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ABSTRACT

It is rigorously shown that the best discrete wavelet basis for water wave modeling is

the semi-orthogonal cardinal spline wavelet. Here both statistics and analytical factors are

used to mutually confirm the results. Statistically, various entropy criteria are tested and

the cumulative probability distributions of transform coefficients are investigated. Ana-

lytically, we study the phase distribution function of the characteristic function of each

individual wavelet kernel. Comprehensive categories of discrete wavelets are incorpo-

rated here, and the comparisons with the performances of the Fourier basis are also made.

We further proof the completeness for our deductions. And our analytical study shows

that the theoretical reason for the usefulness of the identified best basis is the invariability

of the phase of the characteristic function of the basis kernel. That is to say it is the zero

phase distribution and the total positivity of the characteristic function in the frequency

domain. Additionally, relevant characterizations and intrinsic properties are illustrated,

and physical counterparts of analytical aspects are provided when possible.

ix
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• îP®° �significant wave method�

• °ñf®H° �Fourier transform�

• y`°ñf5�T��®H° �short time Fourier transform or windowed

Fourier transform�

• �}��Gr° �Gabor’s analytical signal procedure�

• �°»ð8n5�° �Hilbert transform�
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îíã�Pà#��;Ó¨� �XF¯3¯ÝÎ� �¹¸à¨WTà8�� &

��;Ýíá�tK� ß
� Ä�®
��´� óAø»��BßW� ÛB

�����n� ¨×]«_O�P���P��iP�9-P�ÏõP�æ0P

���� ø��ë�W�ëß
0-� ãíá�í�Ì|×/��
4�� �

g)9°�O� &ÆùJ)×°!��P� �áÝ×°�!�P+��¸à�

• Postfix � P + � � h × + � � x � � � Î � � ; × ® { ` ² � EPS

�encapsulated postscript�óA5�%� Bã9×J)� ãæ�£]|�t

â%î�|����;×|/�� 9×��ÝQÃ�ÛÁÍ¥��©½Î

3l�¢ó¾9� ��f�ýú� à)��9-� vòÂ½ÿÓ� óA�

�v9� �Ê��PM���� .9°PÏìP��bº�%���îC

æ\¾½� m�b���Ù;�P0;×®W°�

• óA5���yÇKî�Ç`; PCX %��î� G�� EPS 5�%x�è
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º&ð{`²�üù��í�� Í4ù�yÇKî�î� ¬ÍÇ`P��

�;P´-� �h�PCX%�Î|ÇKÇ`;W�Ó¨
êÝ� Ëï�W

×�!�Ý�Û�Ù� Gï3eÿì®ß� �¡ïJ3GÿÇ`®ß� !

M�W� h×��¯æ0Ý[Ç��è>� Eyã¶�Ó�Cº�Ý�P

�1��Ä�� !`ô��;�Ý�P�ÏõP�î�P�!�P�CÄ

ÊP���

•  �+«�J)� G�Ëï
%î��� ubóA£]m�í���® 

�� ùT���® �íá×°óA`� 9×J)Ç�sìÍ��� fA

ubm�0%×°á)óA�T©�Ïµ�T�Óf´� T�×P%�×

®�T&¥«P�§�T� óA�¿à�� Ç�¿àh×���

• � MMA �P+��J)� h�&Æùà Mathematica +�ã¶Þî`�8

�5µ%�Ó¨� hÛBãG�| ASYST 5����� ÞÒ÷�=�~®

»ð����à#Fá MMA �P�� �W×��;=/�Þî`�5�

%îø��

• WinEdt º/�P+��J)� &ÆTà9×º/+��s×�®¿¬� |

ºã¶ ASYST �P�à� ¸èº8�Ý�Pã¶�s�(� A�þKÝ9

×5ÊÝ�®¿¬� £�s�âAh��Ýx�P���PÄQÎ×ËÁ

ÐÝls� ^b9×�®¿¬� EyGøÄWûî0�Ý�Ù�Pº®�

ôÄ�ÎFaOe� ×��P�ÙÍà�P��ÙP�40P�×lP�

��P�!�P�9-P�!ßP���P��X39b� �X�Þ;�

1»��ó� �?�®¿¬Î
Äm�

2.3 ???������~~~®®®vvvòòò

h�Xâ��~®vò� Î
¾úÒ÷ÐÃ�Riesz wavelet bases�� ÃÍî�|

5v
°�vò� Ñøvò�orthonormal, ON�� �Ñøvò�semi-orthogonal,

SO�� øÑøvò�bi-orthogonal, BO�� ~®�vò�wavelet packet basis,
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WP�� µÑøvò��� ê 5Ýì�Ëv� Daubechies t�EÌvl�

Daubechies t�&EÌvl� Coifflets� Meyer ~®� C Battle-Lemarié ~®�

Ò÷~®»ð� ÍÒ~®�l~®�2P�î� �9íP°|�×2P�

¨� ùÇP°|Ì���Ý�TlV"î� ¸ÆÝ¼6���Óhé� v��

óÍ¶�)W��� ô.h&ÆP°�Íó.P�=�ÕÍÌ�®��PÏ� h

²�&vòX�ó.2Pp|à�yS»�|B�1�� X|h�&Æ©��+

Û&vò�x���©P��½�Ç� ¬ÞX�s�PÍ���¨����ß�

×°»î�1��

¯Þ
à�9°�!vò~®CÍPÏXÄmàÕÝ2P�Ðr1�Aì�

'u×ÐóT×Gr
 f (t)� �¾ú~®ÐÃ� 2-fM��Ðó�2-scale scaling

function�
 φ(t) � hÐóùTÌ
l~®� 8T�Ò~®Ðó
 ψ(t)� ��ß

nÐ~®
 ψ j,k(t) =
√

2 jψ(2 j t − k)� P� j, k ∈ Z� � k ��É��ó� j �

�¹w�ó� % 2.1 � 2.6 î×°~®ÝÉ��¹w[T�

EØ× j $���� ×9$���$Ú�multiresolution ladder��è V j �

Í�ã ψ j,k, k ∈ Z X�W� ¬|ì��âPn;D3 · · · ⊂ V−1 ⊂ V0 ⊂ V1 · · ·�

'u× 1024 F�Gr� JÍtÞ�tÕ�M�è J5½
 V10 � V0� ¨'u

8n�~®u
b§Yâ��� Í®l;ó�filter coefficients�TIÉ¶�J¥

�convolution weights��óê
 N� JÍYâ5µ����support length�Î


N − 1� u<g �dual�~®T<gl~®D3� J5½B
 ψ̃(t) � φ̃(t)� �/

�Î
 〈·, ·〉 � ¨ Kronecker delta 
 δ j,k, j, k ∈ Z� Í�u j 6= k J�P
 0� u

j = k J�P
 1�

�*� XbÌb@à[ÇÝÒ÷~®»ð� K�Û�9$���5�°

�multiresolution analysis, MRA� [8, 10] bXnÐ� E¾ú~®��� tÝÑ

øvò�~®Í<g~®Î�<g�self dual�|²� &vÒ÷~®KD3

¨×�!�<g~®� ��¢Ò÷~®»ð� ÄQKÎ�âËÍIÉ¶�

�convolution�º®Ä�� Í×Ä�ßWÞI£]�detail information�� ¨×Ä

�JßW´¿5���£]�smooth information� [13]� A�~®ÐÃÍnÐ�

®l;óÎ
b§Yâ��5µï� JIÉ¶��º®�|3` r½à#
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�� ù�3�£r½ #OÕ� |ì��X"D�&~®vò� ¬1�G��

��TÐóÝòP�

2.4 ÑÑÑøøø~~~®®®���ONxxA, ONxxS, ONxxC, ME, and B&L���

h�Xâ��Ñø~®vl�b� Daubechies tÞ3Yâ~®� �Ç
t


&EÌï�B
 ONxxA�� Daubechies t�&EÌ~®�ONxxS�� Coiflets

�ONxxC�� Meyer ~®�Meyer�� Battle � Lemarié ~®�B&L�� Z��

x Ðr��×Jó� ÍÛ�î~®Yâ5µ���� TÎ��Ò~®�â�P

�� ùTÎ�îIÉ¶�J¥;ó�óê� &Ñø~®ÌbAì�;P�

ψ = ψ̃, (2.1)

φ = φ̃, (2.2)

〈ψ j,k, ψ̃l,m〉 = δ j,lδk,m, (2.3)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ j,k, (2.4)

×Í MRA$Ú��×àÚoÁ§Â�One MRA ladder, single set of frame bounds�,

×E®l�One filter pair, one smooth and one detail�.

�&�vò&bÍ¨²©PAì�

2.4.1 Daubechies tttÞÞÞ333YYYâââ~~~®®® (ONxxA)

µ×ü�Yâ5µ����� h×vl�~®Ìbt{óê��´�û�Çë�

û�� ðÍ����� µ×�óê��´�û¼¡� 9×vl�~®Ìbty

TtÞ3�Yâ��� t
�(Ý×ÍtyYâ��~®� Ç
Gm°Í®l;

óÝ Daubechies Ñø~®� 9v~®�&EÌP&ð�½ �.h ONxxA � A Ç

�� asymmetric�� % 2.7 � 2.8 î9×vl�Ò~®�l~®� ÍÒ~®®�
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;ãÙ�F
Ï 12 F� 8TÙ�·�T 5\&F � 5 smooth information �

detail information �\&F� 
Ï 2$� Íl~®�;ãÙ�F
Ï 6 F� 8T

Ù�·�� 5\&F8n·$
Ï 3$� hvò��´�ûóê�®l;óÍ

ó5½
� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.5)

N = 2x, x ≥ 2 (2.6)

P�� x 
�¨y ONxxA �Jó� �t�Ý x ÂÎ 2.

2.4.2 Daubechies ttt���&&&EEEÌÌÌ~~~®®® (ONxxS)

µ×ü�Yâ����� 8´yt�EÌÝ ONxxA ¼:� 9vl�~®Î
t

#�EÌ5µï�.h ONxxS � S |����� �Ä¸Æ)Î&EÌÝ� 9v

l�~®Í�´�ûóê�®l;óÍó8!y ONxxA ï� Q�Ít� x Î


4� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.7)

N = 2x, x ≥ 4 (2.8)

% 2.9 � 2.10 5½î9×vò�Ò~®�l~®�� Í&8nÙ�F!y% 2.7

� 2.8�

2.4.3 Coiflets (ONxxC)

î�Ë�vl�~®Íë�û©ETyÒ~®� � Coiflets �©�J3yÍÒ~

®�l~®KD3b�´�û� ô.
9×©P� &Æ�|ã��ùó"�ÝÌ

F¼.¡� 9×ÐÃ�¸àÞ�3ÞI�M�G>î®ß{[£G>D¹®à�

ôµÎ1� ×ÍGr|9×v~®�ÐÃÐó¼5�`� Þb×�I5��M�

~®»ð;óºÎ8EÝ�� �f´�|¯�� ô.h� Í�Õ´�M���

â5G>�small scale smooth information� b�|�gE!J�simple quadrature

rule�� ùÇ×ÍÐó��M�l~®�/�OÕ`ºÌb´{óÂ[£� �Ñ
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AG�X�� �¢Ò÷~®»ðÄQKÎ�âËÍIÉ¶�º®Ä�� Í×Ä�

ßWÞI£]� ¨×Ä�JßW���´¿5�£]� A��ÞËË�´�û!

`Tà� J3Ø°TàîÍ[£��
è>� �A£°�ú��Y¥��óÂ�

§�T�ªD¹�Ù� hvl��´�ûóê�l~®�5Â��®l;óÍó

5½
� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.9)

∫
∞

−∞

φ(t)dt = 1, (2.10)

∫
∞

−∞

t lφ(t)dt = 0, l = 1, · · · , x, (2.11)

N = 6x .x ≥ 1 (2.12)

% 2.11 � 2.12 5½î9×vl�Ò~®�l~®®�� %�&¢óùã!yG

°%�

2.4.4 Meyer ~~~®®® (ME)

G��~®&ÆX�¡�Yâ��KÎjE` r½� � Meyer J'��×Í

Meyer ~®�%�B
 ME T Meyer�� ¸Xú�ÝYâ��JÎjE�£r½

�¡� ôµÎ19×~®Í�£Yâ5µÎ¨*Xá�t�yï� .�8T`Y

â��J8Et� �ÍZ��uP©½1��JYâ��Ç�jE` r½��

�Ãy°ñf»ð8ETr½�Ef©P� &Æá¼9×vl�~®Í®�ÎP

§��5Ý� �ï�Í Lipschitz !J��regularity�Î
PM�� ¨×]«�

hù�îÍ~®Ðó5µ�<3P°��¼ó3<�exponential decay�� �ÍY

â��� N ÂÎ
PM¼ï� % 2.13 îÍÒ~®�l~®®�� &8n;óù

ã!yG°%�
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2.4.5 Battle and Lemarié ~~~®®® (B&L)

Battle � Lemarié ~ ® � B 
B&L T LE� � Î | ü F5Ê Ð ó �cardinal B-

spline� Nm [2, 3] ¼ÚxÍl~®� ÍÛTàýãÝÑø;*»yÏ m $üF

5ÊÐó|�WÑø�l~®Ðó� �|9°l~®Ðóx��WÒ~®�	

m = 1`� ¸ÝÒ~®Ç
 Haar ~®�ùÇHaarÐó�� �h× Haar ~®Î9

×vò�°×Ìb§Yâ��ï� ¨²� ÍùÎ&=�~®��tyYâ5µ~

®� �J� h× Haar ~®ªª!yì���øÑø~®�� BO11O=BO11D�

9×vò�Í¸~®ÍYâ��ÎP§5µ� �Ä¸ÆÌb¼ó<3� vÌb

Cm−2 !J�� % 2.14 îÍÒ~®�l~®�� � Meyer ~®f´R¼� ¸ÆÝ

�9êÚPÏK&ð�«� Q�&Æ�9ËË~®�à�� �|�ºÕ¸ÆÝÐ

óx��§Õ'��2P.�KÎ8	�×lÝ� Þ��îÎ� ��©P�|Î

P��¼� ¬êÚPÏ�|P#-½�

2.5 ���ÑÑÑøøø~~~®®® (SOxO and SOxD)

�Ñø~®�B
 SOxO�Í<g~®JB
 SOxD� Í~®ÐÃÐó3�!M

�ìÎ!
Ñø� ¬Í!M���!É�ÐóJ�Ñø� 9×vò�~®Íl

~®�T��Ðó�Î
üF5ÊÐó Nm� ¨Í;ãb§Íó� 2-fMn;P

�2-scale relation�X�W� 9×vò�~®ÌbËà}ñ�®l;óN� ×à8

ny5�àH� ×àJ8nyGr¥�àH� 4Q®l;óNÎbËà� ¬Í

9$���5�Úx�MRA V j -ladder�J©b×à� 9×vò�~®;
 Chui

[3, 4] Xè� ¬Þ�Ì
üF5Ê~®� ¨Í@~ù¼�� m ≥ 3 �üF5Ê~

®K¿{�!y��{ú®� ��Ä���{úÐó¬&Î~®�� ÎÆ�h�

&Æ©�îÏ°$�m = 4 T x = 4� �ëg]üF5Ê�cubic spline�~®X

8n�Ò~®�l~®� A% 2.15 Xî� ¨%��¢óù!G� 9×vò�~

®bAì��©P�

ψ 6= ψ̃, (2.13)
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φ = φ̃, (2.14)

〈ψ j,k, ψl,m〉 = 〈ψ̃ j,k, ψ̃l,m〉 = δ j,l, (2.15)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.16)

N = 3x − 1 for SOxD, (2.17)

N → ∞ for SOxO. (2.18)

×Í MRA$Ú�One MRA ladder��

ËE®l�Two filter pairs �.

2.6 øøøÑÑÑøøø~~~®®® (BOxyO and BOxyD)

hvò�~®ù;ã Dauchbies X�x� @²î¸ÆÎòy&Ñø�vl� EX

bÝ@óv¬vÎb§Yâ���Ñø~®�¡� ^b×ÍÎÌEÌPÝ� Haar

~®G�Ú
I5Ð)EÌP�� Q��Gr¥�ÝÌF��� uÌß�TGà

I5�»ð;ó
�� £»ð�®l;ó�5µPÏ� 3@ßî� Î×Í¥�

Ý.�� .
B�×å&Æ� EÌPÝ®l;ó5µ� E»ð���|3ÚÆ

îñ¼×Ë×5��
��MøÝ�;� ùÇ¸à&EÌPÝÐÃÐó� J×

Í��Ý®�;�T	I?�� £G¡ËÍ»ð��f´R¼� ÍÂ�P��

M�G>µºb-²Á�Ý�²� 9??¯ß´�E�TÝßé�´ªP� ð

­�1� óA5����ukEÍÎ§�1�lCW¥��\��|§�¼6

��� £Gr}�;�`� »ð;óôt?Î}��;µ?� u&Ah� J�

ÊÕ£]�?p¹b&P&øÝ0-�·¯�rÕ� �Îá.�ÅN� A�9

°&��.�µ�B�&ÆÝ»ð��ñ¼��Ý�\� £µÆ¡&Æ�EX@

~.���|�b�¢_·�æÝ� áh��� ÐÃÐó�EÌP5µ� 3Î

§@~îÎ×Í&ð¥�Ý.�� �AGX�� b§YâÑøÐÃÐó^bÎ

ÌEÌPÝ� £A���ÝÑøP��ãÿ×°EÌP� TÎÂÿÝ� ôAÎ
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{� øÑø~®T&�3Î§"Dsì×°®à� øÑø~®ÐÃD3bËEÒ

~®�l~®� ùÇD3×à<g~®� á)f´R¼� &Æ�|�ºÕ� �

Ñø~®ÍD3f�´Ñø~®ï¼Ýû;��øÑø~®�D3f�Jêf�

Ñø~®ï¼Ýê÷�9°�|ãøÑø~®Br�X�¨ÝËÍ¢ó x�y :

�� 4Q9×vò�~®ÎbËàÒ~®�<g~®� �ÍX��9$���5

��MRA�ùbËà� ¬¸ÆX��®l;óQ©b°×à� 9×F��Ñø

~®ÐÃïª8D� �Ñø~®ìÍ9V$��5��MRA�©b×à� ¬b

Ëà®l;óN� % 2.16 � 2.19 îhvò�Ò~®�l~®�p8T�<gÒ

~®�l~®� Í8T��©P
�

ψ 6= ψ̃, (2.19)

φ 6= φ̃, (2.20)

〈ψ j,k, ψ̃l,m〉 = 〈φ j,k, φ̃l,m〉 = δ j,lδk,m, (2.21)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.22)

N = 2y + x − 1 for BOxyO and x odd, (2.23)

N = 2y + x − 2 for BOxyO and x even, (2.24)

N = 2y + x − 1 for BOxyD and y odd, (2.25)

N = 2y + x − 2 for BOxyD and y even. (2.26)

ËÍ MRA$Ú�Two MRA ladders��

×E®l�One filter pair�.
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2.7 ~~~®®®��� (WP)

|Ñø~®ÐÃ»ðXÿ�;ó� Î�|�g�»ð5�Ý� #�Î9·g�9

	IÝ�g5�� 9vÝ5��»ðÇÌ�
~®�»ð� �X��g5��Ð

Ã�|Îæ�ÝÑøÐÃùTÎ�¢Í¸ÑøÐÃ� ô.h~®�»ðÍ5��

��1�;PM� hv»ð�#�5�p|à�|2P�î�� ¬¸Ýø��|

à×y�� @·@M¦��5v� î�A% 2.20� ÍÛvAWÏ5Y�;¨®

¼� ~®�»ð;ó�æ��»ð;óf´R¼� µÎ¸Ý»ð;óX��Ý�

ñ��� TM�ñ��� ?
ÞÛ� �8E2ÍX��Ý`Yâ��ôµ¦�

Ý� 9×f´ÞÛ�ñÝÎ§�ÇÎb°v«N®)W[T� ôµÎ1� ¸Æ

3®��¨îb×ËW��ùTWNÝPÏ� hùÎ~®�ú(ÝÙ��

×à~®�»ð;ó�Cã4Qb��ÝÄP� ¬ôÄmñF×°!J� µ

|WÏ%�1
»� N×kà�îÄ6Gb×g�T×Í}��¨^º� �N×

i¿�Í}���¡´Tê�4�b9}�¨� ¬ÄmÐ)kà�î�¥«�f

�� ôãy9ËWÏ5YÝÄPø�� 8nÝóÂ�Õ�®�µ¦��K� �

A¢Cã×àX�Ý;óôµb�!Ý��� ×�´ð�ÝbËËóC!P� ×

ïÌ�
tÊÐÃ~®��best basis wavelet packet�� ×ïÌ�
tÊ$~®�

�best level wavelet packet�� ¨3µ|×Í| 1024 FÝGr¼1�� h`»ð

;ób 1024 Í� ÍtÞM�$�Îsßy j = log2 1024 = 10� t�M�$�s

ßy j = 1� BÄWÏ5�¡X�WÝ;óNàóCÄPb 210 Ë� �39 210 ó

C�� ÍXCW�zÂÎ
t�ÝÇÌ�
ETytÊ~®�ÐÃ�;ó� �A

�XbÝ;ó©�!×$��T!×i¿�¼Cã� h`&Æb 0 Õ 9$�� �

10 Ëã°� Í�zÂ¼Ýt�Ý� ÇÌ�
tÊ$�~®�»ð;ó� ~®�

»ð;óÍ4�¼ý� Ç%� U �îìý� Î��Ý�;ó�` sß�H�

!`ù���;óXET�M�T�£� ¨×]«ùCy®�5µYâ�PÏ�

Tù�1ÎÞî`��5µ%�� �!;óX�¨ÝPÏC�H� �Ä�@j

î� 9øÝÞî%îGÎ��PaF�H� �Ë@5µ�PÏÎ�!Ý� bn

~®�»ð�`��5µÃF��% 1.1� %�ùî~®�»ðÎ8Ty&EÌ
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P®l� h²ùî~®�»ð;óÍX��Ý`���«���KÎ8�Ý� %

2.21 � % 2.22 î8ny Daubechies ON22A �ËÍ~®�®�� �`���5µ

%f´R¼� &Æ�|¡�`��X��ÝÎGG
×Ë��YÝ��]P�

2.8 ~~~®®®���"""���ÓÓÓ×××���«««PPP

~®@²îÎÌb#×�«PÝ�fractal nature�� ôµÎ1� P¡&Æ�¢2

w�¸Ý	I� ´ÞM��®��´ÕM��®�Î×øÝ� ¨×]«J�1


� �!�"f»ìÝ`aÍPÏÎ×øÝ� �A`aÝ��5P�!J��<

3©P��Î��Ý�

h�X�sÝ�P�|jE�¢~®�&P�x�|�"�î� �A� Ò~

®�l~®�~®ÐÃ�~®�ÐÃ�&Í$����F��� % 2.23 � 2.30

î×°~®vò�`a�"PÏ� ã9°%��� £°Ìbf´©�� ùTÎ

Ìb8ESßá{�ó.©PÝ~®� Í®�×�/´Mø� �PÏM²� ¯

@î&Æ�|�àÆ21� E&Æ@~i®¨éï��� ¥�ÝÎ3OÿÎ§�

1� �9°M²Ý�Ï� Í�<P®Ý��-½� 33²î½� OãÎ§��

P²ÎFaOe� ôAÎ� 9°©�PÏÝ~®qÍ���Î&ÆX�óCÝE
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�/Ä�¼�19øÝø��OÕ2PÎb£°Ù��Î§���

'u&Æb×B�ÿ�£]� Í��
 1024 F� JÍ~®»ðùD3b×

ã 1024 Í;óàW�/) C = {ci }� *Þ9°;óãÍ�EÂT¿]Â� �

µÍÂ��4�� ã 0 Â|�t�;óÂ� Q¡êÞ9×4�µÍ;ó5µP

�� �5
 M Í� û»ðÂ��/)� .h&Æÿ|ÿáN×�  /b9

K»ð;ó� Ç�  �sß^£� ¬
�ãÿÍÑ!;ì�sß^£� h×

^£5µ×�ÇÌ
5Ã£Û�5µ6T5^£Û�Ðó6�probability density

distribution or probability density function, pdf�� ÍÎ
 {p1, p2, · · · , pM−1, pM}�

�zÂÇÎ�

H(p) = −

∑
i

pi log pi . (3.1)

P�	 pi = 0 J'
 0 log 0 = 0� hÛ@²î&Æ�|��39 i   /Ísß

^£
¿{#�yë¬����yë� .�Í log D3� �¶��Ú
ë� vJ

Í)W.;b§��� ��åÅN� �ï� 9JÍÄ�Ý��ù©Î×ËÙ�

¼ý� 9øÝÑÑEXbð!;óÂô�1Î��^b@²ÅN�

*uã»ð;ó ci ��EÂ
�� H(p) JÎ
 L1-norm zÂ� �uã»

ð;ó�¿]Â
�� JÎ
 L2-norm zÂ� 	QÍ¸��gô�|ã�@

~� ¬tÌ��PÝ�Î×�Þg]ÝzÂ� L1-norm ×g]ïÌ»�L��

L2-norm Þg]ïÌ��L�� 9Ëï�1�â�Ý��9óÎ§�1Eé�

|î1�ÝzÂOÕÎ
^£Û�5µ�Ù�¢ó� #ì¼� µ¼1�9×

¢ó�Lb¢@j�ÇTÎ§â��
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'uËÍ^£Û�5µÐó
 p � q� �Í»ð;ó4�
ã���ª3

ï� Ju p �ª3¨é´ q �ª3¼ÿ"� J H(p) ≤ H(q) [15]� îPzÂ�

�P�WñÎ
�'Ñ@� D'¡�JÎÄWñ� 9ôµÎ&Æ1� zÂÎ×

�ñ1ß�Ù�¼ý�ã¼�×� �XÛÝ¼ýÇÎ� ´��zÂ��½?9�

�Î;D3?KóêÝ»ð;ó	�� ôAÎ{� 'u&Æ©1ºØ×ü�y5

f�´�»ð;ó� �9�Íõ´�;ó� JAh®ßÝ9�0-� Ç�îÍ

��I»ð;óÀ)W�ûÒ� �µnÐyh�zÂ�¨��� ´�zÂôµ�

�½9Ë9�0-XÌ ÝûÒÎ´
¹��

¨²�b×ËzÂÙ��î°� T�Ì
¿¢ÃF° [15]� @jî� 9×�

î°ÎG×]°Ý×�Ë«� �Ûð;�ð<� !ø2� h��1�@jóÂ

®¼ø�� �/Ä�¼�|Î§�1� *'u&ÆÞ4�¡� û âóêã8

!y»ð;ó�óê� ¬Þ^£Û�5µÐó�L
~®»ð;ó�¿]Â� ¬

|Xb�I��
A� �|Ñ!;�� ùÇ�I��
 ‖C‖
2

=
∑

i |ci |
2� �Í

½^£Û�
 pi = |ci |
2/‖C‖

2� h`Þ pi �á]�P 3.1 ��ÿzÂ
�

H(p) = log ‖C‖
2
−

∑
i |ci |

2 log |ci |
2

‖C‖2 (3.2)

9�ÝÃFÍ@Î���Ý� A�.E±��;ó��?9ÝJ¥� �{��;

ó�?�J¥� Jh×�JÝ��Î�
zÂÝ×Ë¼ý� .
Þ×ÍóÂã

EóÎ
×Ë�JÝ�®�XbÝ;ó�Ñ!;�§�Æí�y 1�� v.J�

��Î
ü�Â� ÎÆ´�zÂ��½£°��{��½Ý»ð;ó�óêó´

K� ôµÎ1� ?9Ý��Î/�y´KÝ»ð;óN�� �î×Ë�L�1

�f´�ÿ�Ëï��«âL�

¨×zÂ¼ý�|ìP�î

D(p) = eH(p)
=

∏
i

(
p−pi

i

)
. (3.3)
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h D(p) ×�Ì�
§¡î� [15]� ÍÛÞ 3.1 Pà#Hy¼ó��g�ÿ� P

�
∏

i 
=¶º®�

4QzÂÎ×ËóÂÙ�¼ý� Í.¡ÎÃyEP�.���D'º®� .

�bÍ�@�P� ¬ã&ÆXÿ�9óÂ��Ý�¨�
����T� &Æ�|

ù�2�î�&ÆEXì�¾�b��Ý*T�

3.3 zzzÂÂÂ���������DDD¡¡¡


Ý¦
f´��@P�ù��� &Æ�ÕóË'�ìÝzÂ� |ÃyP 3.3

¬ã L2-norm �à#;ózÂ�� 3.1 � 3.2 ��Ï×û�� | L2-norm 
��

Â� ¬�5W 300 Í â� pdf zÂ�ÏÞû�� | L1-norm 
��Â� ¬�5

W 300 Í â� pdf zÂ�Ïëû�� | L2-norm 
��Â� ¬�5W 200 Í 

â� pdf zÂ�Ï°û�� t¡×û�Ï"û�Î
§¡î�zÂ� 9�&ÆX

àÝi®Gr;
@��iþ±ßi®� h���1�ÝÎ� A�óà�!G

r� �Íx��Tx���M��b���!� J
¯zÂf´b´×lPf

�� JX5��Gr��CÍãø�£T�µAÍx�TMx�®Ê	�J� 9

Î.
~®»ðì&Æm�EÉ���b@²ÃF� �ÿ|E~®®���b´

Ë6Ý�º� ¨×]«� ô.
�	°ñf»ðì� Í����|Ì�;W�

£� ~®»ðì� Í¹wM�JP.g�CW8	ÿW�

� 3.1 îXbÑø~®�âB&L�Meyer�ONxxA�ONxxS�ONxxC�� �

Ñø~®�âSO3O�SO3D�� |C°ñf®H���� � 3.2 JîXbøÑø

~®���� ã9°óA� &Æ�|ãÿ×°&ð�@Ý©Ç� ¬®×°8	

ù�Ý.¡�¯��Aì�

• u<g~®D3�J<g~®�8ET�æ~®f´R¼� |<g~®


»ðÐÃ�æ~®�¨y/���Ç�� SOO � BOxyO� Xÿ�zÂÄQ

Î���y|æ~®
»ðÐÃ�<g~®�¨y/���Ç�� SOD �
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BOxyD�Xÿ�zÂ� ð­�1� Ei®�@~��� ¸àAìÝ]�P

f (t) =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k (3.4)

Í[£P��«PÎÄQ8yì«¨×�x]P

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k (3.5)

ô.h&Æ�|��@2¼�� jED3b<g~®��ÑøvòCøÑ

øvò� P¡Î�"DÎ§� ùTjEóÂ�Õ[£� TïÎi®Gr�

�xT¥�� &ÆÝóCÐÃÄQÎæ~®� �Í�Í»ð;óOÕ�7

 ^×J|<g~®º®�

• lÚ£° x �y Â´�ÝøÑø~®�BOxyO � BOxyD�� �|s¨¸Æ

ÝzÂ/f x �y Â´�ì�zÂ¼ÿ�� �µÚ9°~®�Ï�©²P

�% 2.29 � 2.30�� ÿ|@²î1�ÝÎ� 9°Ì��Ó×�«P�~®

Î&ðp|Ë@Ý�

• µøÑø~®��� �|ãÍzÂ�¨:Ý�¼� ��^bÄ��U"T

;¨Í~®�x�Yâ��� ùÇjE x�y �|U�ÎP°ñ¼;�Ý�

9×F�|ì«ëÍ.��|¡�� Í×� u x ��� ¦� y`� . y ÷

�¸XETÝ<g~®��1¿PÅN� TJÎ��Õ;�P� ÍÞ�P

¡�xT¥�� KÎ�|<g~®®
/�º®Ðó�ÿb´�zÂ� ô

AÎ{� h×;¨ÄQ^b9KÃÇ� Íë�øÑø~®ÍÐÃÐó�x

�Ãm;|üF5ÊÐó
�� �üF5ÊÐóÍüFó¦�ÕØ°óÂ

`� &Æôµ�p:�£°üF5ÊÐó3�Ïîb¢-½� áh� �|

ù�21� EhvÐÃ�;¨�xÎ^Ä�Ý�

• XbÑøvòCÍ�vò�zÂ�
� KP°ªÕ&ÑøvòCÍ�vò

�´�zÂ�¨� h²� ÑøvòÍ~®Yâ�����EzÂ�¨ô¿
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P��[T� 4Q«{´�Yâ��ï´yYâ��ïÍzÂb°�Ù�

;�� ¬ÍÅNQ�E¯� �ï� 9×vò�XbzÂK5µy«� 

 � .�&Æ@3p|ï�9×vò3i®Tàîºb�¢©��¨� h

²3ì×a�� &ÆÞ1�aP8�l®�9×zÂ�¨�nÐ�

• XbÑøvò�~®�� ^b×ÍÌbM���¨� h²� 3�×�vò

�ô:��b�¢zÂ�¨�T� 9°1�Ý� �9ó.î�!Ý��©

P� 3§¡î4b���-²T¥�P� ¬Ey&Æi®ÿaî�bL;

TÎ§@àP� J�1Îpb°&®à� fA1� Meyer ~®3��îÎ

PM��TP§�â� � B&L ~®JÎÞ$��� �Í¸~®ùD3b&

�Ý��P�!J�� ¬&ËzÂ�¨Kp| ½�

• tM�Ý��� ôÎt�ß��ÝÎ� t�ÝzÂ�¨Î�¨3üF5Ê

~®�»ðÐÃ�Ç|Í<g~®�/�º®�;óOã�� Í&ËzÂ

��G´Í¸ÐÃ�&ËzÂ
�� �ï� �ß#²ÝÎ� ÍzÂôKf

à°ñf®HÐÃXÿzÂ¼ÿ�� h×��� @jî�¼�� Tà�Ñ

ø~®Oãÿ�»ð;ó� ´�à°ñfÐÃXÿ�»ð;ó� �¡3G

rÿa�Î§�1�Tà"D���� ÄbÍ��C8÷P�

3.4 zzzÂÂÂ���ááá���^̂̂£££555µµµ`̀̀aaa

h�&Æ�E×°ÐÃÍ»ð;óá�^£5µ`a�|f´� 9°f´ÿ|


×M1�üF5Ê~®XD3Ý8÷P� ¨×]«ÿ|E~®��zÂ���ï

��¨� �|@6¡�� % 3.1 ;9Ë~®Íá�^£5µ`af´%� �G;

�� XÛ¯ß#²Ý��� ÑÎDT3��üF5Ê<g~®�`a�T� 9

×�T� 3�I5ÝP�� KÎ¿��Ti¿�Ý� �1Î¿¾y5�Üè�

P�Î¿Ý� h¡�ò>� vÍ¿�Pù´®HÐÃXÿï��� �3��f

¾y5�Üè0`���®HÐÃXÿ�`aøº� h×��1�Ý� àtKÝ

»ð;óÇ���i®Gr�
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� &Æ|@j¥�Gr¼f´�

h�ãzÂ�¨t·�ùt#��Ëï� ÇüF5Ê~®C°ñfÐÃ
�� %

3.2 î×ð¥�Gr�æGr�f´� %��î�%;æGr� ��%;8ny

°ñfÐÃ�¥�Gr� ì�%J8nyüF5Ê~®ï� �¥�D»ðXàÝ

»ð;ó�;1ºÀ��y5�ëè"� ã%��� üF5Ê~®X¥��®�

?#�yæ®��©½3Î��	I�`a� �9í´Ë6�

jEüF5Ê~®X�¨Ý8²P� Í8Tyi®©P��¨X8nÝ¨é

.�� &Æ�|� Chui [3] Eh×~®��Þ@~�s&� h�¼�� ÍÛü

F5Ê~®X©½ÌbÝÞÍ©P� Ç5�MP6�5�ÑP6� XÛÝ5�

MP6Î¼Ò~®ÐÃÐóÌb�JÝY�P� �^b×°^Ä�Ý� R�®

�� Tï1ÎXb®�KÎ÷ë��®�� �XÛÝ5�ÑP6� JÎ¼Íl

~®Ý`a5µKÎÑÂ5µ�^�Ý� �h�&Æ�¼�ÝÎ� 9ËË©P�

3Î§L��@jTàî� 33��&ÆÝ��i®Í`�PE��9ó�~®

��� Í��KÎ8E&ð×5Ý� h²� Íùèî½� Ê	Yâ���Tï

ÎÊ	ßú��ÝÐÃÐó� Îf´��®ßbL;�Î§�1�

�y~®�»ð;ó�vò� x�ÝËËã°Î
� tÊÐÃ�tÊ$�Ð

Ã� ¯@î&Æ��|2�|.¡Õ� �¢à)�~®�ÐÃ� ÍzÂ�¨K

���b�ß������ ôÄQ«üF5Ê~®��¨b8	�Ý-û� 9×

.¡Ýñ�FÎ��y|Ý� .
~®�»ðÎG�8nyÑø~®� ¸Ý��

¸àÐÃÎÑø� �¡�5�XàÐÃùÎÑø� ÃyG�ÑøvòÐÃ��

¨� &ÆX���Ý�Î�9� 9°.¡&Æù�|á�^£5µ`a�PÏ�

ß�� % 3.1 �ì�%î| B&L C Meyer ~®
~®�»ð�á�^£5µ`

a� Í»ð�R��¡�»ðÐÃí;¸à8!ÐÃ� �î�%f´R¼� 9

Ë`aK�üF5Ê~®ïT°ñfÐÃïb��-û� �Ä� &Æù�:ÿ�

¸Æ� B&L C Meyer �Ñ!~®»ðXÿ�`afR¼� Í�TÎf´¿�×

°�

% 3.3 �î8ny ON77S �á�^£5µ`a� �âÑ!»ð� ~®�tÊ

ÐÃ� ~®�t#$�ÐÃ� �!$�ÐÃ»ðï� ã%��� ~®�tÊÐ
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Ã�`aÍ�¨t·� �t·$��`aÍ�T}{� �æ~®ÐÃ�`aJê

{yhË`a� �ï� Ìßù��G%�� ��f´�� h%Xb`a��¨

�G%üF5Ê~®��¨)b8	�Ý-û�

µb§Yâ���Ñø~®��� ÍÐÃÐó�D3EÌÝ®�� ¬�!�

vòb�!ÝEÌP�ùT&EÌP�� �Ä� &ÆEÍzÂ�¨@3p|:�

b¢-²�T�¢�T� �y£°ÌbEÌTDEÌÝ~®Ðó� A�Ñø�ø

Ñø~®ï� ÍXÿzÂ�jE|<g~®Ðóày/��»ð;óOã�J8

E��¼Ý�� h×©P� ��îG��5�MP6�5�ÑP61�� ��

&Æú¦Ýó§�Î§L�� 3ó§��î� ¸XnÐÝÎ®l;óX��aP

8�l®� 3Î§âLî� ¸E&Æyi®ÿaXßÚÆ�ùT�ÆPÝi"b

��n;� % 1.1 @jîÎ�1�Ý9×Ïµ� %�æGr��£5µÎ×àa

�{�� 3×� Nyquist ãø�£ì� 50WEÌ
C�� �Í~®�»ðXÿ

;óX��`���5µ�µÎ
î�%� h%Xß�ÚÆi"� T�|�ß�

ºh�X��ó§�Î§8nP� h²�|1�ÝÎ� 4QEÌPÎ¥�f��

¬)Q�b×°Äm�ÊÝ.�� AYâ���!J���MP��ÑP�� A

B&L C Meyer ~®KÎEÌÝ� ¬¸ÆÝzÂ«Ñøvòï¿P-²�

3.5 ���+++

jE8	Â½�J�Ò÷~®vò� &Æ¸à&Ë�!zÂ�Õ!P� OÕf´

~®»ð;ó�Ù�zÂ� ¬"D8n�^£Û�5µ`aPÏ� h²� ¬E

°ñfÐÃ»ð;ó����|f´� ã9°óA&Æ�@dãÿi®Gr5�

�tÊÒ÷ÐÃ� 9×tÊÐÃÛ
�ÑøüF5Ê~®� �ï� Íÿa�¨

ù´|°ñfÐÃÿaï¼Ý8÷� �Í¸�¢Ò÷~®ÐÃ�zÂ�¨�Gh

ËïKb&ð�-û� J���� 3¾9~®vò�� ��9óEi®@~�

�� �1Îbó.�PÎ§� �ï� &Æã�zÂ�¨� �@.¡h�Xâ�

�~®vòÌbÂ½�JP� ùPc";¨�x�mOP� ùÇ¼�&ÆÝdã

���ÛP�Í��×���� ì×a�&ÆÞ
×M"´8nÝ��.��Î
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Table 3.1� Ñø��Ñø~®vòÍ»ð;ó�&vzÂ� ¨²ù�â°ñfÐÃ�»
ð;ó8TzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theotetical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

B&L 4.691 1.330 3.417 1.179 3.782
Meyer 4.647 1.294 3.365 1.132 3.646
SO3O 4.833 1.669 3.756 1.488 5.307
SO3D 1.823 0.219 1.306 0.172 1.245

Spectrum 2.809 0.270 3.044 0.244 1.310

ON22A 4.993 1.761 3.891 1.516 5.815
ON33A 4.773 1.384 3.499 1.225 3.975
ON44A 4.790 1.517 3.596 1.363 4.559
ON55A 4.819 1.553 3.631 1.367 4.727
ON66A 4.790 1.373 3.456 1.203 3.946
ON77A 4.675 1.355 3.461 1.203 3.877
ON88A 4.645 1.229 3.283 1.082 3.418
ON99A 4.719 1.412 3.501 1.252 4.106
ON00A 4.787 1.423 3.511 1.244 4.149

ON44S 4.835 1.461 3.557 1.281 4.311
ON55S 4.758 1.492 3.576 1.298 4.426
ON66S 4.754 1.402 3.501 1.225 4.065
ON77S 4.751 1.336 3.331 1.188 3.804
ON88S 4.714 1.366 3.481 1.224 3.918
ON99S 4.755 1.469 3.570 1.288 4.345
ON00S 4.635 1.278 3.378 1.134 3.591

ON11C 4.938 1.696 3.832 1.457 5.452
ON22C 4.827 1.468 3.520 1.284 4.342
ON33C 4.756 1.488 3.573 1.333 4.427
ON44C 4.690 1.297 3.337 1.157 3.658
ON55C 4.644 1.309 3.405 1.154 3.703
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Table 3.2� øÑø~®vòÍ»ð;ó�&vzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theoretical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

BO11O 5.395 2.623 4.502 2.299 13.777
BO11D 5.395 2.623 4.502 2.299 13.777
BO13O 4.943 1.806 3.883 1.627 6.084
BO13D 5.266 2.371 4.373 2.053 10.708
BO15O 4.866 1.678 3.755 1.495 5.357
BO15D 5.227 2.291 4.327 1.987 9.882

BO22O 5.282 2.362 4.363 2.083 10.609
BO22D 4.434 1.181 3.284 1.034 3.257
BO24O 4.963 1.862 3.985 1.634 6.438
BO24D 4.359 1.090 3.220 0.962 2.975
BO26O 4.881 1.703 3.835 1.492 5.490
BO26D 4.332 1.064 3.174 0.940 2.899
BO28O 4.857 1.624 3.782 1.452 5.073
BO28D 4.318 1.069 3.157 0.941 2.914

BO31O 5.824 3.174 4.741 2.835 23.894
BO31D 4.377 1.058 2.655 0.936 2.880
BO33O 5.084 2.001 4.062 1.756 7.393
BO33D 4.205 1.102 2.827 0.965 3.011
BO35O 4.850 1.697 3.847 1.506 5.457
BO35D 4.125 1.026 2.776 0.908 2.789
BO37O 4.790 1.658 3.821 1.442 5.247
BO37D 4.106 0.986 2.737 0.873 2.679
BO39O 4.776 1.660 3.835 1.432 5.258
BO39D 4.098 0.967 2.713 0.866 2.629
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×Í9$���5��multiresolution analysis, MRA� ÍàWÎ
×AìÌ�

âP��T����è V j /

· · · V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ · · · , (4.1)

Í� ⋃
j∈Z

V j = L2(B), (4.2)

⋂
j∈Z

V j = {0}. (4.3)

h²��è D3bAì�n;�

f ∈ V j ⇐⇒ f (2 j
·) ∈ V0. (4.4)

��è �JóÉ�[TXD3��PÎ
�

f ∈ V0 H⇒ f (· − n) ∈ V0 for all n ∈ Z. (4.5)

�hXSß�8nÝx¡�Î
� D3b φ ∈ V0� ¬¸ÿ

{φ0,n; n ∈ Z} Î
×3�è V0 �ÝÑøÐÃT¾úÐÃ (4.6)

P�EXb j, n ∈ Z D3b φ j,n(x) =
√

2− jφ(2− j x − n). h�Ý φ êÌ
l

~®ÐóùTÌ
 MRA � 2-f»¹w�MÐó�2-scale scaling function ��

� ï j E {φ j,n; j, n ∈ Z} D 3 b E T ~ ® Ð Ã 
 {ψ j,k; j, k ∈ Z}, ψ j,k(x) =

√
2− jψ(2− j x − k)� ¬¸ÿ

Pj−1 f = Pj f +

∑
k∈Z

〈 f, ψ j,k〉ψ j,k, (4.7)
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P� Pj ��Ðó f y V j �è �7Å� �. φ ∈ V0 ⊂ V−1� v φ−1,n Î
 V−1

��ÐÃÐó� h`ÿ|Þ φ �


φ =

∑
n

hnφ−1,n, (4.8)

P�

hn = 〈φ, φ−1,n〉. (4.9)

ÎÆ

φ(x) =
√

2
∑

n

hnφ(2x − n). (4.10)

îPu|�£r½�î� JAì�

φ̂(ξ) =
1

√
2

∑
n

hne−inξ/2φ̂(ξ/2). (4.11)

ÞîP�
Ãm©PÐó m0(ξ)� JÍ]�PÎ


φ̂(ξ) = m0(ξ/2)φ̂(ξ/2), (4.12)

P�

m0(ξ) =
1

√
2

∑
n

hne−inξ . (4.13)

Ç
h�Xk"DÝÃm©PÐó� ÃÍî m0(ξ) �|Ú
�xÒ~®�l~®

Xà®l;ó�8n)WÐó�

4.3 aaaPPP888���®®®lll

3é���.î� ×�ÌÌEÌ5µ�®l
aP8�®l� u×®l¬&E

Ì� JÍ�ÒEÌ���� ;ðÇ|Í®l;óXàW�©PÐóÝ8�PÏ¼
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aξ =

∑
n

ane−inξ/2 (4.14)
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aP8�®l� ôµÎ1�h` aξ �|�


aξ = |aξ |e−ilξ/2, (4.15)

P� l ∈ Z� �hPù�î {an} �5µÎ| l 
EÌ�T�5µ� Í an = a2l−n�

µEÌP��� ;ðh×aP8��|.ÂÕ&=��Ïµ� ©�ÎÍaP��

��� �&=�FÎsßy |aξ | = 0� *Þ m0(ξ) �h�XS+� aξ ø!¢ï�

ÿ|OÕÃm©PÐó�8�5µ`a� % 4.1 � 4.8 îXb�I~®�Ãm©

PÐó�8�5µ�

4.4 888������555µµµppp���������DDD¡¡¡

• µÑø~®��� ;¨ÍYâ��� Ãm©PÐó8�5µX®ß��;

PÏ� �1Ì#8«� vb�!J;��T� 9×F�G×a�zÂ�¨

�
Î×lÝ� !`hù1�� &ÆP°¢ãc";¨9°Ñø~®|�
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