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ABSTRACT

Based on an optimum wavelet function basis as explored in several previous studies
(Lee and Wu 19964, b, 1997), the wavelet coherence is shown to yield far much better
results than does the spectral coherence. Moreover, the wavelet approach is also shown to
be much more economic in the amount of data needed for processing. Through the stud-
ies of either wave-current or current-current coherences for both wind waves and Stokes
waves, we illuminate many interesting physics related to water waves of wave tank exper-
iments. Specifically, the topics covered are: theoretical backgrounds and their inherent
implications for both approaches; effects of analyzing data length; the identification of
mikro features related t6 the natural frequency of a wave tank; the stage of wind wave
development; innate physics and features of instability of Stokes waves; the shift non-
invariant property of basis functions; coherence features for non-concurrent or displaced

measurements; the different uses of complex and real wavelet coherences.
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Chapter 1

Introduction

1.1 Introduction

Lee and Wu (1996a), using various entropy statistics of transform coefficients, tested
among a relatively complete set of discrete Riesz wavelet function bases, as well as
Fourier basis, and found the best basis for water wave simulations to be the cardinal
B-spline semi-orthogonal wavelet.

In a subsequent paper (Lee and Wu 1996b) they linked the identified discrete Riesz
basis to its continuous wavelet transform counterpart related to the modulated Gaussian
wavelet and further elaborated on the adaptation of time-frequency windows for better
physical implications.

Due to intimate relevances of the two studies to our present interests on wave char-
acterizations through coherence features, the main remarks or primary conclusions of the
two studies are briefly outlined in the followings.

Here it is noted that the present study, together with the previous two, on one hand,
should justify more than adequately the finding of the optimum bases; on the other hand,
should vindicate to an ample extent the various characterizations to be presented in sub-

sequent chapters.




1.2 The optimum Riesz wavelet for water wave studies

The search for an optimum basis started out off the discrete domain. Various unambiguous

results were obtained. Notably they were:

1. A vastarray of Riesz bases, including orthonormal, semi-orthogonal and bi-orthogonal
categories, together with Fourier basis, is tested. These bases include:
(a) Daubechies most compactly supported wavelets (ONxxA)
(b) Daubechies least asymmetric wavelets (ONxxS)
(c) Coiflets (ONxxC)
(d) Meyer wavelet (Meyer)
(e) Battle and Lemarié wavelet (B&L)
(f) Semi-orthogonal wavelets (SOxO)
(g) Bi-orthogonal wavelets (BOxyO)

(h) Dual wavelets of semi-orthogonal and bi-orthogonal wavelets (SOxD and

BOxyD)
(i) Wavelet packet best level bases
(j) Wavelet packet best branch bases
(k) Fourier basis

2. Entropy criteria based on many settings were adopted (Coifman et al. 1992; Wick-

erhauser 1992, 1994).

3. Entropy values of all orthonormal wavelets do not fall to the level of non-orthogonal

ones.

4. Among all orthonormal wavelets none distinguishes itself from the others, and no

clear tendency exists within each basis group.




10.

11.

Dual wavelets provide significantly smaller entropy values than as provided by their

counterpart wavelets

Owing to the same orthonormal nature, wavelet packet bases provide only marginal

improvement over their corresponding originating orthonormal wavelet bases.

. There is little difference in the performances among wavelet packet best branch

bases, best level bases, and their originating wavelet bases.

. The single and far obviously outstanding performer is identified as the dual cubic B-

spline semi-orthogonal wavelet constructed by Chui (1992a, b, ¢). For this basis the
probability density function (pdf) of energy distribution shows a complete flatness
for 90% of the stretch of the curve, that is to say, literally 90% of the coefficients

are null.

. The important implication of the linear phase filtering property (or symmetry prop-

erty of basis functions) (Daubechies 1992) is stressed.

It is quite certain that there is no need to make any expansion of wavelet construc-
tion (i.e., constructing new mother wavelets with longer support length) for any

orthonormal basis category.

Although the set of transform coefficients of Fourier basis performs significantly
better than do those of mbst wavelet bases, its performance is still not on a par with
that of the dual cubic B-spline semi-orthogonal wavelet. In particular, there is big
difference between the performances in the L!(R) space. These have very impor-
tant implications as the followings. While the L?(R) space emphasizes the energy;
the L'(R) emphasizes the displacement. And as we also know, energy is related to
large scales, whilst signal displacement comparatively puts more weights on smaller
scales. Therefore, the pivotal point is that the identified B-spline semi-orthogonal

wavelet not only is the better performer when modeling energy phenomena (macro




behaviors) but also is the superior contender in describing fine scale features (micro

phenomena or tendencies).

12. In the programming for all the wavelet transforms, as well as their related applica-
tions, the Asyst programming language was used, and the programs were written
from the ground up so as to fetch maximum flexibility and to cover a widest scope.
The code lines amount to about 20,000 lines with many hundreds of modular type
sub-programs constructed under an integrated shell program. The programming
processes quite often yielded unexpected byproducts as well as rendered further un-
derstanding of the theoretical backgrounds. Overall, the back and forth processes
resulted a robust analyzing tool that is versatile, automatic, and debugging oriented;
henceforth, it rendered the possibility of streamlined and flexible routines that, to
out belief, should be relatively error-free for the vast amount of data. Basically, the

processes from input of raw data to output of graphs can be batch works.

1.3 The counterpart continuous transform with adapta-
tion in time-frequency windows

The previous section concerns the discrete algorithm; however, without a few additional
features that are specific to the continuous wavelet transform, the closeness between the
optimum Riesz basis functions and our signals (or their components) will not fulfill its
maximum usefulness and the reason for the well performances of the present analyses

will also be unclear. Here the notable points are:

1. There is a natural transition from the optimum Riesz wavelet to its continuous
wavelet transform counterpart. Incidentally, that continuous wavelet is simply the
modulated Gaussian wavelet (Gabor 1946, Aldroubi 1992, Chui 1992a, b, c¢). This
transition fulfills the usefulness of the present methodology by taking advantageous

characteristics that are specific to either discrete or continuous wavelet transform.




2. The discrete wavelet transform uses a translation step that is an integer multiple
of the dilation scale in the logarithmic measure; whereas, the continuous wavelet
transform concerns a translation step that can be as small as the sampling interval

for all scales, and the scales can also be specified almost arbitrarily.

3. All the Riesz wavelets handle bases with frame bounds that are either tight or rela-
tively tight; whereas the wavelet used here does not involve frame bounds and might
not have frame bounds at all when it is analyzed in the sense of discrete numerics,

1.e., it is not even to be qualified as a Riesz wavelet.

4. There is a practical interest in what can be done so as to improve the physical
relevance between the basis functions and the wave constituents of our signals.
And this is partly realized through the use of adapted time-frequency windows in

accord with decaying features of component waves.

5. The relation between the redundancy of wavelet coefficients and the Heisenberg
uncertainty principle (Bracewell 1986; Feidhtingger and Grochenig 1992a, b) is il-
lustrated through the use of the distribution of time-frequency windows over a phase
plane (or time-frequency map). And the redundant property of time-frequency win-

dows is one of the key factors leading to the present successful applications.

1.4 Scopes and objectives

When the author embarked the present study, the various concepts stated in the previous
sections had not systematically formed in mind, even though numerical results were then
in their firm shapes. And I had no slightest idea o; how the two studies would contribute.
In fact, when I first finished those related to the discrete bases, I was a bit disappointed by
~ the high entropy values provided by all the wavelets other than the seemly most unattrac-
tive semi-orthogonal spline wavelet — since at that time I was mostly paying attention to

those somewhat fancy wavelets that were more or less finitely supported (i.e., computa-




tionally efficient). So, these results were just put on shelf and almost forgotten. Later,
when I was working on the continuous wavelet transform, still, I treated it as an indepen-
dent topic and did not have the thought that there existed a natural transition from its prior
study concerning discrete wavelets. And, of course, I was not aware of the fact that there
existed multiplying effects due to peculiar properties specific to individual transform. It
was when I had done these coherence comparisons that I realized that there had got to
be‘ reasons for their performances; I therefore went back to review a few wavelet treatises
and gradually gained systematic understandings for the causes.

Just as what was hinted, my study on coherence was essentially an isolated event too.
It was when I was reading a paper about coherence characterizations of ocean wind wave
fields (Liu 1994), and I felt odd about its definition (or algorithm) of coherence and did not
quite agree with the way of its presentations concerning the characterizations. So I liked
to clear the puzzles and hoped to find a proper way of coherence processing. Therefore, at
any rate, my sole intention was as simple as to see whether I was lucky enough to pick up
some byproducts or gain a couple of messages that might possibly relevant to my interests
at that time (which is about rain’s effects on waves). Nevertheless, to my experience, the
most precious results almost always came unexpectedly. I was surprised to find that the
wavelet coherence curves behaved so well. In fact, some of the topics even popped up by
chance, e.g., the identification of the natural frequency was found by mistakenly feeding
my Asyst program with parameters other than my original intention.

Anyhow, let us get to the point to state the relevant parts of the present study. Due
to independent nature of individual subject matters, they are arranged topic by topic and

each is given a separate chapter unit.

1. Theoretical backgrounds of both wavelet and spectral coherence — the intimacy
between the application formulae and their analytic forms will be stated, and indi-

vidual advantages and shortcomings will be outlined;

2. Effects of data length on the analyses of coherence and the physical significance



thus established;

. The identification of the natural frequency of an oval tank — the extraction of a

micro feature in an overwhelmingly macro energy field,

. Levels of coherence and the stages of wind wave development;

. Better innate physics — the Stokes wave views and the water wave instability;
. Phase effects — a better shift non-invariant property of the used 'wavclet;

. Non-concurrent or displaced measurements for both wind wave and Stokes wave

cases;
. Coherences based on complex or real function basis and their different uses;

. Concluding remarks — summary of factors that lead to the different performances

of the two approaches.



Table 1.1: Entropy of orthonormal and semi-orthogonal wavelet coefficients, as well as spectral
coefficients, under various statistic criteria. :

Wavelet | L**2coefficient  L**2probability  L**Iprobability ~ L**2 probability Theotetical
eatropy entropy entropy entropy dimension
(0 division) (300 divisions) (300 divisions) (200 divisions)  (L**2 300 divisions)

B&L 4.691 ' 1.330 3417 L1719 KNLY)
Meyer 4647 1.294 3.365 1132 3.646
§030 4833 1.669 3.756 1488 5.307
S03D 1.823 0219 1306 0.11 1.245

Spectrum 2.809 0.270 - 304 0.244 1310
ON22A 4,993 1.761 3.801 1.516 5815
ON33A 413 1.384 3.499 1.225 3975
ON44A 4.190 1517 3.5% 1.363 4559
ONS3A 4819 1553 3631 1.367 41
ON66A 4.790 1373 3.456 1.203 3.946
ONTTA 4,675 1.355 3461 1.203 38M
ONS8A 4,645 1.229 3.283 1.082 3418
ON99A 4719 1412 3.501 1.252 4.106
ONG0A 4781 1423 351 1.244 4.149
ON44S 4.835 1461 3551 1.281 4311
ON53S 4758 1492 3.576 1298 4426
ONG66S 4754 1402 3.501 1.225 . 406
ONT1S 4751 1.336 3331 1.188 3.804
ONB88S 4.714 1.366 3481 1.224 3918
- ON99S 4755 1469 3570 1.288 4.345
ONOOS 4,635 1.278 3378 1134 3591
ONIIC 49% 1.696 3832 1.457 5452
ON22C 4.821 1463 3520 1.284 434
ON33C 4.5 1.488 35713 1.333 4421
ON44C 4.69%0 1.297 313 1157 3.658
ONSSC 4,644 1.309 3.405 1154 3.103




Table 1.2: Entropy of bi-orthogonal wavelet coefficients under various statistic criteria.

Wavelet | L¥*2coefficient  L**2probability — L**Iprobability ~ L**2probability ~ Theoretical
amy  oamy ooy awmy G
(0 division) (300 divisions) (300 divisions) (200 divisions)  (L**2 300 divisions)
BO110 5.395 2623 4.502 2299 13.m
BOIID 5.395 2623 4502 229 13.1m
BOI130 4943 - 1.806 3.883 161 6.084
BOI3D 5.266 2301 4313 2053 10.708
BOI5O 4,866 1.678 3,755 1495 535
BOISD 5 2291 432 1.987 9.882
B0220 528 2362 4363 2083 - 10609
BO2D 4434 LI8I 3084 1.034 3257
BO40 4963 1.§62 3.985 1.634 6438
BO4D 4359 1090 3220 0962 2975
B0260 4881 1.703 3.835 1.492 5490
B0O2D 433 1.064 3174 0.940 2899
B0280 4857 1.64 382 1452 50m
B0O28D 4318 1.069 3157 0941 2914
B0310 5.824 3% 4741 2835 23.8%4
BO3ID 431 1058 2655 0936 2880
B0330 5.084 2001 4,062 1.756 1393
BO33D 4.205 1.102 287 096 301
B0350 4850 1.697 3347 1.506 5457
BO3SD 4125 1.026 2176 0.908 2789
B0370 4790 1658 3821 1442 5.4
BO3D 4106 0.986 LI -0 2619
B0390 4776 1.660 3835 1432 5.258
BO39D 4,098 0.967 2113 0.366 2629




Chapter

Theoretical Backgrounds

2.1 Introduction

Coherence stands for mutual relation or inter-dependency; it manifests an intimacy rang-
ing from a compleie clone to a total stranger. For a multi-scale, multi-factor coupling
system the levels of coherence among different target quantities represent the phenomena
of mutual interaction. By studying variations of coherences under different experimental
setups or different input parameters it is possible to identify the evolutions of different
scales and to isolate key influencing factors as well as the effects thus associated.

In this study both spectral and wavelet coherences will be used to characterize the
scale features of the wave and current fields for various water wave settings. And a few
water wave physics will be highlighted.

We note first that, compared with the Fourier coherence approach, the wavelet coher-
ence approach is able to provide far much better information that is not only unambiguous
in outcome descriptions but also economical in data amount needed. Various topics to be
shown in the following chaptefs will illustrate all of these. But let us first state explicitly
some fundamental backgrounds of the two methods and highlight their respective advan-
tages and disadvantages.

In two somewhat related studies by the author (Lee 1997; Lee and Wu 2000), infiu-

ences of non-stationary effects or local transient variations were stressed and uncertainties

10



arising from Fourier spectra were further elaborated through the Hilbert transform’s view-
point (Greenberg 1988; Cohen 1995). Herein, additional evidences of the drawbacks im-
posing upon the Fourier basis functions due to these effects will show up when comparing
performances of spectral coherences with those of wavelet coherences.

Apart from the instinctive and fundamental difference between Fourier and wavelet’s
viewpoints concerning the appropriateness of depicting waves as finitely supported mod-
ulating signals, i.e., waves with a life span, there are two other major differences. First,
from the viewpoint of their origins, wavelet coherence is a more intimate form of its an-
alytical counterpart than is spectral coherence. More specifically, the wavelet coherence
is a direct and natural extension of the wavelet resolution of identity, and therefore in-
volves less artificial intervention. Second, the wavelet coherence is derived from a set of
coefficients with an extreme redundancy, while spectral coherence is derived from a set of
coefficients associated with orthonormal basis functions. The redundancy provides a fine
scale resolution as well as a huge population space needed for coherent statistics, and thus
it reduce impacts related to histogram processing, noise effects, a few uncertainty factors,
etc (Press et al. 1992, Zhang 1994). Besides, being based on a basis with minimum en-
tropy, the wavelet coefficients possess maximum information contents and lead to clear

tendencies in coherent features.

2.2 Spectral coherence

The cross correlation function of two functions g(¢) and A(t) is the following inner prod-

uct c(t)

c(t) = (g(r + 1), h(1)), 2.1)

where 7 is a dummy variable. The correlation coefficient function of c(¢) is r(¢),

c()

_— 2.2
TOEG] (22)

rs(t) =
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For real g(¢) and h(¢), its Fourier transform is

c®  _  GwHw)
leOMAOL — IG@)IIH @)

(2.3)

The artifacts to be introduced in the spectral coherence are associated with the form of

expected values and the introduction of a normalization as given by

IE[G () H(@)]|?
(E[|G () 2IE[| H (@)[2]) "/

R} (@) = 2.4)
where the symbol E stands for taking expected value. Since expected values take no
action without introducing one more dimension, this equation is identically unity for all
frequencies if each data sequence is not segmented and arranged in an array with one
additional dimension. The process of this segmentation is completely similar to that com-
monly implemented in calculating power spectra; its purpose is to reduce the uncertainty
or standard deviation of the spectrum. There is no doubt that inherent properties of the
discrete Fourier analysis impose similar limitations to the conclusiveness of spectral co-

herences.

2.3 Wavelet coherence

As to the wavelet coherence, the derivation is even more direct and simpler, along with
fewer artifacts.

The wavelet resolution of identity of two functions is

1 © 1] [ ___
(g, h) = —/ —2/ (8, Va,b)(h, Yap)dbda, (2.5)
Cy Jo a” J-oc

in which ¢y is a constant and ¥/, 5 is a wavelet with scale a and translation step b. For a

fixed scale a

11 [ ——
(8as Ba) = —— / (8, Va.b)(h, Ya,p)db. (2.6)
Cy a —00
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Here the integration with respect to the translation parameter b is physically, as well
as intuitively, similar to the operation of taking an expected value by summing up the
elements in the population space. It is therefore quite straightforward to define the wavelet

coherence as the natural extension of the normalized equation of resolution of identity:

IEs[(g, Va,0) (h, Ya)]I?
(EbL1(8. Va,0) PIEs LI (h, Va5 121) "/

R2(a) = 2.7)
where the subscript b in E,, stands for taking average with respect t§ the translation pa-
rameter.

It is clear that the wavelet coherence has a more direct linkage to its analytical coun-
terpért than does the spectral coherence.

Unlike the spectral coherence, there is no need to segment the data. The expected val-
ues can be obtained in a sense of summing up the results of a simple convolution through
a proper imaging and a sign change of the functions and variables involved. Therefore, the
population size of the sample space of wavelet coefficients is generally two or three orders
of magnitude larger than that for spectral coherence. That is to say, for almost any practi-
cal data acquisition scheme and any specific scale, the amount of available coefficients is
generally not a concern for the wavelet scheme.

It is also noted here that there are quite fundamental differences between the present
approach based on Equation 2.7 and the one adopted in Liu’s (1994) paper in which there
is no concern for the expected values (and, therefore, it should suffer from the various
symptoms related to non-stationary effects).

Still, there is one practical point that facilitates the use of the present wavelet ap-
proach. For the wavelet coherence, we can focus only on the portion of scale range that
is significant or meaningful to us; but for the spectral coherence, we have no control at
all over the frequency range of interest. So a great portion of the spectral results might
be entirely irrelevant to our interests. Judging from the fact that for all practical cases we

generally only want to, and are just able to, focus on a finite range of scale, we know that
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the spectral approach wastes resources in the unwanted while the wavelet coherence does
Just the most right; even though non-orthonormal cases take a much longer computation
time. Nevertheless computation efficiency is not our concern.

Again, we note that the basis functions and the associated analyzing scheme used are
based on the identified basis discussed in Chapters 1. They are related to the modulated
Gaussian wavelet with adaptations in their time-frequency windows. And the wavelet

basis function for a scale is

t—>b . wo(a) _(t=h?
I/fa( - ) = q V4 [ S0 — @] TNt (2.8)

where the time-frequency window parameter is

4 s
Erfc [1‘6 (7 + 2.5) - 2] 345=aw, (2.9)

in which Erfc is the complimentary error function and w is the carrier frequency based.
on a characteristic frequency of wy. This equation may be modified according to the type
of signal studied or according to the frequency range of one’s interest. Figure 2.1 shows
the curve of the function. The logic for the choice of its constants is self explained in the

attached program piece (written in Mathematica programming language). <
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obeg=11.; oend=5.;
fcenter=2.5; fdilation=10/4;  fshift=2. ;

perfc=Plot[ Erfc[(l/fdilation)* (freq +fcenter)-fshift]*
(obeg-oend) /2+ oend, {freq, -2.5, 8.5} ]

p— T ——— g T T ” -

11--'—\
10 \\\\

Window parameter
oo

1
6 \\
5 . [
-2 0 2 4 6 8
Carrier frequency (Hz)

Figure 2.1: The assumed wave decay parameter wy as a function of carrier frequency. The curve
can be adjusted according to several parameters: approximate peak frequency, significant range
of frequency, range of decay parameter, as well as a curve-shifting adjustment parameter; as are
indicated in the attached program piece in Mathematica programming language.
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| |Chapter 3

Experiments

3.1 The oval tank

The experiments were carried out in an oval tank equipped with wind blowing facilities
and a mountable mechanical wave generator. Figure 3.1 shows the layout. The circu-
lating oval tank is 31 cm wide and 45 cm high and has a 5-meter straight observational
section. The water depth was kept at 24 cm in all experiments. A variable-speed fan
was located at the opposite side of the observational section. Horizontal guiding vanes
were installed in front of the fan to regulate the airflows, and vertical guiding vanes were
installed at the semi-circle ténk sections to reduce secondary flows in both air and water.
Mechanical waves were generated by the plunger type motion of a wedge controlled by
a variable-speed rotor. The whole mechanical construction could be mounted along the

observational section.

3.2 The artificial rain simulators

- One of the covered topics concerns additional influences due to the external input of rain;
therefore, a brief description of the rain simulation follows.
The rain section was composed of two one-meter rain modules (Poon et al. 1992)

mounted atop the tank. Hypodermic needles of gauge 23 were uniformly spaced in the
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bottom of the modules and arranged in an equi-lateral triangular shape with a spacing of
3 cm from center to center. Rain intensity was controlled by the water head above the

needle tips.

3.3 The pressure transducer

A differential pressure transducer (Validyne model DP15) was connected to two bottom
holes of the tank locating at the upstream and downstream wave gauges that are situated
ahead and behind the raining section. The pressure sensor is a typical variable reluc-
tance stress transducer consisting of a diaphragm of magnetically permeable stainless
steel clamped between two blocks of stainless steel.

To ensure that no air was trapped in the transducer so that a proper dynamic response
could be secured, the transducer was flushed with a long steady water flow through its
bleed port and was tilted or shaken somewhat randomly. In addition, a relatively rigid
(compared with the magnitude of the pressure concerned) plumbing connection was used,
such that effects of low-pass filtering could be avoided. With these due precautions, the
small rain-induced stress could be faithfully extracted through the differential water sur-

face displacement.

3.4 The laser Doppler velocimeter

Aqueous flows at several depths in two cross sections along the tank (cf. Figure 3.1) were
measured with a laser Doppler velocimeter (LDV). The LDA system is a TSI four-beam,
two-component system with two-color, dual-beam backscattering, and counter type signal
processor configuration (Adrian 1983). The system is composed of the following main
components: (1) fiberoptic transmitting and receiving probe (TSI Model 9115, 9182, and
9140); (2) photodetector and photomultiplier system (Model 9160); (3) frequency shifter

with acousto-optic modulator and electronic down-mix module (Model 9180A); (4) signal
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input conditioner (Model 1994C); (5) fringe timer (Model 1995B); and (6) frequency to
analog conversion module (Model 1988). A few auxiliary instruments and accessories
were also used in fine-tuning the whole system and in achieving optimum control of data
quality, such as: (7) digital readout module; (8) intermittent burst data recording interface;

(9) light power meter; (10) fast and sensitive dual channel high-end oscilloscope; etc.

3.5 The waves

Both wind and Stokes waves were adopted. Major wind speeds were 6.0 and 5.1 m sec™!,
and the wind was measured with a Pitot tube located 50 cm upwind of the rain section
and 11 cm above the still water surface. Stokes waves with wave steepness values of both
a relatively small magnitude of 0.06 (weakly nonlinear) and a relatively high magnitude
of 0.30 (highly nonlinear) were mechanically generated.

Measurements of water surface displacements were done with the capacitance type

tantalum wire probes self-designed by the Air-Sea Interaction Laboratory.

3.6 The Asyst system

In anticipating the difficulties in distinguishing diffefences incurred by the change of ex-
perimental conditions as well as by the short raining section, a highly automated and spe-
cially optimized PC-based real time system for both experimems and data analysis was
developed using the Asyst programming language. All calibrations, environmental and
instrumental noise detections, real-time monitoring, experimental runs, and parts of the
on-site near real time-data analyses (such as zero-crossing statistics, displays of raw and
filtered sinals, wave height pdf distribution curves, single- or multiple-channel spectral
plots, etc.) were done with such a system to ensure maximum controls and peak quality

data.
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Figure 3.1: Schematic layout of experiment

19




Chapter I

Data Length Requirements for the Two
Approaches

4.1 Wavelet coherences using different analyzing data
lengthes

Both wind-wave (relatively non-stationary from spectral viewpoint, but stationary from
zero-up-crossing statistics viewpoint) and Stokes wave (stationary) cases will be used to
study the coherent features of the wave and current fields. In this chapter, examples of the
wind wave cases are shown. Stokes wave cases to be given in later chapters should also
supplement the argumeﬁts here.

The wavelet coherences using three different analyzing data lengthes of 1024, 2048,
and 4096 points are shown in figure 4.1. In the figure the cdherence is between surface
wave and aqueous flow and the aqueous flows were measured at individual depths as
labeled in the figures. It is seen that various corresponding curves are in extremely good
proximities.

It is quite remarkable that the wavelet coherence curvés for the non-stationary (either
from the Fourier spectrum or the zero-crossing statistics viewpoint) wind-wave cases of
1024-point data length are in quite consistent shapes with those using longer data lengths.

Alternatively speaking, increases in the size of population space of wavelet coefficients
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do not significantly alter the wavelet coherence curves.

4.2 Spectral coherences using different analyzing data
lengthes

The spectral coherences using three different analyzing data lengthes of 1024, 2048, and
4096-point are shown in figure 4.2. In the figure the coherence targets and the data source |
are the same as those of the previous figure. It is seen that little or no proximity exists
among various corresponding curves; there are always sharp rises and falls here and there,
and detail trends can hardly ever be told. In this perspective, these spectral curves further
evidence the various concerns inherent in both the numerical process and the underlying
properties of Fourier theory, and also serve as additional illustrations of the questionable
direct deconvolution scheme or the problematic blackbox mechanism using an impulse
response model as adopted in many studies (Soumekh 1994). Details of these are related
to the contents mainly outlined in the introduction chapter (Lee and Wu 1996a, b; and Lee

1997a).

4.3 Spectral coherences using lengthy data and different
spectral segmentation lengthes

It is also interesting to note that spectral coherence curves may possibly approximate
those of wavelet coherence when an extremely long data length is used. Figure 4.3 shows
the spectral coherences using a data length of 9126-point. And the spectral segmentation
length is 256- and 1024-point, respectively, for the top and bottom sub-ﬁgufes.

Although extremely lengthy data may possibly render somewhat compatible tenden-
cies with those of wavelet, the prices are certainly too costly. Besides, in some aspects, a

few features can barely be derived as will be given in the following chapters.
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Figure 4.1: The wavelet coherences using three different data lengthes: 1024 (top), 2048
(middle), and 4096-point (bottom). Here the coherence is between surface wave and aque-
ous flow at each individual depth as labeled in the figures. It is seen that various corresponding
curves are extremely good in individual proximities.

22



10/21/00-23:52

+64) |Ptam2S6 . #.5ccmd, (=40, inc=1)

1HO6D2-1. WCs

8.00

6.00

4.00

2.do

1.oo ¢!

750 +

xEO

Frequency (Hz)

10/21/00-23:52

2(06D2-1.WCs
— 2 cm

Spe(l6)-WC-D-

1.00 {1 1.6 IpLam256.#.5cca8. (I=40.inc=1)

xEO

750 -1

iy " . 3 g
. :.M:W,I.U.b\} 1 _m
L o :
] ' .u'
! Vo el 6
L}
n\.h.w...«“..»,.,b!..:
<
i
l ! } _ _ 3
———+—+—8
g 7 §
n
] © .
ouaayod ersedg

Frequency (Hz)

10/21/00-23:52

J(=40,inc=1)

a
3
a
[a]
g
A 4

— 2 c¢m

4.00 ‘

8.00

.00

6

2.00

1.00 Jﬁ_l 1,64) |pls=256.#.5cc= 16

xEO

xEO

Frequency (Hz)

1024 (top), 2048

23

ding curves.

(middle), and 4096-point (bottom). The coherence is between surface wave and aqueous
among various correspon

flow at each individual depth as labeled in the figures. It is seen that little or no proximity exists

Figure 4.2: The spectral coherences using three different data lengthes:




1.00 (11.64)]pts=256,#.5ec=36,(f=40,inc=1) 10/21/00-23:52
<EO 9f06D2-1.WCs
i —2cm
.750
L
Q
= -
5
=
[=]
2 500
5
& 4
v
250 -
000 =
Frequency (Hz)
100 J(11:256))pts=1024,#.sec=9.(f=40,inc=1) - " 10/21/00-23:52
<EO Spe(f6)-WC-R(~(a) 9f0622-1.WCl
T — F0622-0621
750 +
(3]
(57
= Pos
o
[-F]
o=
[=]
2 500 4+
[
[5]
2. 4
7]
250 <+
1 L 1 L 1 L
000 545 ! 2.00 ’ 4.00 ! 6.00 ' 8.00
xEO
Frequency (Hz)

Figure 4.3: The spectral coherences using a data length of 9126-point with different spectral seg-
mentation lengthes. Here the segmentation lengthes of 256 (top) and 1024 (bottom) points
are used, and the coherence is between surface wave and aqueous flow at each individual depth
as labeled in the figures. It is seen that spectral results using extremely lengthy data may possibly
match those of wavelet, but the tactics might be too costly.
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4.4 Informative implications

Overall, additionally, it is not hard to get the following significant implications from the

previous figures:

1. Life span of waves — Life spans of component waves are shorter than any analyz-
ing data length used. That is to say, even for the shortest data length of 1024-point
the support lengths of all basis functions have properly encompassed all wave com-

ponents.

2. Stationarity — From the standpoint of the identified wavelet basis, the wave and
current fields are reasonably stationary for all data lengthes employed. The truly
remarkable point.is that the 1024-point data length has almost fulfilled the station-

arity.

3. Usefulness of redundancy — The information content of redundancy quickly satu-

rates, i.e., the lengthening of data length provides not much additional information.

4. Length requirements — Combining the three above statements, we see that there is
really no need, at least for the present purposes, to acquire lengthy data when the

wavelet approach is adopted; this is certainly not the case for the spectral approach.

5. Water wave regularity — Judging from the fact that the function bases of wavelet
and Fourier coherences are different, but they yield somewhat similar coherence
curves, we regard that our water waves are still relatively quite “regular’” when com-
pared with the other wavelet basis functions (Daubechies 1988, 1992; Mallat 1989,
1992, 1998; Coifman et al. 1992a, b, c; Meyer 1992, Press et al. 1992; Massopust
1994).

6. Transient effects and phase ambiguity — The poor performance of spectral co-
herences is reflected by the rapid variation of the coherent curves as well as the

extremely low improvement when the data length is increased. These symptoms
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can be attributed to the many causes illustrated in the related studies: such as, the
unsatisfactory blackbox mechanism of direct de-convolution; the serious phase am-
biguity and local transient effects; the uncertainties associated with Fourier numer-
ics; the rapid diminishing of autocorrelation functions; and the critical changes of
transform coefficients due to slight variations of a signal when an orthonormal basis

is used.
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Chapter

The Natural Frequency of the Wind Wave
Tank

5.1 A micro feature as identified from macro signals

In this chapter we will see that the wavelet coherence approach is able to identify a mi-
cro feature of tiny energy content that should otherwise be invisible. This is illustrated
through the extraction of the naturai frequency of the wind wave tank using a single mea-
suring pair of the wave-current field.

Figure 5.1 shows the wave-current coherences for currents measured at two individ-
ual depthes, and the frequency range is from almost zero to 2.0 Hz. The existence of the
somewhat regularly repeated bumps at the lower end of the coherence curves has its own
physical significance associated with the natural frequency of the tank as to be supplemen-
tally explained in the figures that follow. We note that the irregularity for the left-most
bump is caused by the long life span of the natural frequency. At this scale range the
support lengthes of wavelet basis functions are unable to cover the whole span; therefore
edge effects are introduced.

The remarkable truth here is: not only the wavelet coherence is able to extract a com-
ponent signal of relatively tiny energy content (less than 1/10, 000 of that of the primary
wave), but also it is able to identify the harmonic feature of the embedded micro signal.

Figure 5.2 show the raw wind wave signal used to derive the above natural frequency.
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It is quite certain that the natural frequency as well as its features can hardly ever be

perceived with any other numerical tool.

5.2 Additional evidence as provided by a noise signal of
nearly null content

In this section additional evidences of the existence of the natural frequency are provided
using different types of signal. Figure 5.3 shows a signal of almost null content. The
signal is basically just a noise of instrument origin superimposing upon a background
natural frequency wave. It was acquired after stopping the blowing wind. With the ceasing
of wind the water surface was visually seen to calm down immediately, but, due to the
relatively long wave nature of the natural frequency, the natural frequency wave kept on
propagating, and the acquired signal is therefore a noisy signal with the natural frequency
wave embedded.

Here the natural frequency wave is extracted in two ways: One is by filtering in a
maximum extend the noise signal. The other is by calculating the auto-correlation func-
tion of the somewhat filtered noise signal with a zero offset. The dotted line in Figure 5.3
shows the maximally filtered signal. Figure 3.4 shows the auto-correlation function. The
period of the natural frequency is clearly seen to be about 13 seconds. The tapering of the
auto-correlation curve is mainly due to zero padding adopted in the numerical processing.

Additionally, figure 5.5 shows a raw signal of relatively low noise obtained by the sen-
sitive differential pressure transducer. The instrument faithfully recorded the tiny water
head difference between the two sections and revealed a few properties of the wave.

Again, even for the extreme smallness of wave steepness for this natural frequency
wave, the wave type is more of a Stokes wave with flatter troughs and sharper peaks,
which in turn yield slower rises and steeper descends of differential pressures as shown in
the figure.

In contrast, figure 5.6 shows that the power spectral curves of the noise signal. Here we
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Figure 5.1: The feature of the somewhat regularly repeated bumps at the lower end of the coher-
ence curve has its own physical significance associated with the natural frequency of the tank. It
is quite remarkable that wavelet coherence is able to extract component (or embedded) signal of
energy content of less than 1/10, 000 of that of the primary wave and even to tell its harmonic
feature.
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Figure 5.2: The raw wind wave signal that is used to derive the natural frequency - to the author
knowledge, the micro feature can hardly ever be told by any other mean.

30



have no easy identification of the natural frequency even though, analytically, power spec-
trum is the Fourier transform of the auto-correlation function. This should be attributed
to the many side effects of the numerical process as well as the nature of the Fourier basis
functions. Understandably, either spectral coherences or power spectral curves are un-
able to tell the existence of the natural frequency, not to mention the multi-band nature

associated with a Stokes wave (Lamb 1932). <
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Figure 5.3: A signal of nearly null content (top) serves as an additional evidence for the exis-
tence of the natural frequency. While the almost null wave gauge signal of mainly noise content is
hard to tell the existence of the natural frequency without special attentions, the low-noise pressure
transducer faithfully recorded the tiny water head difference (bottom). These signals were ac-
quired soon after the blowing wind was stopped and the water surface was visually without waves.
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Figure 5.4: The auto-correlation coefficient function of the noisy wave form (the top sub-figure
of figure 5.3) shows a few characteristics related to the natural frequency of the oval tank. The
tapering of the curve is mainly due to zero padding of the numerical process. The slower rises

and steeper drops of the curve is compatible with the measurement of the differential pressure
transducer.
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Figure 5.5: The raw signal of the pressure transducer also clearly reveals the natural frequency
wave. Even for the extreme smallness of wave steepness, the wave is seen to be more like a Stokes

wave with flatter troughs and sharper peaks, which in turn yield slower rises and steeper descends
of differential pressures as shown in this figure.
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Figure 5.6: The power spectral curves of the noise signal — there is no easy identification for
the natural frequency. Though, analytically, power spectrum is the Fourier transform of the auto-
correlation function, side effects of the numerical process cause ambiguity and render the judge-
ment a bit difficult. It is quite certain that these curves are not able to yield multi-band nature of
the natural frequency related to a Stokes wave.
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|Chapter 6

Coherences and the Stage of Wind Wave
Development

6.1 Coherence and relative energy

Coherence is a normalized value, within a coherence curve, higher coherences are asso-
ciated with components of relatively higher energy content. In this chapter we will see
that wavelet coherence is able to differentiate intricate details and also shows that the
wavelet coherence levels are able to indicate the relative maturity of interaction under dif-
ferent wind conditions. In this regard, the spectral coherence is generally only capable of

showing mediocre tendency for a single coherent curve.

6.2 Coherence and the maturity of wind wave

Figure 6.1 shows wave-current coherences for current measurement depthes at 2 and 5
cm below the still water surface and wind speeds of 6.1, 5.1 and 4.0 m s~}. It can be seen
that the levels of coherence show the individual stages of wind wave developments. A

few explanations are:

e Since various data for the figure were all sampled at the same location along the
tank, the relative levels of coherence signify different maturity of wind wave devel-

opment. With the increase of wind speed it is seen that the peak of the coherence
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curve shifts towards the upper left corner of the graph, i.e, the trend of peak fre-
quency getting lower and peak coherence gett‘ing higher. Such indications of matu-
rity can also be verified by measuring a second wind wave signal at a downstream
(or upstream) location and then comparing the statistical difference between the

two.

The maturity is also indicated by the developments of both long and short compo-
nent waves for cases of aqueous flows measured at a shallower measurement depth
of 2 cm. For high wind speed, the curve at high frequency end does not extent as
to the right as does the low wind speed; this is due to the higher instability (or ran-
domness) of the wave-current fields. For its lower frequency end, the curve is also

seen to shift to the left significantly.

Since shorter waves do not penetrate as deep as longer ones, the parts of different.
coherence curves at the high frequency end for the deeper measurement depth of
5 cm are seen to ciose to each other and not to extend as to the right as do those
of measurement depth of 2 cm. This is an indication of the maturity of short wave
components. However, at the low frequency end, coherences for the higher wind
speeds are seen to shift further towards the left hand side as compared with those of

measurement of 2 cm depth, but this does not happen for the smallest wind speed.

As indicated in figure 4.2 it is generally not possible to differentiate the coherence
levels using Fourier spectral approach since the peaks of the curves (corresponding
to wave components with somewhat significant energy) are saturated with a value
of unity. Besides, all the features stated above are not as clearly identifiable as those

of wavelet coherences. *
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coherence is able to indicate the maturity of wind waves. Here wave-current coherences at depthes
2cm (top) and 5cm (bottom) for three different wind speeds as labeled in the figures show
the individual stages of wind wave development.

37



|Chapter 7

Coherence and the Instability of Water
Wave

7.1 Introduction

In this chapter we study coherence features of different Stokes waves with different wave
steepness values and show that wavelet coherence features are able to indicate phenomena
related to water wave instability. But first let us briefly state a few concepts related to

water wave instability.

7.2 Stokes waves with different wave slopes

The stokes waves were generated using a plunger type mechanical wave maker consisted
of a triangular wedge pedal and driven by a variable-speed rotor. The representative values
of wave steepness of the Stokes waves are estimated from the wave slopes of individual
fundamental harmonics. And amplitude modulations of individual harmonic components
are derived from the Hilbert transform method (Lee 1997).

Figure 7.1 shows the power spectral curves of two Stokes waves with wave steepness
values of 0.06 and 0.30 for individual fundamental harmonics. Figure 7.2 shows the
amplitude modulations of the first four harmonics for the Stokes wave with the 0.06 wave

steepness. For this Stokes wave the instability is relatively quite minor.
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The high instability is illustrated through the use of the Stokes wave with the repre-
sentative wave slope of 0.3. Here the evolutions of time-frequency (or time-scale) phase
planes at three measurement locations along the tank (2.3, 3.5 and 3.6 meters, respec-
tively, away the wave generator) are shown in figure 7.3. For his case the peak frequency
for the fundamental harmonic is about 2.7 Hz.

In the figure the Fermi-Pasta-Ulam (FPU) recurrence phenomenon (Hasselmann 1962;
Brooke Benjamin 1967; Brooke Benjamin and Feir 1967; Lighthill 1967; Brooke Ben-
jamin and Mahony 1971; Yuen 1975; Longuet-Higgins 1978a, b; Stuart and DiPrima
1978, Debnath 1994) was compatibly characterized with underlying theory for having
~ a cutoff instability bandwidth of 2.0 Hz and an instability development time of 0.65 s.
Additionally, a few illuminating points are: (1) The wiggling of the dark frequency band
strongly indicates the existence of constant swapping of energy among different frequen-
cies and shows a typical feature of instability. (2) When the wave evolves down the tanl;,
The relative contrasts of dark spots within sub-figures are getting darker and localized. (3)
There is downward expansion of frequency band when the wave evolves down the tank,
as is seen by comparing the bottom parts of individual sub-figures — the bottom parts of
the time-scale planes are getting darker and there seems to be a somewhat regular pattern
evolving when the wave propagates downstream. In general, these features are consistent
with the findings of several previous studies (Whitham 1967; Lake and Yuen 1977; Lake
et al. 1977; Su 1982; Melville 1982, 1983).

7.3 Coherence and the instability

The wavelet wave-current coherences for the two Stokes waves of wave steepness of 0.06
and 0.30 are shown in figure 7.4, and the corresponding spectral coherences are shown in
figure 7.5.

For the low wave slope of 0.06 the coherence peaks for the fundamental harmonic

bands are close to unity for all depthes and the curves are also near to each other; for the
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Figure 7.1: Power spectra of Stokes waves with different inherent instability — The wave steep-

ness values are 0.06 (top) and 0.30 (bottom) for individual fundamental harmonics.
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second peak (second harmonic), due to shorter wave length and higher loéal wave slope,
the peak values are lower and the curves are not as close to each other as what the first
peak shows. Nevertheless, both peaks generally indicate features of low instability.

For the high wave slope of 0.30 the coherence levels for individual curves are seen to
departed substantially from each other; moreover, it is seen that their coherence levels are
reduced when compared with those of small wave steepness and that the deeper the depth
the lower the coherence. Here the reasonable explanation is the downward expansion as
well as the localized effects of low frequency band, as shown in figure 7.3.

As to the spectral coherence curves shown in figure 7.5, once again, we get further

ideas of how difficult it is to gather any informative physics.
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a 0.06 wave steepness for its fundamental harmonic.
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Figure 7.4: The wavelet wave-current coherences for two Stokes waves with wave steepness val-
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Chapter 8

Phase Effect on Wavelet Coherence

8.1 The phase difference between wave and current

Until now all the coherences deal with surface waves and current in the gravitational
direction, and the wave and current are measured at almost the same location. The basic
water wave mechanics tells that there is a 5 difference between the phases of surface
displacement and water particle velocity in the gravitational direction, i.e., if the surface
displacement  ~ cos @, then the current speed w ~ sinf ~ cos(6 — %). Therefore
it warrants for us to check whether there is improvement in the wavelet wave-current

coherence by further fine tuning one of the inner product projections.

8.2 A better shift-non-invariant property

To make such an adjustment both the carrier and the modulator of the Gaussian type
wavelet need to be shifted; For all scales the phase of the carrier can easily be shifted
to the left by simply making the 7 adjustment, but the shift of the modulator must be
calculated based on individual scale (a, or carrier frequency).

Figure 8.1 shows wavelet wave-current coherences with and without such a phase
adjustment for the current speed. Obviously, the curves with or without the adjustment

are almost identical, and this further indicates that the present wavelet coherence suffers
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from phase effects in a lesser degree than spectral coherence does, i.e, adverse effects due

to shift-non-invariant property should be less critical for the used wavelet. <
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Figure 8.1: The wavelet wave-current coherences with (top) and without (bottom) the 3

phase adjustment between surface wave and the vertical component of aqueous flow — The two
figures are almost identical. The indication is that the wavelet coherence suffers from phase effects
in a much lesser degree than does the spectral coherence, i.c., the used wavelet approach has a
better shift-non-invariant property.
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Chapter

Non-Concurrent or Displaced
Measurements

9.1 Another form of phase effect

In the last chapter the subject is about phase; in this chapter what will be studied is also
about phase. However, the previous chapter concerns the optimization of phase in which
the phase shifts for the carrier waves are all fixed and their modulators are shifted accord-
ing to individual scale sizes; and yet the present chapter concerns the effects of uncontrol-
lable phase shifts that are associated with measurements acquired either non-concurrently
or at two somewhat distantly spaced locations. Moreover, in the previous chapter the ad-
justment of phases is applied to the basis functions, but in the present chapter the phase
noises are inherent in the target signals. Altheugh, for cases of displaced but concur-
rent measurements, it might somewhat be possible to make the adjustments of the carrier
waves and their modulators in a similar way to that of the previous chapter, the difference
between phase speed and group velocity (energy propagation speed) complicates the mat-
ters. Furthermore, taking into account the support lengthes of short and long waves, one
realizes that there is no consistent approach for all scales. As to non-concurrent measure-

ments, there is simply no rule to make adjustment, not to mention those of wind wave

cases.
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9.2 Stokes wave cases with a small wave slope

Figure 9.1 shows both the wavelet and spectral coherences for non-concurrent measure-
ments for a Stokes wave with a low wave slope of 0.06. The top and bottom sub-figures
are respectively without and with the input of rain. From the wavelet coherence curves, it
is clearly seen that this external input of rain has lowered the current-current coherence.
And this is reasonable since at this low value of wave steepness the original wave and
current fields should be relatively regular; therefore, an external disturbance reduces the
coherences.

One additional point is that the coherence levels are not as high as those of concurrent
measurements; nevertheless the peak values are still of relatively high magnitude when
compared with other non-concurrent or any displaced measurements. As to the spectral

coherence curves, the same wiggling exists and their peak values are mostly near unity.

9.3 Stokes wave cases with a large wave slope

Figure 9.2 shows both the wavelet and spectral coherences for nom-concurrent measure-
ments for a Stokes wave with a high wave slope of 0.30. The top and bottom sub-figures
also show respectively cases without and with the input of rain. Here the interesting boint
for the wavelet coherence curves is the significant rises of coherence curves around the
carrier frequency of 3 Hz. Without rain, due to the high instability of wave steepness of
0.03, the coherences are seen to be extremely low (below 0.2). But, when there is the ac-
tion of rain, the impacts of rain drops neutralize the non-linearity and cause the reduction
of randomness: henceforth the significant rises of coherences. Note that the flow mea-
surement points for the present and the previous figures are the same and are located right
behind the raining section. This phenomenon is compatible with the author’s arguments
in a study concerning the coupling mechanism of wind, wave and rain (Lee 1999b). In
contrast, the corresponding spectral coherences curves are of noise with peak values also

near to unity.
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measured at different depthes as labeled in the figures for cases of non-concurrent measurements
for a Stokes wave of low instability — Here a Stokes wave of a low wave steepness value of 0.06
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51




100 JBSOICIOEOROEMLAS ] JRA0-2M8 I #‘Lsﬁ)wmﬁ_([:wjmﬁ) 121
o | WDk 4102CC o | SO 02C
T —3&im T —3J&im
=04l | —14
m+ i 0+ l
5 8
§ + s 1
5 2 [l H
z 9 |
g g 4
- Q - i
§ 50 3 S0 i
] k
> 9
3 g
- [} -
3 : @
m+ X+
LD O oo meren L 1 ! 1
Wsp T . ] e LN R 1
(:1]
Scale (~ Frequency in Hz) Frequency (Hz) -
100 LB Ex0ROEAILAS) JUBN0-204% 10 LSS e iy IB00-2217
& Wavelet(al&3)-CC-D-(N<30) A3D2CC & SMJ]&}){C-D(J[{!% ACC
T —3dm T, i —3tim
—-3gt
m+
EoT g
o (7}
g s
s et 0
0 F
> g
! :
%3
’0 4
NG _
Wk i ]
B
Scale (~ Frequency in Hz) Frequency (Hz)

Figure 9.2: The wavelet (right) and spectral (1eft) coherences between current and current
measured at different depthes as labeled in the figures for cases of non-concurrent measurements
for a Stokes wave with a large wave steepness value of 0.30 — The sub-figures are without (top)
and with (bottom) the influence of rain. Here the effects of the external input factor (i.e., the
rain) on the instability, as identified by the wavelet coherences, manifests the interaction mecha-
nism within a wind, wave and rain coupling system.
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9.4 Wind wave cases

As to non-concurrent measurements for the wind wave cases shown in figure 9.3 it is
seen that the coherence levels are very low (about 0.2) and no conclusive feature can be
discerned, even though these current fields may be relatively stationary when viewed from

wavelet’s standpoint. It is of no doubt that randomized phases cause the problem. <
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Figure 9.3: The wavelet coherences between current and current measured at different depthes
for cases of non-concurrent measurements for two wind waves — Here wind waves of two wind
speeds of 6.0 m/sec (top) and 5.1 (bottom) are shown.
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o 1 )

Complex and Real Coherences

10.1 Real and complex wavelets

The application formulae for wavelet coherence roots its soundness in the foundation of
a strong theoretical background as stated in Chapter 2. As we know there basically exist
infinitely many seeding functions (or mother wavelets), either of discrete or of continuous
transform nature, that are able to furnish a complete (or lossless) wavelet reconstruction,
i.e, to fulfill the law of resolution of identity. Furthermore, unlike Fourier domain where
the basis functions are instinctively complex, the basis functions of wavelet can be either
real or complex. And in fact commonly seen wavelets in various disciplines or applica-
tions are mostly real.

The continuous wavelet adopted here (equation 2.8) is a complex wavelet, and it is
a natural extension of the identified optimum discrete wavelet, i.e., the semi-orthogonal
cardinal spline wavelet. As we also know the optimum discrete Riesz wavelet is real,
it therefore warrants for us to have a look at the coherences by using a function which
is the real part of the complex modulated Gaussian wavelet and which, incidentally, is
almost identical to the identified semi-orthogonal cardinal spline wavelet (Chui 1992a, b,
c; Lee and Wu 1996a, b). Here the point of the statement is: even though the equation of
resolution of identity (equation 2.3) requires that the function ¥ be a wavelet, the use of

such a real part function, though analytically being not a strict wavelet, should still satisfy
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the use of the equation.

10.2 Stokes wave cases

Figure 10.1 shows the complex and real wavelet wave-current coherences at individual
depthes for the Stokes wave cases of 0.06 wave steepness. It is seen that the peak values
of the real part wavelet coherences are soméwhat lower than the complex ones and the
band spreads of the peaks are also narrower. One additional feature is that the real wavelet
coherences are generally further reduced for frequency bands of higher wave steepness,
such as the second or higher harmonic band. Here the cause should be attributed to the
fact that the local (or individual) wave steepness of higher harmonic band is of a higher

magnitude and consequently of higher non-linear instability.

10.3 Wind wave cases

Figure 10.2 shows the complex and real wavelet wave-current coherences for aqueous
flows measured at individual depthes for the cases of 6.0 m s~! wind. It is seen that both
the coherence levels and the shapes of curves are dramatically different. The peak values
of the real wavelet coherences drop significantly and the trends among curves are not
consistent. Here the indication is: local transient effects severely hamper the usefulness
of a projection without phase information (i.e., taking an inner product with a real basis
function). Alternatively speaking, without a complex operation, phase effects is much
more critical, and a complex wavelet function basis helps to remove the harsh difference
between synthesized wave forms composed of various component phases.

Another peculiar feature is: for complex wavelet coherences, the peak values are gen-
erally cluttering about unity, but, for real wavelet coherences, their peak values are gen-
erally differentiable. Moreover, the more transient (or more instability) the coherent field

the lower the coherence level is (one can refer this argument to the figures shown in the
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Figure 10.1: The complex (top) andreal (bottom) wavelet wave-current coherences for aque-
ous flows measured at individual depthes for the Stokes wave cases of 0.06 wave steepness. It is
seen that the peak values of the real part wavelet coherences are somewhat lower than the complex
ones and the band spreads of the peaks are also narrower.
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previous chapter too).

Overall, we conclude that the real wavelet coherence may also provide informative
features for those conditions that are somewhat less transient or relatively more station-
ary. In this regard, the real wavelet coherences may sometimes serve as an index of
instability or a pointer for unstable effects or randomness. Again, these functions cannot

be facilitated by spectral coherences. <
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Figure 10.2: The complex (top) and real (bottom) wavelet wave-current coherences at indi-
vidual depthes for wind wave cases. It is seen that the real part wavelet coherences are significantly
lower than the complex wavelet coherences.
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o 1 1

Summary

We first outlined t.he main contents of two previous studies that laid the foundation for
the successful applications of the present wavelet coherences. We then illustrated theo-
retical backgrounds for both spectral and wavelet coherences and discussed the different
intimacy between their application formulae and exact analytic forms. And then all the
rightfulness was vindicated by various informative topics centering on practical aspects of
water wave lineaments. Results clearly show that the present wavelet coherence approach
is far superior than that of the spectral coherence — either in extracting various features
associated with multi-scale phenomena or in manifesting various water wave physics.

Specifically, we show:

e The wavelet coherence approach is shown to yield features that are much less un-

certain and far more distinguishable.

e The data length requirement is much more economic for the wavelet coherence
approach. Apart form the fact that a few features can hardly ever be discerned using
the spectral approach, the order difference in data length requirements is more than

one.

o The wavelet coherence is able to identify micro phenomena embedded within macro
signals. In particular, the existence of the natural frequency of the wind wave tank

as well as its high order Stokes wave nature was identified using a single wave-
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current measurement pair.

e The wavelet coherence is shown to be able to indicate the maturity of wind wave

development, again, using only one single measurement pair.

e The wavelet coherence is shown to provide information related to a few innate
physics, such as side band instability, Stokes wave features, influences of external

inputs, etc.

e It is also shown that the wavelet coherence suffers less severely from the shift-non-

invariant property.

e Not only the complex wavelet coherence, the real part wavelet coherence may also
possibly yield informative features, especially for wave-current fields that are rela-

tively less random or less transient.

Finally, let us summarize the properties that are inherent in the two methodologies and

that cause the much differentiable performances between the two.

e Spectral coherence:

— Forever-live waves do not tune to intimate physics
— Limited number of coefficients (orthonormal)

- Poor scale resolution (matching problem)

~ No control of frequency range (wasteful)

— Serious ambiguity and phase noise

— No adaption for better physics

— More numerical noise

— More artificial inputs

e Wavelet coherence:
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-~ A more natural description using life-expectancy waves

-~ Much more abundant coefficients (residual)

— Unlimited scale resolution

— Focusing on scale range of interest (efficient)

— Time-scale window adaptations for better physics

— Fewer numerical noise

— Associated with an optimal function basis (Lee and Wu 96a, b)
- Both real and complex wavelets can be used

- ...Additional properties in contrast to those of spectral coherences (such as,
having a formulation that is more closely related to background theory, no

need of raw data segmentation, etc). <
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