIX= 5,

IF (RIY.GT. 5.) RIY= 5.

IF (RIX.LT.-.5) RIX=-.5

IF (RIY.LT.-.5) RIY=-.5

HTX=.25%HTX

HTY=.25%HTY
UB=.5*(U(J,I,K,L1)+U(J,I,KP1,L1))
VB=.5*(V(J,I,K,L1)+V(J,I,KP1,L1))
WBX=(W(J,I,KP1)+W(J,IP1,KP1))*.5
WBY=(W(J,I,KP1)+W(JP1,I,KP1))*.5
DU=U(J,I,K,L2)-U(J,I,KP1,L2)
DV=v(J,I,K,L2)-V(J,I,KP1,L2)
UBK=.25%(U(J,I,K,L2)+U(J, IM1,K,L2)+U(JP1,I,K,L2)+U(JP1,IM1,K,L2))
UBKP=.25*(U(J,I,KP1,L2)+U(J,IM1,KP1,L2)

* +U(JP1,I,KP1,L2)+U(JP1,IM1,KP1,L2))
VBK=.25*(V(J,I,K,L2)+V(J,IP1,K,L2)+V(JM1,I,K,L2)+V(JM1,IP1,K,L2))
VBKP=.25%(V(J,I,KP1,L2)+V(J,IP1,KP1,L2)

* +V(JM1,1,KP1,L2)+V(JM1,IP1,KP1,L2))
DUB=UBK-UBKP
DVB=VBK-VBKP
RHOB=RHOM+. 5* (RHO(J, I ,K)+RHO(J,I,KP1))
CNUX=.5* (EPSLON(J, I,KP1)+EPSLON(J, IP1,KP1))
CNUY=. 5% (EPSLON(J, I ,KP1)+EPSLON(JP1,I,KP1))
RHOBXZ=RHOM+ . 25* (RHO(J, I ,K)+RHO(J,I,KP1)’

* +RHO(J,IP1,K)+RHO(J,IP1,KP1))
RHOBYZ=RHOM+. 25* (RHO(J,I,K)+RHO(J,I,KP1)
* +RHO(JP1,1,K)+RHO(JP1,I,KP1))

TAUX(J,I,KP1)=CNUX*RHOBXZ
* #*(SQRT (DU*DU+DVB*DVB) )*RHOBX2Z
TAUY(J,I,KP1)=CNUY*RHOBYZ
* *(SQRT (DUB*DUB+DV*DV) )*RHOBYZ
GO TO 100
250 CONTINUE
DO 400 K=2,KMAX
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300

325

350
400

*

KMi=K-1

DO 300 I=1,M

DO 300 J=1,N

RHOZ (J,I)=RHO(J,I,K)+RHO(J,I,KM1)
H=0.0

IF (KH(J,I).GE.KM1) H=HK(J,I,KM1)
IF (KH(J,I).GE.K) H=H+HK(J,I,X)
IF (K.EQ.2) H=H+SE(J,I,L1)
HZ(J,I)=H

CONTINUE

DO 350 I=1,MM1

IP1=1+1

DO 350 J=1,NM1

JP1=J+1

K1=KH(J,I)

IF (K1.LT.K) GO TO 350
KR=KH(J,IP1)

KT=KH(JP1,1)

IF (KR.LT.K) GO TO 325
PGRAX(J,I,K)=PGRAX(J,I,KM1)

* +.125*GRAV*(HZ (J,I)+HZ(J, IP1))*RDX*(RHOZ(J,IP1)-RHOZ(J, I))

CONTINUE
IF (KT.LT.K) GO TO 350
PGRAY(J,I,K)=PGRAY(J,I,KM1)

CONTINUE

CONTINUE

RETURN

END

SUBROUTINE SESUV

COMMON CPO,CLAM,CLAMO,CP1,CLAM1,RHOT

COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS ,RDYS

+.125*GRAV*(HZ (J, I)+HZ(JP1,1))*RDY*(RHOZ(JP1, I)-RHOZ(J, I))

11
12
13
14
15
16
17
18

COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
COMMON
DOUBLE
DIMENSI
DIMENSI
FORMAT('
FORMAT('

FORMAT('
FORMAT('
FORMAT('
FORMAT ('
FORMAT('
FORMAT('

19 FORMAT
20 FORMAT
21 FORMAT

DT,DT2,DT4,CNU,L,L1,L2,L3 GRAV KMAX CKA AHX,AHY , AMX ,AMY ,F
RHOM RHOMZ ALPHO TEMP THETA RHOA WSPD PHI,WINCH DEPMIN
PI, KMAP TD,TD2,TD4 ,KHT,CT,CKH AHXT AHYT

RMM1,RMM2 ,CKP, AHXP AHYD PRETIM ,PINV,DECAY, LMAX ,CONVER
U(10,26,6,3),V(10,26,6 3) §(10,26,6,3),T(10,26,6,3)
W(10,26,7),TAUX(10, 26 ,7),TAUY (10, 26 ,7), EPSLON(lO 26,7)
PGRAX(lO 26,6), PGRAY(lO 26,6), RHO(lO 26,6) ,HK(10,26,6)
SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6) ,DEPTH(10,26)
RHOZ(10,26),HZ(10,26),NSE(10,26) ,2L(6)
IB(100),JB(100),KB(100), UVB(lOO),AHUV(lO,S,G)
UFLOS(lOO),UFLOT(lOO),UFLOP(lOO),PTURN(lO,lOO)

STMP, LTURN(10,100),STURN(10,100),SET  ,TTURN(10, 100)
SINI(10,100),TINI(10,100),SRETIM,TRETIM
ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
PRECISION CPO,CLAM,CLAMO,CPI,CLAMI,RHOT

ON XU(10),YU(10),XV(10),YV(10),XP(10),YP(10)

ON ¥S(10),¥S(10), XT(lO) YT(10),XE(10),YE(10)

SESUV: SE COMPUTED')

SESUV: LEVEL ONE DEPTHS COMPUTED')

SESUV: HEAT & SALINITY COMPUTED')

SESUV: E-W VELOCITY COMPUTED')

SESUV: N-S VELOCITY COMPUTED')

SESUV: LEVELS SWITCHED')

SESUV: INFLOW PARAMS SET')

SESUV: OPEN BOUND. CONC. SET')

(1X, 'HEAT & SALINITY',2110)

(1X, "#***x* ESQRT1.LT.0.0 IN SESUV',4I5,1X,1PE12.5)
(1X, '**wes ESQRT2.LT.0.0 IN SESUV',415,1X,1PE12.5)
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DO 100 I=1,M

DO 100 J=1,N

SE(J,I,L1)=SE(J,I,L3)+DT2*W(J,I,1)

CONTINUE

LASTCK = 0

CHKOUT=4

IF (L .LE. LASTCK) WRITE (6,11)

CALL TIDAL

IAH=1

IAHP=2

IAHM=3

I=1

DO 110 K=1,KMAX

AHUV(1,IAHM,K)=0.0

AHUV(1,IAH,K)=0.0

AHUV (1, IAHP,X)=0.0

AHUV (N, TAHM,K)=0.0

AHUV (N, IAH,K)=0.0

AHUV(N, IAHP,X)=0.0

DO 110 J=2,NM1

AHUV (J, IAHM,K)=0.0

AHUV(J,IAH,K)=0.0

AHUV(J, TAHP ,K)=. 5% (DX+DY)*ABS (V(J, I+2,K,L3
-V(J-1,I+1,K,L3)+V(J-1,1,K,L3
+U(J,I+1,K,L3)+U(J,I,K,L3)-U(

100

s
w

oL
by

110 CONTINUE

DO 300 I=2,MM2

IM1=I-1

IP1=I+1

IP2=I+2

IT=IAHM

IAHM=IAH

IAH=TAHP

IAHP=IT

BO 300 J=2,NM2

DO 301 K=1,KMAX

AHUV (J+1,IAHP,K)=0.0

AHUV(J,IAHP,K)=.5*(DX+DY)*ABS(V(J,I+2,K,L3
-V(J-I,I+1,K,L3)+V(J-1,I,K,L3
+U(J,I+1,K,L3)+U(J,I,K,L3)—U(

J-

ot
w

wle

301 CONTINUE
K1=KH(J,I)
IF (K1.EQ.0) GO TO 300
IF(K1.EQ.1) GO TO 55
TEMP2=0.0
K3=1
K2=K1
DO 50 K=K3,K1
YY(K2)=0.5*HK(J,I,K2)+TEMP2
TEMP2=TEMP2+HK (J, I,K2)

J-

K2=K1-K
50 CONTINUE
55 IF(HK(J,I,1).LT.(.5%HS(1))) GO TO 56
YY(K1)=0.5*HK(J,I,K1)
GO TO 59
56 YY(1)=.5*HK(P# 1)
59 CONTINUE
DO 60 K=1,K1

ZL(K)=O.4*YY(K)*SQRT(1.-YY(K)/DEPTH(J,I))

)-V(J,I+1,K,L3)
)-U(J+1,I+1,K,L3)

1,1,K,L3))

)=V(J,I+1,K,L3)

)-U(J+1,I+1,K,L3)

1, I,K,L3))

IF(ZL(K).GT..S*HK(J,I,K)) ZL(K)=.5%HK(J,I,K)

60 CONTINUE
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350

360

370

380

400
500

K10=K1
K1v=K1
BND1=1
BND2=1
BND3=1
BND4=1
BND5=1
DO 400 IJ=1,100
KBT=0
IBT=IB(1J)
IF (IBT.EQ.0) GO TO 500
JBT=JB(1J)
KBT=KB(IJ)
IF (IBT.NE.I) GO TO 370
IF (JBT.NE.J) GO TO 350
BND1=0
BND2=0
BND3=0
BND4=0
BND5=0
IF (KBT.EQ.1l) BND&4=1
IF (KBT.EQ.2) BND5=1
GO TO 500
CONTINUE
IF (IABS(KBT).NE.2) GO TO 360
IF (J.NE.JBT+1) GO TO 400
BND2=0
GO TO 500
CONTINUE
IF (IABS(KBT).NE.4) GO TO 400
IF (J.NE.JBT-1) GO TO 400
BND3=0
IF (KBT.LT.0) BND5=0
GO TO 500
CONTINUE
IF (J.NE.JBT) GO TO 400
IF (IABS(KBT).NE.1) GO TO 380
IF (I.NE.IBT+1) GO TO 400
BND3=0
GO TO 500
CONTINUE
IF (IABS(KBT).NE.3) GO TO 400
IF (I.NE.IBT-1) GO TO 400
BND2=0
IF (KBT.LT.0) BND4=0
GO TO 500
CONTINUE
CONTINUE
JM1=J~1
JP1=J+1
JP2=J+2
KR=KH(J,IP1)
KT=KH(JP1,I)
=HK(J,I,1)
H2=H+H
K=1
KN1=1
KP1=2
KQ1=KP1
IF (K1.EQ.K) KQi1=K
HS1=SE(J,I,L1)+HK(J,I,1)
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HBU1=SE (J,I,L1)+SE(J,I+1,L1)+HK(J, I, 1)+HK(J,I+1,1)
HBV1=SE(J,T,L1)+SE(J+1,1,L1)+HK(J,I,1)+HK(J+1,1,1)
HSR=SE(J,I+1,L3)+HK(J,1+1,1)
HC=SE(J,I,L3)+HK(J,I,1)
HSL=SE(J,I-1,L3)+HK(J,I-1,1)
HST=SE(J+1,1,L3)+HK(J+1,1,1)
HSB=SE(J-1,I,L3)+HK(J-1,1,1)
HBR=SE (J, I+1,L2)+SE (J, 1+2,L2)+HK(J, I+1, 1)+HK(J, I+2, 1)
HB=SE(J,I,L2)+SE(J, I+1,L2)+HK(J, I, 1)+HK(J, I+1,1)
HBL=SE(J,I-1,L2)+SE(J,I,L2)+HK(J,I-1,1)+HK(J,I,1)
HR=SE(J,1,L2)+SE(J+1,1,L2)+HK(J,T,1)+HK(J+1,1,1)
HBRT=SE(J, I+1,L2)+SE(J+1,1+1,L2)+HK(J, I+1,1)+HK (J+1, I+1,1)
HBLB=SE(J-1,I,L2)+SE(J,I,L2)+HK(J-1,1,1)+HK(J,I,1)
HBRB=SE (J,I+1,L2)+SE(J-1,I+1,L2)+HK(J, I+1,1)+HK(J-1,1+1,1)
HBTR=SE (J+1,1,L2)+SE(J+1,1+1,L2)+HK(J+1,1,1)+HK (J+1,1+1.1)
HBTL=SE (J+1,1-1,L2)+SE(J+1,1,L2)+HK(J+1,1~1,1)+HK(J+1,1.1)
HBT=SE(J+1,I,L2)+SE(J+2,1,L2)+HK(J+1,1,1)+HK(J+2,1,1)
HBLLT=SE(J,I-1,L2)+SE(J+1,1-1,L2)+HK(J,I-1,1)+HK(J+1,I-1,1)
HBR3=SE(J, I+1,L3)+SE(J,1+2,L3)+HK(J, I+1,1)+HK(J, I+2, 1)
HB3=SE (J,I,L3)+SE(J, I+1,L3)+HK(J,I,1)+HK(J,I+1,1)
HBL3=SE(J,I-1,L3)+SE(J,1,L3)+HK(J,I-1,1)+HK(J,I,1)
HBTR3=SE (J+1,1,L3)+SE(J+1,1+1,L3)+HK(J+1,1, 1)+HK(J+1,I+1,1)
HBB3=SE(J-1,I,L3)+SE(J-1,I+1,L3)+HK(J-1,1,1)+HK(J-1,1+1,1)
HBRT3=SE(J, I+1,L3)+SE(J+1,I+1,L3)+HK(J, I+1, 1)+HK(J+1, I+1, 1)
HBLT3=SE(J,I,L3)+SE(J+1,1,L3)+HK(J,1,1)+HK(J+1,1,1)
HBLLT3=SE(J,I-1,L3)+SE(J+1,1-1,L3)+HK(J,I-1,1)+HK(J+1,I-1,1)
HBT3=SE (J+1,1,L3)+SE(J+2,1,L3)+HK(J+1,1,1)+HK(J+2,1,1)
HBLB3=SE(J-1,1,L3)+SE(J,I,L3)+HK(J-1,I,1)+HK(J,I,1)
HC2=SE(J,I,L2)+HK(J,I,1)
CU=0.0
CV=0.0
UUP=0.0
VVP=0.0
XU(1)=0.
XV(1)=0.
YU(1)=0.
YV(1)=0.
CS=0.0
CTT=0.0
CE=0.0
CP=0.0
SSP=0.0
TTP=0.0
EEP=0.0
PPP=0.0
XS(1)=0.
XT(1)=0.
XE(1)=0.
XP(1)=0.
Ys(1)=o0.
YT(1)=0.
YE(1)=0.
YP(1)=0.
Q1=0.0
Q3=0.0
Q5=0.0
Q7=0.0
HQ=.5*(H+HK(J,I,KQl))
IF (L .LE. LASTCK) WRITE (6,12)
DUVDZ=0.0

200 CONTINUE

OO0 O0OoO

OCocoo0oo0oo
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AHUV(J+1,IAHP,K)=.5*(DX+DY)*ABS(V(J+l,I+2,K,L3)-V(J+1,I+1,K,L3)
* -V(J,1+1,K,L3)+Vv(J,I,K,L3)-U(J+2,I+1,K,L3)
* +0(J+1,1+1,K,L3)+U(J+1,1,K,L3)-U(J,I,K,L3))
IF (HQ.EQ.0.0) GO TO 1000
IF (HS1.EQ.0.0) GO TO 1000
IF (HBU1.EQ.0.0) GO TO 1000
IF (HBV1.EQ.0.0) GO TO 1000
IF (RHO(J,I,K)+RHO(J,IP1,K)+RHOM2.EQ.0.0) GO TO 1000
IF (RHO(J,I,K)+RHO(JP1,I,K)+RHOM2.EQ.0.0) GO TO 1000
GO TO 1010
1000 WRITE (6,1001) I,J,K,L,HQ,HS1,HBU1,HBV1
WRITE (6,1002) RHOMZ ,RHO(J, I,K),RHO(J,IP1,K),RHO(JP1,I,K)
1001 FORMAT (1HO, 'SESUV D.C.',4110,4(1X,1PE12.5))
1002 FORMAT (10X, 'RHO',4(1X,1PE12.5))
1010 CONTINUE
HTM=HK(J,I,K)+HK(J,I,KN1)
HTX=HK(J,I,K)+HK(J,I,KQ1l)
HTY=HTX
HTS=HTX
HTD=HTX
IF (KR.GE.KQl) HTX=HTX+HK(J,I+1,KQ1)
IF (KR.GE.K) HTX=HTX+HK(J,I+1,K)
IF (KT.GE.KQ1l) HTY=HTY+HK(J+1,I,KQl)
IF (KT.GE.K) HTY=HTY+HK(J+1,I,K)
IF (K.NE.1) GG TO 2250
HTX=HTX+SE(J,I,L2)
HTY=HTY+SE(J,I,L2)
IF (KR.NE.O) HTX=HTX+SE(J,IP1,L2)
IF (KT.NE.O) HTY=HTY+SE(JP1,I,L2)
HTS=HTS+SE(J,I,L2)
HTM=HTM+SE (J,I,L2)
2250 CONTINUE
IF (BND1.EQ.0.0) GO TO 212
Al=.68
A2=.1
A3=1.0
A4=1.0
IF (L.LE.LASTCK) WRITE (6,19) I,J
RHOB=RHOM+. 5% (RHO(J,I,K)+RHO(J,I,KQ1))
DRHO=(RHO(J,I,K)-RHO(J,I,KQ1))/(0.5*HTS)
ZLB=.5*(ZL(K)+ZL(XQ1))
EBZ=.5%(E(J,I,K,L3)+E(J,I,KQ1,L3))
RICH=- (GRAV*DRHO*ZLB*ZLB)/ (RHOB*EBZ+.000001)
IF(RICH.GT. 5.) RICH= 5.
IF(RICH.LT.-5.) RICH=-5.
ZEXP=EXP (-RMM2*RICH)
ZEXP=1.0
DUVDZ1=DUVDZ
UBAR=U(J,I,K,L2)+U(J,I-1,K,L2)
VBAR=V(J,I,K,L2)+V(J-1,I,K,L2)
DUVDZ2= ((UBAR-(U(J,I,KQ1,L2)+U(J,I-1,KQ1,L2)))**2
* +(VBAR-(V(J,I,KQ1,L2)+V(J-1,I,KQ1,L2)))**2)/ (HTS*HTS)
IF(DUVDZ2.LT..00000001) DUVDZ2=.00000001
DUVDZ=SQRT (DUVDZ2)
EN=E(J,I,K,L2)
IF (EN.GE.0.0) GO TO 2256
WRITE (6,2255) EN,I,J,K,L
2255 FORMAT (1X, 'NEGATIVE ENERGY = ' 1PE10.3,' I,J,K,L= ',415)
E(J,I,K,L2)=EINV
EN=EINV
2256 CONTINUE
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ESQRT1=E(J,I,K,L3)
IF (ESQRT1.LT.0.0) WRITE (6,20) I,J,K,L,ESQRT1
IF (ESQRT1.LT.0.0) ESQRT1=0.0

ESQRT1=SQRT (ESQRT1)

ESQRT2=E (J,I,KQl,L3)

IF (ESQRT2.LT.0.0) WRITE (6,21) I,J,K,L,ESQRT2
IF (ESQRT2.LT.0.0) ESQRT2=0.0

ESQRT2=SQRT (ESQRT2)

IF(K1.NE.1) GOTO 2352

GENN1=.0

VEL=.25% (UBAR*UBAR+VBAR*VBAR)
GEN=A3*GRAV*VEL*SQRT (VEL)/(C(J,1)*C(J,I))
DISP=((H+SE(J,I,L2))*A2*ESQRT1  )/ZL(K)

~ DENGRA=0.0

2352

2354

2356

2360

GOTO 2360

CONTINUE

IF(K.NE.K1) GOTO 2354

HESQ=HK(J,I,K) *ESQRT1

GENN1=GENN2

VEL=.25*% (UBAR*UBAR+VBAR*VBAR)
GENN2=A3*GRAV*VEL*SQRT(VEL)/(C(J,I)*C(J,I))
GEN=. 5*GENN1+GENN2

DISP=(HK(J,I,K1) *A2*ESQRT1)/ZL(K)
DENGRA=A3*ZL(K)*ESQRT1*(GRAV/ (RHOM+RHO (J,I,K)))*
* ((RHO(J,I,K-1)-RHO(J,I,K)))/(.5*HTS)

GOTO 2360

CONTINUE :

IF(K.NE.1) GQTO 2356

GENN1=0.

EPSLON(J,I,2)=.5*(ZL(K)*ESQRT1
#*+ZL(KQ1)*ESQRT2)

HESQ=(H+SE(J,I,L2))*ESQRT1
GENN2=A3*ZEXP*EPSLON(J,I,2)*.5*HTS*DUVDZ*DUVDZ
DISP=(HESQ*A2)/ZL(K)

GEN=.5*GENN2
DENGRA=A3*ZL(K)*ESQRT1* (GRAV/ (RHOM+RHO (J,I,K)))*
* ((RHO(J,I,K)~RHO(J,I,K+1)))/(.5%HTS)

GOTO 2360

CONTINUE

EPSLON(J,I,K+1)=.5*%(ZL(K)*ESQRT1
*+ZL(KQ1)*ESQRT2)

HESQ= HK(J,I,K) =*ESQRT1

GENN1=GENN2
GENN2=A3*ZEXP*EPSLON(J,I,K+1)*.5*HTS*DUVDZ*DUVDZ
GEN=.5% (GENN1+GENN2)

DISP=(HESQ*A2)/ZL(K)
DENGRA=A3*ZL(K)*ESQRT1*(GRAV/(RHOM+RHO(J,I,K)))*
* ((RHO(J,I,K-1)-RHO(J,I,K+1)))/HK(J,I,K)
CONTINUE

IF (L.LE.LASTCK) WRITE (6,19) I,J
CKA=A4*EPSLON(J,I,KQl)

CKH=A4*EPSLON(J,I,XQ1)

CKE=A1*EPSLON(J,I,KQl)

CKP=A4*EPSLON(J,I,KQ1)

Q2A=CKA*ZEXP/HTD
Q2=-0.5*W(J,I,KP1)*(S(J,I,K,L2)+S(J,I,KQ1,L2))
Q4A=CKH*ZEXP/HTD
Q4=-0.5*W(J,I,KP1)*(T(J,I,K,L2)+T(J,I,KQ1,L2))
Q6A=CKE *ZEXP/HTD
Q6=-0.5*W(J,1,KP1)*(E(J,I,K,L2)+E(J,I,KQ1,L2))
Q8A=CKP*ZEXP/HTD
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Q8=-0.5*W(J,I,KP1)*(P(J,1,K,L2)+P(J,I,KQ1,L2))
IF (L.LE.LASTCK) WRITE (6,19) I,J
AHXRB=. 5% (AHUV(J, IAHP,K)+AHUV (J, IAH,K))

. AHXTB=.5* (AHUV(J+1, IAHP ,K)+AHUV (J+1, IAH,K))
AHXBB=.5% (AHUV(J-1, IAHP,K)+AHUV(J-1,IAH,K))
AHXLB=.5*(AHUV(J,IAH,K)+AHUV(J,IAHM,K))
AHYTB=.5* (AHUV (J+1, IAH,K)+AHUV(J,IAH,K))
AHYRB=. 5% (AHUV(J+1, IAHP,K)+AHUV(J, IAHP,K))
AHYLB=. 5% (AHUV (J+1, IAHM,K)+AHUV(J, IAHM,K))
AHYBB=.5* (AHUV(J, IAH,K)+AHUV(J-1,IAH,K))

IF (KH(JP1,I).GE.K) GO TO 901
AHYST=0.0 ’
AHYTT=0.0
AHYPT=0.0
GO TO 902

901 CONTINUE
AHYST=AHYTB+AHY
AHYTT=AHYTB+AHYT
AHYPT=AHYTB+AHYP

902 CONTINUE
IF (KH(JM1,I).GE.K) GO TO 903
AHYSB=0.0
AHYTB=0.0
AHYPB=0.0
GO TO 904

903 CONTINUE
AHYSB=AHYBB+AHY
AHYTB=AHYBB+AHYT
AHYPB=AHYBB+AHYP

904 CONTINUE :
IF(KH(J,IP1).GE.K) GO TO 905
AHXSR=0.0
AHXTR=0.0
AHXPR=0.0
GO TO 906

905 CONTINUE
AHXSR=AHXRB+AHX
AHXTR=AHXRB+AHXT
AHXPR=AHXRB+AHXP

906 CONTINUE
IF (KH(J,IM1).GE.K) GO TO 907
AHXSL=0.0
AHXTL=0.0
AHXPI=0.0
GO TO 908

907 CONTINUE
AHXSI~AHXLB+AHX
AHXTL=AHXLB+AHXT
AHXPL=AHXLB+AHXP

908 CONTINUE
T1=RDX* (HB*U(J,I,K,L2)*(S(J,I,K,L2)+S(J,IP1,K,L2))

* -HBL*U(J,IM1,K,L2)*(S(J,IM1,K,L2)+S(J,I,K,L2)))
T2=RDY*(HR*V(J,I,K,L2)*(S(J,I,K,L2)+S(JP1,I,K,L2))

* -HBLB*V(JM1,I,K,L2)*(S(JM1,I,K,L2)+S(J,I,K,L2)))
HSK=(HC+HC)*S(J,I,K,L3)
8JI1=s(J,I,K,L3)
T3=(HB3*(S(J,IP1,K,L3)-SJI)*AHXSR

*  -HBL3*(SJI-S(J,IM1,K,L3))*AHXSL)*RDXS*.5
T4=(HBLT3*(S(JP1,I,K,L3)-SJI)*AHYST

* -HBLB3*(SJI-S(JM1,I,K,L3))*AHYSB)*RDYS*.5
DHS=-.25%(T1+T2)+Q1-Q2+T3+T4
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T1=RDX*(HB*U(J,I,K,L2)*(T(J,I,K,L2)+T(J,IP1,K,L2))
* -HBL*U(J,IM1,K,L2)*(T(J,IM1,K,L2)+T(J,I,K,L2)))
T2=RDY*(HR*V(J,I,K,L2)*(T(J,I,K,L2)+T(JP1,I,K,L2))
* -HBLB*V(JM1,I,K,L2)*(T(JM1,I,K,L2)+T(J,I,K,L2)))
HTK=(HC+HC)*T(J,I,K,L3)
TJI=T(J,1,K,L3)
T3=(HB3*(T(J,IP1,K,L3)-TJI)*AHXTR
*  -HBL3*(TJI-T(J,IM1,K,L3))*AHXTL)*RDXS*.5
T4=(HBLT3*(T(JP1,I,K,L3)-TJI1)*AHYTT
*  -HBLB3*(TJI-T(JM1,I,K,L3))*AHYTB)*RDYS*.5
DHT=-.25%(T1+T2)+Q3-Q4+T3+T4
T1=RDX* (HB*U(J,I,K,L2)*(E(J,I,K,L2)+E(J,IP1,K,L2))

* -HBL*U(J, IM1,K,L2)*(E(J,IM1,K,L2)+E(J,I,K,L2)))
T2=RDY*(HR*V(J,I,K,L2)*(E(J,I,K,L2)+E(JP1,I,K,L2))
. * .-HBLB*V(JM1,I,K,L2)*(E(JM1,I,K,L2)+E(J,I,K,L2)))

HEK=(HC+HC)*E(J,I ,K,L3)
EJI=E(J,I,K,L3)
T3=(HB3*(E(J,IP1,K,L3)-EJI)*AHXTR
*  -HBL3*(EJI-E(J,IM1,K,L3))*AHXTL)*RDXS*.5
T4=(HBLT3*(E(JP1,I,K,L3)-EJI)*AHYTT
*  -HBLB3*(EJI-E(JM1,I,K,L3))*AHYTB)*RDYS*.5
DHE=-.25*(T1+T2)+Q5-Q6+T3+T4+GEN-DISP*(E(J,I,K,L3)+E(J,I,K,L2))*.5
* +DENGRA :
T1=RDX* (HB*U(J,I,K,L2)*(P(J,I,K,L2)+P(J,1IP1,K,L2))
* -HBL*U(J,IM1,K,L2)*(P(J,IM1,K,L2)+P(J,I,K,L2)))
T2=RDY*(HR*V(J,I,K,L2)*(P(J,I,K,L2)+P(JP1,I,K,L2))
* -HBLB*V(JM1,I,K,L2)*(P(JM1,I,K,L2)+P(J,1,K,L2)))
HPK=(HC+HC)*P(J,I,K,L3) °
PJI=P(J,I,K,L3)
T3=(HB3*(P(J,IP1,K,L3)-PJI)*AHXPR
*  -HBL3*(PJI-P(J,IM1,K,L3))*AHXPL)*RDXS*.5
T4=(HBLT3*(P(JP1,I,K,L3)-PJI)*AHYPT
*  -HBLB3*(PJI-P(JM1,I,K,L3))*AHYPB)*RDYS*.5
DHP=-.25*(T1+T2)+Q7-Q8+T3+T4-DECAY*P(J,I,K,L3)*HC2
GO TO 211
210 CONTINUE
DHS=Q1-Q2
DHT=Q3-Q4
DHE=Q5-Q6
DHEI=Q5-Q6+GEN-DISP*E(J,I,K,L3)
DHP=Q7-Q8
211 CONTINUE
IF (K.GE.K1) GO TO 2421
AS=CS
Cs=Q2A
SSM=SSP
ssp=s(J,I,K,L3)-S(J,1,KQ1,L3)
BS=HS1/DT2+AS+CS _
DS=DHS+HC*S(J,I,K,L3)/DT2-CS*SSP+AS*SSM
DEN=BS -AS*XS (K)
XS (KP1)=CS/DEN
YS (KP1)=(DS+AS*YS(K))/DEN
GO TO 2441
2421 CONTINUE
IF (K1.LE.1) GO TO 2461
BS=HK(J,1,K)/DT2
DS=DHS+BS*S(J,I,K,L3)+CS*(S(J,I,K-1,L3)-S(J,I,K,L3))
BS=BS+CS
IF (CS.EQ.0.0) S(J,I,K,L1)=(HC*S(J,I,K,L3)+DT2*DHS)/HS1
IF (CS.NE.0.0) s(J,I,K,L1)=(DS+CS*YS(K))/(BS-CS*XS(K))
IF (AaBs(s(J,I,K,L1)).LT.1.0E-20) S(J,I,K,L1)=0.0
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2431

2461

2441

2422

2432

2462

2442

2424

DO 2431 KKK=2,K1
KK=K1-KKK+2

§(J,1,KK-1,L1)=XS(KK)*S(J,I,KK,L1)+YS (KK)

IF (ABS(S(J,I,KK-1,L1)).LT.1.0E-20) S(J,I,KK-1,L1)=0.0
CONTINUE

GO TO 2441

CONTINUE

$(J,1,K,L1)=(HC*S(J,T,K,L3)+DT2*DHS) /HS1

IF (ABS(S(J,I,K,L1)).LT.1.0E-20) $(J,I,K,L1)=0.0
CONTINUE

IF (K.GE.K1) GO TO 2422

AT=CTT

CTT=Q4A

TTM=TTP

TTP=T(J,I,K,L3)-T(J,I,KQ1,L3)

BT=HS1/DT2+AT+CTT
DTT=DHT+HC*T(J,I,K,L3)/DT2-CTT*TTP+AT*TTM
DEN=BT-AT*XT ()

XT(KP1)=CTT/DEN

YT (KP1)=(DTT+AT*YT (K))/DEN

GO TO 2442

CONTINUE

IF (K1.LE.1) GO TO 2462

BT=HK(J,I,K)/DT2
DTT=DHT+BT*T(J,I,K,L3)+CTT*(T(J,I,K-1,L3)-T(J,,K,L3))
BT=BT+CTT

IF (CTT.EQ.0.0) T(J,I,K,L1)=(HC*T(J,I,K,L3)+DT2*DHT) /HS1
IF (CTT.NE.0.0) T(J,I,K,L1)=(DTT+CTT*YT(K))/(BT-CTT*XT(K))
IF (ABS(T(J,I,K,L1)).LT.1.0E-20) T(J,I,K,L1)=0.0

DO 2432 KKK=2,K1

KK=K1-KKK+2

T(J,I,KK-1,L1)=XT(KK)*T(J,I,KK,L1)+YT(KK)

IF (ABS(T(J,I,KK-1,L1)).LT.1.0E-20) T(J,I,KK-1,L1)=0.0
CONTINUE

GO TO 2442

CONTINUE

T(J,I,K,L1)=(HC*T(J,I,K,L3)+DT2*DHT) /HS1

IF (ABS(T(J,I,K,L1)).LT.1.0E-20) T(J,I,K,L1)=0.0
CONTINUE

IF (K.GE.K1) GO TO 2424

AP=CP

CP=Q8A

PPM=PPP

PPP=P(J,I,K,L3)-P(J,I,KQ1,L3)

BP=HS1/DT2+AP+CP
DP=DHP+HC*P(J,I,K,L3)/DT2-CP*PPP+AP*PPM

DEN=BP -AP*XP (K)

XP(KP1)=CP/DEN

YP (KP1)=(DP+AP*YP (K))/DEN

GO TO 2444 |

CONTINUE

IF (K1.LE.1) GO TO 2464

BP=HK(J,I,K)/DT2
DP=DHP+BP*P(J,I,K,L3)+CP*(P(J,I,K-1,L3)-P(J,I,K,L3))
BP=BP+CP

IF (CP.EQ.0.0) P(J,I,K,L1)=(HC*P(J,I,K,L3)+DT2*DHP)/HS1
IF (CP.NE.0.0) P(J,I,K,L1)=(DP+CP*YP(K))/(BP-CP*XP(K))
IF (ABS(P(J,I,K,L1)).LT.1.0E-20) P(J,I,K,L1)=0.0

DO 2434 KKK=2,K1

KK=K1-KKK+2

P(J,I,KK-1,L1)=KP(KK)*P(J,I,KK,L1)+YP(KK)
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IF (ABS(P(J,I,KK-1,L1)).LT.1.0E-20) P(J,I,KK-1,L1)=0.0
2434 CONTINUE
GO TO 2444
2464 CONTINUE
P(J,I,K,L1)=(HC*P(J,I,K,L3)+DT2*DHP) /HS1
IF (ABS(P(J,I,K,L1)).LT.1.0E-20) P(J,I,K,L1)=0.0
2444 CONTINUE
IF (K.GE.K1) GO TO 2423
AE=CE
CE=Q64
EEM=EEP
EEP=E(J,I,K,L3)-E(J,I,KQ1,L3)
BE=HS1/DT2+AE+CE
DE=DHE+HC*E (J, I,K,L3)/DT2-CE*EEP+AE*EEM
DEN=BE-AE*XE (K)
XE (KP1)=CE/DEN
YE (KP1)=(DE+AE*YE (K) ) /DEN
GO TO 2443
2423 CONTINUE
IF (K1.LE.1) GO TO 2463
BE=HK(J,I,K)/DT2
DE=DHE+BE*E (J,I,K,L3)+CE*(E(J,I,K-1,L3)-E(J,I,K,L3))
BE=BE+CE
IF (CE.EQ.0.0) E(J,I,K,L1)=(HC*E(J,I,K,L3)+DT2%DHE) /HS1
IF (CE.NE.0.0) E(J,I,K,L1)=(DE+CE*YE(K))/(BE-CE*XE(K))
IF (ABS(E(J,I,K,L1)).LT.1.0E-20) E(J,I,K,L1)=0.001
DO 2433 KKK=2,K1
=K1 -KKK+2
E(J,I,KK-1,L1)=XE(KK)*E(J,I,KK,L1)+YE (KK)
IF (ABS(E(J,I,KK-1,L1)).LT.1.0E-20) E(J,I,KK-1,L1)=0.001
2433 CONTINUE
GO TO 2443
2463 CONTINUE
E(J,I,K,L1)=(HC*E(J,I,K,L3)+DT2*DHE)/HS1
IF (ABS(E(J,I,K,L1)).LT.1.0E-20) E(J,I,K,L1)=0.001
2443 CONTINUE
212 CONTINUE
IF (L .LE. LASTCK) WRITE (6,13)
IF (KR.EQ.0) GO TO 225
IF(BND4.EQ.0.0) GOTO 225
GO TO 215
2351 CONTINUE
IF (BND2.EQ.0.0) GO TO 215
IF (K.LE.KR) GO TO 215
IF (KR.LE.1) GO TO 215
DO 214 KK=K,K1
XU(KK)=0.0
YU(KK)=0.0
214 CONTINUE
GO TO 217
215 CONTINUE
RHOBX=(RHO(J,I,K)+RHO(J,IP1,K))+RHOM2
UBP=U(J,I,K,L2)
IF (K.LT.K1) UBP=UBP+U(J,I,KQ1,L2)
WBXP=W(J,I,KP1)+W(J,IP1,KP1)
T6=HB*PGRAX(J, I,K)/RHOBX
IF (BND2.EQ.0.0) GO TO 220
T1=(U(J,I,K,L2)+U(J,IP1,K,L2))
*  *(HBR*U(J,IP1,K,L2)+HB*U(J,I,K,L2))
T2=(U(J,IM1,K,L2)+U(J,I,K,L2))
*  #(HB*U(J,I,K,L2)+HBL*U(J, IM1,K,L2))
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T3=(U(J,I,K,L2)+U(JP1,I,K,L2))
* *(HR*V(J,I,K,L2)+HBRT*V(J,IP1,K,L2))
T4=(U(J,I,K,L2)+U(JM1,I,K,L2))
* #(HBLB*V(JM1,I,K,L2)+HBRB*V(JM1,IP1,K,L2))
TS=F*HB*(V(J,I,K,L2)+V(J,IP1,K,L2)+V(JM1,I,,K,L2)+V(JM1,IP1,K,L2))
T7=RDXS* (HSR*AHUV (J, IAHP ,K)*(U(J,I+1,K,L3)-U(J,I,K,L3))

* -HC*AHUV(J,IAH,K)*(U(J,I,K,L3)-U(J,I-1,K,L3)))
T8=.25%RDYS* ((HBTR3*AHXTB+HB3*AHXRB)*(U(J+1,I,K,L3)-U(J,I,K,L3))
* - (HB3*AHXRB+HBB3*AHXBB)*(U(J,I,K,L3)-U(J-1,1,K,L3)))
T9=0.0

IF (K.EQ.1) T9=-(TAUX(J,I,K)+TAUX(J,I,K))/RHOBX
IF (K.EQ.1) GO TO 216
UBM=U(J,I,K,L2)+U(J,I,K-1,L2)
WBXM=W(J, I,K)+W(J,IP1,K)
T9=-.25% (UBP*WBXP-UBM*WBXM)
216 CONTINUE
- DHU=.125%(TS-RDX*(T1-T2)-RDY*(T3-T4))~T6+(T7+T8)-T9
GO TO 221
220 CONTINUE
TS=F*HB*(V(J,I+1,K,L2)+V(J-1,I+1,K,L2))
IF (BND1.NE.0.0) TS=F*HB*(V(J,I,K,L2)+V(J-1,I,K,L2))
DHU=-T6+T5%. 25
221 CONTINUE
IF (KR.LE.1) GO TO 226
IF (K.GE.K1) GO TO 222
AU=CU :
CU=2.*TAUX(J,I,KP1)/ (HTD*RHOBX)
UUM=UUP
UUP=U(J,I,XK,L3)-U(J,I,KQl,L3)
BU=HBU1/DT4+AU+CU
DU=DHU+HB3*U(J,I,K,L3)/DT4-CU*UUP+AU*UUM
DEN=BU-AU*XU(K)
XU(KP1)=CU/DEN
YU(KP1)=(DU+AU*YU(K) ) /DEN
IF (K.LT.KR) GO TO 224
K1U=KR
BND4=0.0
IF (KR.LE.1) GO TO 226
GO TO 410
222 CONTINUE
IF (K1.LE.1) GO TO 226
CB=.5%(C(J,I)+C(J,IP1))
UB=U(J,I,K,L2)
VB=.25*%(V(J,I,K,L2)+V(J,IP1,K,L2)+V(JM1,T,K,L2)+V(JM1,IP1,K,L2))
CB=CB*CB ,
UB=UB*UB
VB=VB*VB
RU=.5*GRAV*SQRT (UB+VB) /CB
BU=HK(J,I,K)/DT2
DU=DHU+(BU-RU)*U(J,I,K,L3)

* +CU*(U(J,I,K-1,L3)-U(J,I,K,L3))

BU=BU+RU+CU

410 CONTINUE |
IF (CU.NE.0.0) GO TO 2222
RHOBXZ=RHOM2+.5* (RHO(J,I,K)+RHO(J,I,KQl)

% +RHO(J,IP1,K)+RHO(J, IP1,KQ1))
TAUZ=TAUX(J,I,KP1)*4.0*(U(J,I,K,L3)-U(J,I,KQl,L3))/HTX
DHU=DHU- (TAUZ+TAUZ- . 25*UBP*WBXP*RHOBXZ ) /RHOBX
U(J,1,K,L1)=(HB3*U(J,I,K,L3)+DT4*DHU)/HBU1
IF (ABS(U(J,I,K,L1)).LT.1.0E-20) U(J,I,K,L1)=0.0
GO TO 217
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2222

217

223

226

224

225

2353

234

227

CONTINUE
u(@J,I1,K,L1)=(DU+CU*YU(K) )/ (BU-CU*XU(K))

IF (ABS(U(J,I,K,L1)).LT.1.0E-20) U(J,I,K,L1)=0.0
CONTINUE

DO 223 KKK=2,K1U

KK=K1U-KKK+2
U(J,I,KK-1,L1)=XU(KK)*U(J,I,KK,L1)+YU(KK)

IF (ABS(U(J,I,KK-1,L1)).LT.1.0E-20) U(J,I,KK-1,L1)=0.0
CONTINUE

GO TO 224

CONTINUE

RHOBXZ=RHOM2+RHO(J,I,K)+RHO(J,I+1,K)
TAUZ=TAUX(J,I,KP1)

DHU=DHU- (TAUZ+TAUZ- . 25*UBP*WBXP*RHOBXZ) /RHOBX
u(J,I1,K,L1)=(HB3*U(J,I,K,L3)+DT4*DHU) /HBU1

IF (ABSs(v(J,I,K,L1)).LT.1.0E-20) U({J,I,K,L1)=0.0
CONTINUE

IF (L .LE. LASTCK) WRITE (6,14)

CONTINUE

IF (KT.EQ.0) GO TO 250

IF(BND5.EQ.0.0) GO TO 250

GO TO 227

CONTINUE

IF (BND3.EQ.0.0) GO TO 227

IF (K.LE.KT) GO TO 227

IF (KT.LE.1) GO TO 227

DO 234 KK=K,K1 '

XV(KK)=0.0

YV(KK)=0.0

CONTINUE

GO TO 235

CONTINUE
RHOBY=(RHO(J,I,K)+RHO(JP1,I,K))+RHOM2
VBP=V(J,I,K,L2)

IF (K.LT.K1) VBP=VBP+V(J,I,KQ1,L2)
WBYP=W(J,I,KP1)+W(JP1,I,KP1)
T6=HR*PGRAY(J,I,K)/RHOBY

IF (BND3.EQ.0.0) GO TO 230

.Ti=(V(J,I,K,L2)+V(JP1,I,K,L2))

* *(HBT*V(JP1,I,K,L2)+HR*V(J,I,K,L2))
T2=(V(JM1,I,K,L2)+V(J,I,K,L2))

* *(HR*V(J,I,K,L2)+HBLB*V(JM1,I,K,L2))
T3=(V({J,I,K,L2)+V(J,IP1,K,L2))

* *(HBTR*U(JP1,I,K,L2)+HB*U(J,I,K,L2))
T4=(V(J,IM1,K,L2)+V(J,I, K,L2)}) )

* *(HBTL*U(JP1,IM1,K,L2)+HBL*U(J,IM1,K,L2))
T5=F*HR*(U(J,I1,K,L2)+U(J,IM1,K,L2)+U(JP1,I K, L2)+U(JP1,IM1,K,L2))
T7=RDYS* (HST*AHUV(J+1,IAH,K)*(V(J+1,I,K,L3)-V({J,I,K,L3))

* -HC*AHUV(J,IAH,K)*(V(J,I,K,L3)-V(J-1,I,K,L3)))
T8=.25*%RDXS* ( (HBRT3*AHYRB+HBLT3*AHYTB)*(V(J,I+1,K,L3)-V(J,I,K,L3))

* - (HBLT3*AHYTB+HBLLT3*AHYLB)*(V(J,I,K,L3)-V(J,I-1,K,L3)))

T9=0.0

IF (K.EQ.1) T9=-(TAUY(J,I,K)+TAUY(J,I,K))/RHOBY
IF (K.EQ.1) GO TO 228
VBM=V(J,I,K,L2)+V(J,I,K-1,L2)
WBYM=W(J,I,K)+W(JP1,I,K)
T9=-.25%(VBP*WBYP-VBM*WBYM)

228 CONTINUE

DHV=. 125* (-T5-RDY*(T1-T2)~-RDX*(T3-T4))-T6+(T7+T8)-T9
GO TO 231

230 CONTINUE
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T5=F*HR* (U(J+1,1,K,L2)+U(J+1,I-1,K,L2))
IF (BND1.NE.0.0) TS=F*HR*(U(J,I,K,L2)+U(J,I-1,K,L2))
DHV=-T6-TS*.25
231 CONTINUE
IF (KT.LE.1) GO TO 246
IF (K.GE.K1) GO TO 242
AV=CV
CV=2.*TAUY(J,I,KP1)/ (HTD*RHOBY)
VVM=YVP
VVP=V(J,I,K,L3)-V(J,I,KQl,L3)
BV=HBV1/DT4+AV+CV
DV=DHV+HBLT3*V(J,1,K,L3)/DT4-CVAVVP+AV+YVM
DEN=BV-AV*XV (K)
XV (KP1)=CV/DEN
YV(KP1)=(DV+AV*YV (K))/DEN
IF (K.LT.KT) GO TO 244
K1V=KT
BND5=0.0
IF (KT.LE.1) GO TO 246
GO TO 420
242 CONTINUE
IF (K1.LE.1) GO TO 246
CB=.5%(C(J,I)+C(JP1,I))
VB=V(J,I,K,L2) ,
UB=.25%(U(J,I,K,L2)+U(J,IMI,K,L2)+U(JP1,1,K,L2)+U(JP1,IM1,K,L2))
CB=CB*CB
VB=YVB*VB
UB=UB*UB
RV=. 5*GRAV*SQRT (UB+VB)/CB
BV=HK(J,I,K)/DT2
DV=DHV+(BV-RV)*V(J,I,K,L3)
* +CV*(V(J,1,K-1,L3)-V(J,I,K,L3))
BV=BV+RV+CV
420 CONTINUE
IF (CV.NE.0.0) GO TO 2240
RHOBYZ=RHOM2+ 5% (RHO(J, I,K)+RHO(J,I,KQ1)
* +RHO(JP1,T,K)+RHO(JP1,I,KQ1))
TAUZ=TAUY(J,I,KP1)*4.0%(V(J,I,K,L3)-V(J,I,KQL,L3))/HTY
DHV=DHV- (TAUZ+TAUZ- . 25*VBP*WBYP*RHOBYZ ) /RHOBY
V(J,I,K,L1)=(HBLT3*V(J,1,K,L3)+DT4*DHV)/HBV1
IF (ABS(V(J,I,K,L1)).LT.1.0E-20) V(J,I,K,L1)=0.0
GO TO 235 '
2240 CONTINUE

V(J,I,K,L1)=(DV+CV*YV(K))/(BV-CV*XV(K))

IF (ABS(V(J,I,X,L1)).LT.1.0E-20) V(J,I,K,L1)=0.0
235 CONTINUE

DO 243 KKK=2,K1V

KK=K1V-KKK+2

V(J,I,KK-1,L1)=XV(KK)*V(J,I,KK,L1)+YV(KK)

IF (ABS(V(J,I,KK-1,L1)).LT.1.0E-20) V(J,I,KK-1,L1)=0.0
243 CONTINUE '

GO TO 244
246 CONTINUE

RHOBYZ=RHOM2+RHO (J,I,K)+RHO(J+1,1,K)

TAUZ=TAUY (J,I,KP1)

DHV=DHV - (TAUZ+TAUZ- . 25*VBP*WBYP*RHOBYZ ) /RHOBY

V(J,I,K,L1)=(HBLT3*V(J,I,K,L3)+DT4*DHV)/HBV1

IF (ABS(V(J,I,K,L1)).LT.1.0E-20) V(J,I,K,L1)=0.0
244 CONTINUE

IF (L .LE. LASTCK) WRITE (6,15)
250 CONTINUE
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=K+1
IF (K.GT.K1) GO TO 280
KP1=K+1
KQ1=KP1
IF (K1.EQ.K) KQ1=K
H=HK(J,I,K)
H2=H+H
HS1=H
HBU1=H2
HBV1=H2
HSR=H
HC=H
HSL=H
HST=H
HSB=H
HBR=H2
HB=H2
HBL=H2
HC2=H
HR=H2
HBRT=H2
HBLB=H2
HBRB=H2
HBTR=H2
HBTL=H2
HBT=H2
HBLLT=H2
HBR3=H2
HB3=H2
HBL3=H2
HBTR3=H2
HBB3=H2
HBRT3=H2
HBLT3=H2
HBLLT3=H2
HBT3=H2
HBLB3=H2
Q1=Q2
Q3=Q4
Q5=Q6
Q7=Q8
HQ=.5%*(H+HK(J, I,KP1))
IF (L .LE. LASTCK) WRITE (6,16)
GO TO 200
280 CONTINUE
IF (K1.LE.KR) GO TO 282
KK=KR+1
DO 281 K=KK,Kl
U(J,I,K,L1)=0.0
281 CONTINUE
282 CONTINUE
IF (K1.LE.KT) GO TO 300
KK=KT+1
DO 283 K=KK,K1
v(J,I,K,L1)=0.0
283 CONTINUE
300 CONTINUE
CALL SGSLOS
RETURN
END
SUBROUTINE SGSLOS
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COMMON CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
COMMON DT,DT2,DT4,CNU,L,L1,L2,L3,GRAV,KMAX,CKA,AHX , AHY, AMX , AMY ,F
COMMON RHOM,RHOM2,ALPHO,TEMP,THETA,RHOA,WSPD,PHI ,WINCH, DEPMIN
COMMON PI,KMAP,TD,TD2,TD4,KHT,CT,CKH, AHXT,AHYT
COMMON RMM1,RMM2,CKP,AHXP,AHYP,PRETIM,PINV,DECAY,LMAX , CONVER
COMMON U(10,26,6,3),V(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
COMMON W(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
COMMON PGRAX(10,26,6),PGRAY(10,26,6),RHO(10,26,6),HK(10,26,6)
COMMON SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10,26)
COMMON RHOZ(10,26),HZ(10,26) ,NSE(10,26) ,ZL(6)
COMMON IB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)
COMMON UFLOS(100),UFLOT(100),UFLOP(100),PTURN(10,100)
COMMON STMP,LTURN(10,100),STURN(10,100),SET  ,TTURN(10,100)
COMMON SINI(10,100),TINI(10,100),SRETIM,TRETIM
COMMON ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
COMMON ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
DOUBLE PRECISION CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
WSPS=WSPD*51.447192
WSCALE=1.0
XI=L
IF(L.LT.120) WSCALE=XL/120.
DO 3100 I=2,6MM2
DO 3100 J=2,NM2
IF (HK(J,I,1).LE.0.0) GO TO 3100
A=21.8%SQRT(HK(J,I,1))
IF (A.GT.WSPS) A=WSPS
B=WSCALE* (. 0000000028%A%*A%*A*A/HK(J,I,1))
IF(B.EQ.0.0) GO TO 3100
IF (B.GT.E(J,I,1,L1)) E(J,I,1,L1)=B

3100 CONTINUE
PIH=.5%PI
DO 310 IJ=1,100
IF (IB(IJ).EQ.0) GO TO 320
IBT=IB(IJ)
JBT=JB(1J)
KI1=0
KI2=0
KI3=0
KI14=0
KI5=0
KI6=0 .
KBT=IABS(KB(IJ))
IF (MOD(KBT,2).EQ.1) KIl=1
IF (MOD(KBT,2).EQ.0) KI2=1
IF (KBT.LT.3) GO TO 100
KI1=-KI1
KI2=-KI2
KI3=KI1
KI4=KI2
KIS=KI1
KI6=KI2

100 CONTINUE

KIS=KI5+KI1
KI6=KI6+KI2
K1=KH(JBT, IBT)
DO 210 K=1,K1
IF (KI1.EQ.0) GO TO 200
IF (KH(JBT+1,IBT).LT.K) GO TO 210
V(JBT,IBT,K,L1)=V(JBT, IBT+KI1,K,L1)
GO TO 210

=290 —~ .



200 CONTINUE
IF (KH(JBT,IBT+1).LT.K) GO TO 210
U(JBT, IBT,K,L1)=U(JBT+KI2, IBT,K,L1)
210 CONTINUE
IF (KB(I1J).GT.0) GO TO 30S
S(JBT,IBT,1,L1)=-S(JBT+KI2,IBT+K11,1,L1)+UFLOS(IJ)+UFLOS(IJ)
T(JBT,IBT,1,L1)=-T(JBT+KIZ,IBT+KI1,l,L1)+UFLOT(IJ)+UFLOT(IJ)
E(JBT,IBT,1,L1)=-E(JBT+KIZ,IBT+KI1,l,L1)+UFLOE(IJ)+UFLOE(IJ)
P(JBT,IBT,1,L1)=-P(JBT+KI2,IBT+KIl,1,Ll)+UFLOP(IJ)+UFLOP(IJ)
SE(JBT, IBT,L1)=-SE(JBT+KI2,IBT+KI1,Ll)
IF (KI2.EQ.0) U(JBT+KI&4,IBT+KI3,1,L1)=UVB(IJ)
IF (KI1.EQ.0) V(JBT+KI4,IBT+KI3,1,L1)=UVB(IJ)
GO TO 310
305 - CONTINUE
K1=KH(JBT, IBT)
K2=KH(JBT+KI2,IBT+KI1)
IF (K1.GT.K2) Ki1=K2
IF (K1.EQ.0) GO TO 310
DO 345 K=1,K1
IF (KI2.EQ.0) GO TO 307
IF (KI2.GT.0) GO TO 306

IF (V(JBT+KI4,IBT+KI3,K,L1).GT.0.0) GO TO 335
IF (V(JBT+KI6,IBT+KI5,K,L1).LT.0.0) GO TO 330
GO TO 325

306 CONTINUE
IF (V(JBT+KI4,IBT+KI3,K,L1).LT.0.0) GO TO 335
IF (V(JBT+KI6, IBT+KI5,K,L1).GT.0.0) GO TO 330
GO TO 325

307 CONTINUE

IF (KI1.LT.0) GO TO 308
IF (U(JBT+KI4,IBT+KI3,K,L1).LT.0.0) GO TO 335
IF (U(JBT+KI6,IBT+KI5,K,L1).GT.0.0) GO TO 330

GO TO 325

308 CONTINUE
IF (U(JBT+KI4,IBT+KI3,K,L1).GT.0.0) GO TO 335
IF (U(JBT+KI6,IBT+KI5,K,L1).LT.0.0) GO TO 330

325 CONTINUE

LTURN(K,IJ)=L-1
STURN(K, IJ)=S(JBT+KI2,IBT+KI1,K,L2)
TTURN(K, IJ)=T(JBT+KI2,IBT+KI1,K,L2)
ETURN(K, IJ)=E (JBT+KI2,IBT+KI1,K,L2)
PTURN(K, IJ)=P(JBT+KI2, IBT+KI1,K,L2)

330 CONTINUE
IF (LTURN(K,IJ).LT.0) GO TO 325
SFRAC = (DT*(L-LTURN(K,I1J)))/(SRETIM*3600.)

TFRAC = (DT*(L-LTURN(K,IJ)))/(TRETIM*3600.)
EFRAC = (DT*(L-LTURN(K,1J)))/(ERETIM*3600.)
PFRAC = (DT*(L-LTURN(K,IJ)))/(PRETIM*3600.)
IF (SFRAC .GT. 1.0) SFRAC = 1.0 :

IF (TFRAC .GT. 1.0) TFRAC = 1.0

IF (EFRAC .GT. 1.0) EFRAC = 1.0

IF (PFRAC .GT. 1.0) PFRAC = 1.0

S(JBT,IBT,K,L1)=STURN(K,IJ)+(SINI(K,IJ)-STURN(K,IJ))
* *SIN (PIH*SFRAC)

T(JBT,IBT,K,L1)=TTURN(K,IJ)+(TINI(K,IJ)-TTURN(K,IJ))
* *SIN (PIH*TFRAC) '

E(JBT, IBT,K, L1)=ETURN(K, IJ)+(EINI (K, IJ) -ETURN(K, IJ))
* *SIN (PIH*EFRAC)

P(JBT,IBT,K,L1)=PTURN(K,IJ)+(PINI(K,IJ)-PTURN(K,IJ))
* *SIN (PIH*PFRAC)

GO TO 345
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335

340

342

345
310
320

N

100

200

N =

100

200

CONTINUE
LTURN(K,IJ)=-1

IF (KI2.EQ.0) GO TO 340
RDRD=RDY -
UVXY=DT*V(JBT+KI4, IBT+KI3,K,L2)
GO TO 342

CONTINUE

RDRD=RDX

UVXY=DT*U(JIBT+KI4, IBT+KI3,K,L2)
CONTINUE

SGRAD=(S(JBT+KIZ,IBT+KI1,K,LZ)-S(JBT,IBT,K,LZ))*RDRD
TGRAD=(T(JBT+KI2,IBT+KIl,K,L2)-T(JBT,IBT,K,LZ))*RDRD
EGRAD=(E(JBT+KI2,IBT+KI1,K,LZ)—E(JBT,IBT,K,LZ))*RDRD
PGRAD=(P(JBT+KI2,IBT+KII,K,L2)-P(JBT,IBT,K,LZ))*RDRD

S(JBT,IBT,K,L1)=S(JBT,IBT,K,L2)+SGRAD*UVXY
T(JBT,IBT,K,L1)=T(JBT, IBT,K,L2)+TGRAD*UVXY
E(JBT,IBT,K,L1)=E(JBT, IBT,K, L2 )+EGRAD*UVXY
P(JBT,IBT,K,L1)=P(JBT,IBT,K,L2)+PGRAD*UVXY
CONTINUE

CONTINUE

CONTINUE

RETURN

END

SUBROUTINE PRNT1 (X,BX,M,N,L1,L)

DIMENSION X(N,M,3)

FORMAT (1H1,10X,A4,S5X, 'TIME=',16)

FORMAT (I4,1X,21F6.1)

FORMAT (3X,21I6)

12=0

CONTINUE

I1=12+1

12=I2+21

IF (I1.GT.M) RETURN

IF (I2.GT.M) I2=M

WRITE (6,1) BX,L

WRITE (6,3) (I,I=I1,I2)

DO 200 Ji1=1,N

J=N+1-J1

WRITE (6,2) J,(X(J,I,L1),I=I1,I2)

GO TO 100

END

SUBROUTINE PRNT2 (X,BX,M,N,K,L1,K1,L)
DIMENSION X(N,M,K,3)

FORMAT (1H1,10X,A4,5X, 'TIME=',16,5X, 'LEVEL',I3)

FORMAT (I4,1X,21F6.1)
FORMAT (3X,2116)

12=0

CONTINUE

I1=T2+1

[2=12421

IF (I1.GT.M) RETURN

IF (I2.GT.M) I2=M

WRITE (6,1) BX,L,K1

WRITE (6,3) (I,I=I1,I12)

DO 200 J1=1,N

J=N+1-J1

WRITE (6,2) J,(X(J,I,K1,L1),I=I1,I2)
GO TO 100

END

SUBROUTINE PRNT3 (X,BX,M,N,K,K1,L)
DIMENSION X(N,M,K)
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FORMAT (1H1,1ox,A4,5x,'TIME=',Ié,sx,'LEVEL',Is)
FORMAT (I4,1X,21F6.0)
3 FORMAT (3X,2116)
I12=0
100 CONTINUE
I1=I2+1
I12=I2+21
IF (I1.GT.M) RETURN
IF (12.GT.M) I2=M
WRITE (6,1) BX,L,K1
WRITE (6,3) (I,I=I1,I2)
DO 200 J1=1,N
J=N+1-J1
200 WRITE (6,2) J,(X(J,I,K1),I=I1,I2)
GO TO 100
END
SUBROUTINE PRNT4 (X,BX,M,N,K1,L)
DIMENSION X(N,M)
FORMAT (1HO, 10X,A4,5X, "TIME=',16,5X, 'LEVEL',I3)
FORMAT (I4,1X,9(1X,1PE12.5))
FORMAT (3X,9I13)
FORMAT (1H1)
WRITE (6,4)
12=0
100 CONTINUE
I1=12+1
12=I2+9 -
IF (I1.GT.M) RETURN
IF (I2.GT.M) I2=M
WRITE (6,1) BX,L,K1
WRITE (6,3) (I,I=I1,I2)
DO 200 Ji1=1,N
=N+1-J1
200 WRITE (6,2) J,(X(J,I),I=I1,12)
GO TO 100
END
SUBROUTINE PRNT5 (X,BX,M,N,L1,L)
DIMENSION X(N,M,3)
FORMAT (1HO,10X,A4,5X, 'TIME=',16)
FORMAT (I4,10(1X,1PE11.4))
FORMAT (6X,10(I3,9X))
FORMAT (1H1)
WRITE (6,4)
12=0
100 CONTINUE
I1=I2+1
12=I2+10
IF (I1.GT.M) RETURN
IF (I2.GT.M) I2=M
WRITE (6,1) BX,L
WRITE (6,3) (I,I=I1,I2)
DO 200 J1=1,N
J=N+1-J1
200 WRITE (6,2) J,(X(J,I,L1),I=I1,I2)
GO TO 100
END
SUBROUTINE PRNT6 (X,BX,M,N,K,L1,K1,L)
DIMENSION X(N,M,K,3)
FORMAT (1HO, 10X,A4,5X, "TIME=",16,5X, 'LEVEL',I3)
FORMAT (I4,10(1X,1PE11.4))
3 FORMAT (6X,10(I3,9X))

N =

£

LU -

N =
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4 FORMAT (1H1)
WRITE (6,4)
12=0
100 CONTINUE
I1=I2+1
12=12+10
IF (I1.GT.M) RETURN
IF (I2.GT.M) I2=M
WRITE (6,1) BX,L,Kl
WRITE (6,3) (I,I=I1,I2)
DO 200 J1=1,N
J=N+1-J1
200 WRITE (6,2) J,(X(J,I,K1,L1),I=I1,12)
GO TO 100
END
‘SUBROUTINE RESAL
COMMON CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS,RDYS
COMMON DT,DT2,DT4,CNU,L,L1,L2,L3,GRAV,KMAX,CKA, AHX , AHY , AMX , AMY ,F
COMMON RHOM,RHOM2,ALPHO,TEMP,THETA,RHOA,WSPD,PHI,WINCH,DEPMIN
COMMON PI,KMAP,TD,TD2,TD&,KHT,CT,CKH,AHXT, AHYT
COMMON RMM1,RMM2,CKP,AHXP,AHYP,PRETIM,PINV,DECAY, LMAX , CONVER
COMMON U(10,26,6,3),V(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
COMMON W(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
COMMON PGRAX(10,26,6),PGRAY(10,26,6),RHO(10,26,6) ,HK(10,26,6)
COMMON SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10,26)
COMMON RHOZ(10,26),HZ(10,26) ,NSE(10,26) ,ZL(6)
COMMON IB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)
COMMON UFLOS(100),UFLOT(100) ,UFLOP(100),PTURN(10,100)
COMMON STMP,LTURN(10,100),STURN(10,100),SET  ,TTURN(10,100)
COMMON SINI(10,100),TINI(10,100),SRETIM, TRETIM
COMMON ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
COMMON ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
DOUBLE PRECISION CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
FORMAT (9F8.2)
FORMAT (12F6.0)
FORMAT (20F4.0/20F4.0)
FORMAT (1HO, 'SALINITY AT LEVEL',I3,' IS BEING READ')
RETURN :
50 CONTINUE
J1=12
MM2=M-2
NM2=N-2
READ (5,2) (S(J1,I,1,1),I=2,MM2)
DO 152 K=1,KMAX
KM1=K-1
ZKM1=KM1
DO 151 J=2,NM2
DJ=IABS(J-J1)
DO 150 I=2,MM2
IF (K.GT.KH(J,I)) GO TO 150
IF (K.EQ.1) GO TO 120
IF (5(J,I,KM1,1).EQ.0.0) GO TO 150
120 CONTINUE _
S(J,I,K,1)=S(J1,I,1,1)+.076%ZKM1-.05%DJ
IF (s(J,I1,K,1).LT.0.0) S(J,I,K,1)=0.0
S(J,I,K,2)=S(J,I,K,1)
s(J,I,K,3)=S(J,1,K,1)
150 CONTINUE
151 CONTINUE
152 CONTINUE

NSV S R
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RETURN
END

SUBROUTINE TIDAL

COMMON CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
COMMON M,MM1,MM2,N,NM1,NM2,DX,DY,RDX,RDY,RDXS ,RDYS
COMMON DT,DT2,DT4,CNU,L,L1,L2,L3,GRAV,KMAX, CKA, AHX , AHY , AMX , AMY , F
COMMON RHOM,RHOM2 ,ALPHO,TEMP, THETA,RHOA ,WSPD, PHI ,WINCH, DEPMIN
COMMON PI,KMAP,TD,TD2,TD4,KHT,CT,CKH,AHXT, AHYT
COMMON RMM1,RMM2,CKP,AHXP,AHYP,PRETIM,PINV,DECAY, LMAX ,CONVER
COMMON U(10,26,6,3),V(10,26,6,3),5(10,26,6,3),T(10,26,6,3)
COMMON W(10,26,7),TAUX(10,26,7),TAUY(10,26,7) ,EPSLON(10,26,7)
COMMON PGRAX(10,26,6),PGRAY(10,26,6),RHO(10,26,6) ,HK(10,26,6)
COMMON SE(10,26,3),KH(10,26),C(10,26),HS(7),YY(6),DEPTH(10,26)
COMMON RHOZ(10,26),HZ(10,26) ,NSE(10,26) ,ZL(6)
COMMON IB(100),JB(100),KB(100),UVB(100),AHUV(10,3,6)
COMMON UFLOS(100) ,UFLOT(100),UFLOP(100),PTURN(10,100)
COMMON STMP,LTURN(10,100),STURN(10,100),SET ,TTURN(10,100)
COMMON SINI(10,100),TINI(10,100),SRETIM, TRETIM
COMMON ETURN(10,100),EINI(10,100),UFLOE(100),E(10,26,6,3)
COMMON ERETIM,EINV,TINV,SALINV,P(10,26,6,3),PINI(10,100)
DOUBLE PRECISION CPO,CLAM,CLAMO,CP1,CLAM1,RHOT
DATA IFRST/0/ .
100 CONTINUE
SCALE=1.0
XL=L
TX=0.0017453*XL*DT -
IF (IFRST.NE.O) GO TO 150
IFRST=1
FM2=0.080515
FS2=0.0833333
FN2=0.0789889
FK2=0.0835421
FK1=0.0417885
FO1=0.0387295
FP1=0.0415454
Al=-3.485
B1=10.0
A2=2.26
B2=5.6
A3=0.0
B3=0.0
A4=0.0
B4=0.0
AS=-2.44
B5=-3.48
A6=-1.174
B6=-1.954
A7=0.0
B7=0.0
150 CONTINUE
SETIDE  =A1%*COS(FM2*TX)+B1*SIN(FM2*TX)
*  +A2%COS (FS2*TX)+B2*SIN(FS2*TX)
*  +A3%*COS (FN2*TX)+B3*SIN(FN2*TX)
*  +AL*COS (FK2*TX)+B4*SIN(FK2*TX)
*  +A5%COS (FK1*TX)+B5*SIN(FK1*TX)
*  +A6*COS (FO1*TX)+B6*SIN(FO1#TX)
*  +A7*COS (FP1*TX)+B7#*SIN(FP1*TX)
IF (I.EQ.I) GO TO 400
200 CONTINUE
IF (IFRST.NE.0) GO TO 300
IFRST=1
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RADEG=PI/180.0
FM2=.0805114006
FS2=.0833333333
FK1=.0417807462
FO1=.0387306544
FN2=.0789992487
FP1=.0415525871
FK2=.0835614924
FQ1=.08372185025
FMF=.003050091944
A0=.0
Al=5.5
A2=2.
A3=2.1
A4=2.
A5=.
Ab=.
AT=.
A8=.
A9=2.3
P1=RADEG*308.
P2=RADEG*342.5
P3=RADEG*160.
P4=RADEG*203 .
PS=RADEG*287.9
P6=RADEG*144 .
P7=RADEG*345 .5
P8=RADEG*181.
P9=RADEG#231.2
300 CONTINUE
SETIDE=.5%A0 .
+A1*C0S (FM2*TX-P1)
+A2%COS (FS24TX-P2)
+A3*COS (FK1#TX-P3)
+A4*COS (FO1*TX-P4)
+A5%COS (FN2*TX-P5)
+A6*COS (FP1*TX~P6)
+A7*COS (FK2*TX-P7)
+A8%COS (FQ1*TX-P8)
+A9%C0S (FMF*TX-P9)
400 CONTINUE
DO 110 IJ=1,100
IF (IB(IJ).EQ.0) GO TO 120
IF (KB(IJ).LT.0) GO TO 110
IBT=IB(IJ)
JBT=JB(1J)
SE(JBT,IBT,L1)=SETIDE
110 CONTINUE
120 CONTINUE'
RETURN
END

3.9 HINAF FLis

>® &~ O o

4

—

ok b o

* ok % %

TEST CASE
400 26 10 6 45.0 200000.0 200000.0
0 9999990 9999990
00.0 0.0 0.0 0.0 0.6 15.0 15.0
15.0 0.0 0.0 5.0 1.0 1.0 1.0
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1.0 .001226 15.0 .0026 105.3

100 100 100 10000
0 1000000 9999990 6
650.0 30.0 4.6 .4 .8 .4
15.0 1000000.0 1000000.0 1.0 0.0 .000005 100.00
200.0 200.0 200.0 200.0 200.0 200.0
0012121212121212121212121212121212121212121212 0 0 O
012121212121212121212121212121212121212121212 0 0 O
012121212121212121212121212121212121212121212 0 0 0
012121212121212121212121212121212121212121212 2 0 0
012121212121212121212121212121212121212121212 0 0 0
012121212121212121212121212121212121212121212 0 0 O
012121212121212121212121212121212121212121212 0 0 0
2 5 BASIN OPENING
12 5 MIDDLE OF BASIN
23 5> END OF BASIN
2 5 6 BASIN OPENING
12 5 6 MIDDLE OF BASIN
23 5 6 END OF BASIN
2 2 1
2 3 1
2 4 1
2 5 1
2 6 1
2 7 1
2 8 1
24 -5 -3 -5.0 00.0 00.0 1.0 10.0
0.0 0.0 105.3
A 8
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