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ABSTRACT

Here we examine, as well as compare, various coherent features based upon a wavelet

and the Fourier spectrum perspectives. The wavelet perspective is associated with an op-

timum wavelet function basis, i.e., the semi-orthogonal cardinal spline wavelet as was

identified in our previous studies. Data used is related to measurements of the wave and

current fields associated with wind waves or mechanically generated waves of Stokes

type. The main topics concerned include: effects of data length on convergent tenden-

cies for the two types of coherences; differences in coherences arising from using either

complex or real functions related to the optimum wavelet basis; effects of data qual-

ity on the coherence distributions; symptoms arising from non-concurrent or displaced

measurements; statistical implications; and physical depictions of analytical aspects or

mathematical counterparts. Overall, the present study, on the one hand, fully vindicates

the usefulness and superiority of the identified basis and serves as an extension of our

previous studies concerning the identification of an optimum wavelet function basis for

water wave related signals as well as the relevant data analysis methodology; on the other

hand, it serves as an example for the basis’ practical applications.
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, (2.1)

îP�°ñfr½ETP


ĉ(t)

‖g(t)‖‖h(t)‖
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G(ω)H(ω)

‖G(ω)‖‖H(ω)‖
, (2.2)
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ð!ýã;�normalization��0á�

�y~®�nÜMn;PJ�Aì.���� î�ËÐóÍ~®!���-

3



���the wavelet resolution of identity�


〈g, h〉 =
1

cψ

∫
∞

0

1

a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉dbda, (2.4)

P� ψ 
~®Ðó�cψ 
ðó� µØ×M� a ���Í5�����


〈ga, ha〉 =
1

cψ

1

a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉db. (2.5)

lÚ9×P��!ø2Þ�TÂ�ð!ýã;ÝL�Tàyî� J&ÆÿÕ~®

�nÜMn;PAì�

R2
w(a) =

|Eb[〈g, ψa,b〉〈h, ψa,b〉]|2(
Eb[|〈g, ψa,b〉|

2]Eb[|〈h, ψa,b〉|
2]

)1/2
, (2.6)

P� b ��~®»ð�ÝÉ�¢ó�translation parameter�� � Eb �jEhÉ

�¢óã¿í�

î«ËÍ�nÜMn;Ðó&Æ���Aì��Pf´� ®H�nÜMÍ�

TÂ�0áÎ´��QÝß
��� DÌ~®ï�Í�TÂ@jîÎ��Q2E

Ty~®É��ó�O�� �1¿{�âß
+á�ôµÎ1TàP�Ñ@��

PKÝâb� �@jî&Æ��|ËÑÝ£]�§W°�|Ì�Ù�Aì�

E®H�nÜMn;P���u£]�§`��BÄ
×MÝß
E�� J

�P@jîÎ×Pà���.hPE�¢ËÍGrTÐó��� Í�¢�£îÝ

�nÜM;ó��KÎ8�Ý��Â�Ç unity��@jÝOÕÎÄ6.ËÍÐ

óK6v5ð� &H4W9×Í.g�Îp�.
A�^b9ø×Í9�¼Ý.

g� J�TÂ�sì®à�ÇN×Í�óK©ETb×ÍøÍ� �y6v°JÑ

AÒ÷»ðì°ñf®HOÕÝ6v]P� DÌ~®�nÜMJ�m�¢6v�

ÃÍîN×Í b ÂKèºÝ×ÍÙ�øÍÂ�AÎ�&Æ��|Ý�Õ� 9ø×

ÍøÍè ÝøÍó;ðº´®H�nÜMøÍó�îÞÍ – #�ÎëÍ –ùû

�order��

G«Ý1�«{��@èî½� 8ny®H5��©P�
ôÞÌ���
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2�¨3®H�nÜMÝ�¨�
î� 9°x�8ny®H5�TÑøvò

ÐÃÍ�ã��degrees of freedom�� �²ó�variances�� É�&��©P

�shift non-invarince property�� 8�·¯�phase noises�� ÿW[T�ambiguity

effects�� �óÂ�§Ä�Ü²SáÝ×°[T�� % 2.1 � 2.2 Ì�1�ÝÉ

�&��[Tp8�·¯�ÿW[T� % 2.1 ;|øÑø�bi-orthogonal�~®

ÐÃ BO22D�8nÐÃ�ÛBTýî�¢�?{@~�
»� �% 2.2 J|Ñ

ø�orthogonal�~®ÐÃ ON33A 
»�

h²Âÿ×èÝÎ� h�&ÆX��Ý~®�nÜMn;P� Liu �1994�

XàÝ�nÜMÎ^Q�!Ý� Liu XàÝ�pÍóÂ5�»��1Î�Ì�T

Â�ÃF� ô.h�¢ï&Æ�G8ny~®��@~B�Ch����� �|

1�ÍZa�î�L�Ìb8	�Ý&%V¨é� TJ1Î#{Ý�@�P�©

!®	ITnðÝ¨éW�� ��!	®J����
T×��T�à�� ❖

� �
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Ï 3a

~®ÐÃ�óà

3G��nÜMÝn;P��8ny®HïÍÐÃÎ°×Ý� ¬8Ty ψ Ý~

®ÐÃ� ÃÍîP¡ÍËv�ó�KÎ�|PM9Ý� .� ψ Ýóà	QºE

�nÜM�¨b¥�Å(�qA&Æ�G×°@~"D�h�1�Íóà�

µAt�zÂ!P�i®ÿatÊÐÃÎ
�Ñø�üF5Ê~® �semi-

orthogonal cardinal spline wavelet�� �h×Ò÷�¾þ�Riesz� ÐÃÍy=�»

ðr½�ETÐóÎ
�M{ú5µÐó�modulated Gaussian distribution�� �

ïh×Ðó�ÏÃÍî¿{�y�¿~®�Morlet wavelet�� .�ãàÐÃ


ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2, (3.1)

P� ω0 
`���TM»<3�����Ç¢ó� % 3.1 îXóàtÊÐÃ

Í@ÌI5µ`a%� @jî�hÐÃ3h��¨Î8ny�9ó§��©

PÝ� �AÐÃ!JP��MP�Chui 1992a�1992b���ÑP�5µ;"c

â���`èÉ�`�»ð��P��¢¡��P�§�Heisenberg uncertainty

principle�� CÍ&ÑøP�³õP��

h�¨�1�ÝÎ�Ìb©²TZß��©P�fancy analytical properties�Ý

~®??b&ð�©�MÝ®�� Í3i®Î§"DTTàî�1pÿÍ��

á� 9°�¡Î�zÂ����¨�ùTÍóÂ[e�
��� K��|�

ßT1�� % 3.2 �îøÑø~®�bi-Orthogonal wavelet� BO31O Í=�ö

"�blow-ups���¨�Í8nó�Aì� ���512F���Â~®;ó-�
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D»ðæF�e12�ö"F�150�$�Â�2�$�F�12�Ç U12
2 �� ö"f

»Â�26�ã%��Í&[eP�
� % 3.3 î¨×øÑø~® BO35O Í=

�ö"��¨�8nó�Aì� ���512F���Â~®;ó-�D»ðæ

F�e12�ö"F�225�$�Â�2�$�F�12�Ç U12
2 ��ö"f»Â�26�

ã%��Í±[eP�©²HE�
� % 3.4 îÑø~® ONxxA � ONxxS Í

~®��wavelet packets��ö"�
�8nó��y&½5%îÝÛBãÿ� ❖

� �

9



 .000  300.  600.  900.  1200
xE0

-.750

-.375

 .000

 .375

 .750

xE0

Point Series

Fu
nc

tio
n 

va
lu

e
12/25/04-11:59[(5,1024)]

Re-N.epsPsi-Re(a)

RE-N

 .000  300.  600.  900.  1200
xE0

-.750

-.375

 .000

 .375

 .750

xE0

Point Series

Fu
nc

tio
n 

va
lu

e

12/25/04-11:59[(5,1024)]

Im-N.epsPsi-Im(b)

IM-N

% 3.1� XóàtÊÐÃÍ@ÌI5µ`a%�

10



 .000  100.  200.  300.  400.  500.
xE0

-3.00

-1.50

 .000

 1.50

 3.00

xE0

Point series

C
o
e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310IoWavelet basis blowup (L)

BO310-P0L2

 .000  100.  200.  300.  400.  500.
xE0

-6.40

-3.20

 .000

 3.20

 6.40

xE0

Point series

C
o
e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I2Wavelet basis blowup (L)

Seq. 2-150

 .000  100.  200.  300.  400.  500.
xE0

-48.0

-24.0

 .000

 24.0

 48.0

xE0

Point series

C
o
e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I4Wavelet basis blowup (L)

Seq. 4-150

 .000  100.  200.  300.  400.  500.
xE0

-2800

-1400

 .000

 1400

 2800

xE0

Point series

C
o
e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I6Wavelet basis blowup (L)

Seq. 6-150

% 3.2� Ìb©²TZß��©P�fancy analytical properties�Ý~®??b&ð�©�
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Ï 4a

��£]

X5��£];
®TøGr�Í;ã�×Ç�iþ�®�8n��� hiþ


Yi��Ìb 5 m��àÌ?ð�Í´{5½
 35C 45 cm�i�Jã 24 cm�

3Ì?ðE'�H'b×��>��±^CSøi¿�� �3Ì?ðJb×��

|�îáì�¬G¡É��îì�\P^_C®^� iþG`ðJ'bóÍàñ

Ý0ø��®{;|Y»ÆZÝ�. ASI �����'�%C���P®{��

?�iøJÎ| TSI 2¥%C�ÞîKé�ø>��LDV�?�� ��f�Îã

�!±>p�!ªñ¸¥�Stokes�lV®
���?FJbóÍ\«îÝ®{

C3�!���iø� ��µHA% 4.1 Xî�% 4.2 îëËªñ¸¥lV®�

�H%� ÍÃ�Ü��fundamental harmonic��£5½
 1.4�2.0�2.8 Hz��

�®�q&£�wave steepnesska�5½
 0.06�0.20�0.30� ❖

� �
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Ï 5a

£]��mOf´

% 5.1�5.2�5.3 îëË£]��ì�®{�iø �~®�®H�nÜM5µ`

a� &%��î���ì5%Í£]��5½
 1024�2048�4096F�i>�

�?F5½
�i«ì 2�3�4�5�9 cm� ®{Î8Ty 6 m/sec�±�� i

ø�Í�×Y®{�!M�?\«ÃÍî3!×�H�8û 0.5 cm��% 5.1Î


~®ï� % 5.2 � 5.3 Î
®Hï� Í;óàËË�! FFT ¢ó�x�3

�ã����-½� ã9°%ÿ|yî:Õ×ÍtM�Ý��Î�Ç¸©�à

1024F�~®�nÜMÝ�5µ`a�1��¨&ð�?Ý�T� v¸ÆK�

�#�ó�£]��´�ìÝ5µ��� ¯@î�3h×��f�ì� 1024

F�8	y 25.6 sec�E×°£]5�ÌF��� ÍÙ��1�Î8	&%V

�non-stationary�� Q�µ~®�nÜMÝÌF��Xb`aJ��î�Í#�

�²��
� �y®HïÍ�
�¨�18-&ð�� h²b×F�|\�Ý

Î�3{�I5� ®H�nÜMð�bJ��)��9°�|1^b@²�L�

¸ÆÎSá�·¯� Í��â£]�§` ð5v�\`[TXøßW5�

% 5.4î¨×#�£]��ì�®H�nÜM�h`XàFó
 9472F� á

)G�&%�$�Ì�.¡Aì�

�1�µ®H�nÜM��� £]���¦�EÍ�nÜM�
�¦Ç;�Î

&ðcXÝ� vÍ[à÷¼÷����©½Î3��8E´±�M� T{�

ñ� �2�µ~®�nÜM���¸à#K�£]�� Í�nÜM5µ�Ì%V

©P�ùÇ��¦�¬�;�Í5µ��� 9�Ìbë·�L�Í×�î~®�

17



nÜM5��m���Ýó��� ÍÞ�îµh���i®Gr���XãÝ

1024F£]����&ðÊ	Ei®&W5®�|ÿa�à��Ý�+�� Î1

9×���|â�ÐÃ�&Ðó�;"câ���support lengthes��ÍëÎ1�

�½¸à£]���¦�� h�=�~®»ð;óÍ³õPXèºÝbàG>ù

">��;� .�Ä9Ýó�ÍÃÇ��� �3�f´¸à 9472F�®H�n

ÜM5µ�~®ï� &Æ�|ãÆËï Í`a�VÌbØ°��Ý8«P� 9

×Fÿ|¯&Æ®AhÝ.¡�Ei®��� Ç¸ÎJh�8ny�iþ�Ýy

���ùTyßú��±ß�®�¡� |i®¼Efy&vò~®Ý®��£i

®�1ÎÁ
!Jc�Ý� 93~®��îÝó.�+µÎ1� 9ø×ÍtÊ

ÐÃÍ!J��regularity�T��5P&ð{� �¨×]«�JÎ1� ¿{Xb

5�©6~®�K�p3i®@~�×"X��©½Î	&ÆÎ½¥yÎ§·«

�"D`�Lee and Wu 1996a�2001�2003b��

î�x�µ`a�5µ®�Ç1��Í¸�|�1Ýó§.�$b� �1�¸

àÑøT&ÑøÐÃÍXCW�-²P� ®HÐÃÎ
Ñøï�ÑøÐÃ»ð;

ó�²P×�í8	�¥� .�CWóÂ[eP#±� �XàtÊÐÃ�JÎ×

Í8	ê÷Ý&Ñø�ùv=�»ð�Ý~®� �2�¸àÒ÷»ð`� &9T

�I5Ý»ð;óÎE×°E&ÆXk"DM�  mPnÐÝ�ñ ®OÕ�

.��19°;óKPÎ§L��ð­�1� h`Ýó��§b�9K�ð3£

°E&ÆD¡/�^b�mÃÇÝOÕ� fAµ®H�nÜM���JÍ
�Ý

�£  Î 2 F6\�£�¹¸ú�£ �Ç cutoff � Nyquist rate8T�£��

�9×  ×�KGGø�bLÎ§�£� Ü»��h�iþ±ß®x�ñ�Ç

1 � 4 Hz� h²$�Ú±>���ñ P�� DÌh�~®�nÜMµ^b9×

®Þ� ÍXbPnå�Ý�ñ K�|�ÄOÕ� ©�jE@~bL  ®óÂ

»ðÇ�� h²Í��F�H�Û������� �3�EÑø»ðTÒ÷»ð

���ãyÍ��Fü�vFób§�§×� l¸Ë@M�P°Ì7yÑ@��

Fî�.�CWÝ5Ì7 ¨é� ���îÒ÷TÑø»ðÍÉ�&��PXC

W[T� ½�W8	WßÝ�²���P� 8n¨é1��¢�% 2.1�2.2�
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��;
8Ty��~®;ó- e600�~®D»ð����;
8Ty��~

®;ó- e470�~®D»ð�ì5%J
)WGr�°ñf�H� h%�	�

î`�P�8�P9ËÍ.�E°ñf�HùTÑøÐÃÍ8nTà5�X��

ñ¼�º�Å(�
38



Ï 9a

�¡

h�&Æ|iþ8n��Gr� �À&Ë±®�ªñ¸¥lV®�®��ø�G

r� "DGr8! �&v�nÜM¨é� ��f´Ãy~®ÐÃ�°ñf®H

ÐÃ��nÜM�
�¨� ¬+�Í&v8T©P�¨ùCyÎ§î���îE

T.���1� ãyh�~®ÐÃÎã�yÌß�G�dãÿ�8nyi®Gr

Tà�tÊÐÃ� .�Í�nÜM5�X�èºÝG>íG´®Hï¼Ý9�Ë

6� À���� ÍZ×]«�5�ßÝh×tÊÐÃCÍ8n�§5�]PÝ

Ê6P�8²P� ¨×]«Jèî½~®�nÜM3Î§"DîÝ�àP�bL

P� ❖

� �

39



µã��/«�



ø;Iºí@~X)È*�@~�T

�ð@~�i�Ïµã��/«�

(`�5�°f´@~�Tà"D–~®�®H�nÜM©Pf´)

µã
õCµã�� ��/«

»ñ�
�.W&Ç>0�

1. Í�i@~��E@?�Gr5�b

TàÝ�Â�
Í@~
×�MÝTà"D�ÍTà

P�5���¨�£]� Î¼x�
��ÝTÎA¢4tTª±8�Sá

·¯� ¬���[/×°@?£]
�|Tà�

2. |�TÂ E ( ) ����nÜMn;

�2.3�PÎãÍí]¡�¿íÂ�
ãh��ï´à#ã cross correlation
C(t) �2.1�PãÍ�EÂï�T@
óÂï��8F¢3�����×

ì� |?��Í���8�P�

E ® H � n ÜMn ; P � � � u
£]� §`� � B Ä
× M Ý ß


E� � J �2.1� @ j î Î × P

à � � � . h P E � ¢ Ë Í G r
T Ð ó � � � Í � ¢ � £ î Ý �

nÜM;ó��KÎ8�Ý��Â
�Ç unity�� @jÝOÕÎÄ6.

ËÍÐóK6v5ð� h
�TÂ
E ( ) Sáy�nÜMn;P�� ¢
|ñ¼Ù�L��

3. �2.4�P��2.6�P5½b!`E
dadb ��E db�5ï� ��£]5

�`D¡×ì�E da T�E db �
TÕY5�C!`E dadb�5 Ý
-²�×lP� Ah�Tà`�´
�5v�¢Ë~®�®H�ÊàP�

ãy a � b ÎËÍ��}ñÝ�ó�
§¡îP�¡�5�-½mO� °

h� a �óÎ
M��ó�8	y
°ñf5�îÝ�£�ó� 3Î§
�LÝmOî���Q2ÎE�îÉ
��óÝ b �|�5� .��W a
�óîÝÐó�;5µ� ¬.�ÿ

|«®Hï�ω �óîÝÐó�;5

µ�f´� �y�¢Ë~®ÌÊà

P� J8ny�GX"D�i®G

r�tÊ~®@~� 9	�&ÆÎ

¢ãzÂ°�| ¾�
4. E�5���=�P�í8[eP�

���´?�
ãyXTà�=�~®»ðÎ�s

y5the equation of resolution of iden-
tity6Í§¡[ePÎD3Ý� ¨µ
h�XóàÝ~®5�Ðó���Í

ùÌ��=�P� °µ@�¯@�

�� &9ó��Õ??Î��´§
¡î�5����P6�

41



»ñø;�.ù2»>0�

1. Cross correlation�ÕÄ��ÎÍº®
ß9õÝ���

h.ôX�yXãÐÃvò�µh�
�*°��� ãyX�=�~®»
ðÌb9¥ correlationõ�� ÆÌ{

�³õP�
2. 3 wavelet�ÕTà�®�`� ÎÍ

Ä�l?��F­�i��¿]¿

í�� hË5�*»�ÍTà�@
j�õ�®�£]�

~®»ðÍÐÃbóËvl� h²

ù�CXàÒ÷T=�»ð8T�Í
½�§*°� uXãÐÃòyÑø

vl� JÍ×�Ò÷»ðÌ��F

­�ù8ny Frame bounds�� h

�5�*°�¸àTP¨�T��£
]�-½� x���TÎA¢4t

Tª±8�Sá·¯�

»ñW��.&�Z>0�

1. Í�iE�ÓÝi�Gr�Ùè�

t·Ê;Ò÷~®]°� ��¡�
~®�nÜMóÂ�¨�¬�FÙ°
ñf�Hf´� |M�h°Ý8÷

P�

Í@~@¨�GEi®GrÍtÊ~

®ÐÃ�"D� Æh��nÜM�

�¨Íó§.�ÿ|�@Ý��

2. µ~®�nÜM]°�¸à´K£]
�� �nÜMÌ%�©V�Ç�n

ÜM�m���ã���

ÃÍî���~®�®H��nÜM
5��Í �W�»ð;óøÍè 
/Ýó�øÍóbÞ�ëÍùû-�

3. 8�·¯3Í]°A�&ð¥��
3ÏÞa§¡]«� ÎÍJÍ auto
and cross correlation�5 Î Í & ð

smooth� A��Î�ÎÍ�Û noise
filter �Î��Ê�

u·¯3ËÍ?�îÎ}ñÝ�Jl
�lt¬�¥�� �8n5�Ìb

��lt�[T� ¯@îÍ@~5

��£]Î����|�¢ï�§T
ß
�ÊÝ� ùÇÎæ�Õ£]�
�y8�·¯×�Î&}ñÝ�vp

|lt�

42



)@�TÁ%õ@~õ�

1. Í�iE~®5�×��Ý@~W�
q
�á�Ì.��Â�

¨$ð�×���� ~®5�y®
�@~Tà��|P�´Â�� í

�A°ñf5�� Íø.Íß-

x��CÞÍmTÌF� Í×
�
�à�ÐÃÝÿÓP� ²P�T
Í�i®�8«�� ¨×J�CÎ
§�1P�T5���A¢«��

¥«� Ì×lP�;8PÝbLà
�� Í@~�Ú
×Ë�MÝTà

"D�yhË]«Kb�¯�
2. ~®�®H�ÃÍó§-²CTàZ

��È�¯Ý+Û� |]-�T×

�!$¢å�

ãyÍ ×;¨y�G¿O�@~�
¨ãyÒ÷~®ÐÃ
8E�Ó�

p|Þ��î�ó.P� Æ�¢�

�G ×�¯@î� ¨²¢å×°

BÎ>Ih�A Daubechies, 1992�
Chui, 1992�ùÎÄ��

)@�T¢�{@~õ�

1. @~5�]°jE8nGr��bÁ

�ÃÇ� �ÈÎ¼�Tà?9��

£]®
�ß�à�

Í@~
×�MÝTà"D�ÍTà

P�5���¨�£]� �TÎ¼

�b?9&v£]�|Tà��ß�

43



� £]



1/6

JJ
II
J
I

/�

/±

❐

��

x�/�
• @~eÿ – �G@~����ß�tÊ~®ÝTà«

• ®Hl�~®l�nÜMn;P ➲

• ~®ÐÃ�óà – ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2 ➲

• ��£] ➲

• £]��mOf´ ➲

• ó��@óÐÃ�nÜM ➲

• Gr`²�Å( ➲

• 8�·¯�Å( ➲

2/6

JJ
II
J
I

/�

/±

❐

��

Theoretical background

• Spectral coherence

– Correlation coefficient :

R2
s(ω) =

|E[G(ω)H(ω)]|2(
E[|G(ω)|2]E[|H(ω)|2]

)1/2
(1)

– E is additional

– Need to introduce one additional dimension

• Wavelet coherence

– From the equation of resolution of identity

R2
w(a) =

|Eb[〈g, ψa,b〉〈h, ψa,b〉]|2(
Eb[|〈g, ψa,b〉|

2]Eb[|〈h, ψa,b〉|
2]

)1/2
(2)

– E is a natural extension of “
∫

”

– No need to introduce additional dimension

– Liu’s problem [Liu 1994] – Lack of E
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