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ABSTRACT

The best discrete Riesz wavelet basis for water wave modeling is rigorously shown

to be the semi-orthogonal cardinal spline wavelet. In addition we show that the cor-

responding counterpart in continuous domain is the Morlet wavelet. Both statistics and

analytical factors are used to mutually confirm the results in the discrete domain. Besides,

through the devise of various coherence studies using experimental data we corroborate

the affirmation of the best bases in both domains. Firstly and statistically, various entropy

criteria are tested and the cumulative probability distributions of transform coefficients

are examined. Secondly and analytically, we study the phase distribution function of the

characteristic function of each individual wavelet kernel. Thirdly and practically, we in-

vestigate several aspects of the wavelet coherences of the wave and current fields, as well

as compare them to spectral coherences.

Here comprehensive categories of discrete wavelets are incorporated, and the Fourier

basis is included as well. Arguments for the completeness of wavelet basis scope are

furnished. Additionally, relevant characterizations and intrinsic properties are illustrated,

and physical counterparts of analytical aspects are provided when possible. Our analytical

study shows that the theoretical reason for the usefulness of the identified best basis is the

invariability of the phase of the characteristic function of the basis kernel. That is to say

it is the zero phase distribution or the total positivity of the characteristic function in the

frequency domain that fulfills the optimum. The establishment of the best basis should

have been sufficiently attested through mutual examinations of entropy and phase results,

which show many aspects of similarity, sameness, and analogy. But a full validation is

further forged through the studies of coherent features of the wave and current data from

wave tank experiments. The wavelet coherence properties are shown to be far superior

to those of the spectral coherence — including, data length requirement, trend variability,

lineament identification, and physics catering, etc. It is the author’s belief that the best

wavelet basis, either in discrete or in continuous domain, is thus settled.

xi
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1.1 GGG���

�!óA5�]°bÍ�!Ý�� �¡Î3.§Í�T*°©Pî� XÛ×�Ê

à���â�����*°Î�D3Ý� �!@~ýÝT"D/��´�X«E

Ý®ÞµÎ5�]°�Cã� µØ°P���� &Æ�lÎá¼�¸à¢Ë5�

°� ¬µ£°ÐÃ�function basis�9-;�5�vl� JÃÍÝÐÃóã??

µÎ×Í�®Þ� óA5�ÝÍ²ÃÍîÎ©mó.��mÎ§� .Í�|�à

���¢Î§�� �ÎTàîT��î�ßÆX�ÝÎ@²D3ÝÎ§�� ô.

h�¢5�Ý¥��Þ� P�3y«�5��i�TªÊÝÎ§�1� ®ß)y

Ìß§F�5{�ìÝ��Â�����

µi®¨é@~��� �t\�Ý÷ë�Ù�°|���Ý~®°� �lb

ì��!5�°�

• îP®° �significant wave method�

• °ñf®H° �Fourier transform�

• y`°ñf5�T��®H° �short time Fourier transform or windowed

Fourier transform�

• �}��Gr° �Gabor’s analytical signal procedure�

• �°»ð8n5�° �Hilbert transform�



• Ãy&v�!'�Ãm�&Ë`�5�° �time-frequency transforms associ-

ated with various kernels [5]�

• =�~®»ð° �continuous wavelet transform or the integral wavelet trans-

form�

• Ò÷~®»ð° �discrete wavelet transform�

9�1�ÝÎ� h�.=��Ò÷~®»ð ½Ël� 9Î.�	=�

TÒ÷°ñf»ð� ÍX�ÐÃT2PóÂ.�ø��9KÌ×lP� Ò÷~®

»ð�=�~®»ðÍÐÃÎ�|���8nÝ� �¸ÆÝ*°�2P.�ø�

ôÃÍî�1Ìb}ñPÝ�

3|ìÝ1���&Æ|×Í×îÝ`��1�»� ���1G�5�]

°ÝàHT×�©PT8!-½�

°ñf5�Þ×`��»ð×�£��� Í»ðÞ×}ñ�ó»¨×}

ñ�ó� �y`°ñf5�JÎkãÿØ×	I`   îÝ�£/�� ¸Ýx

�Ü²�®µÎ3`��îIî×Íl�� �.9I��½` �É�µ�|ÿ

Õ�!`ÑìÝ�!®H/�� 9Ë»ðÞ×Í`���»ðW×àâ` ��

£�óÝ`�®H5µ�

�}��Gr°J�Þ×Í`��Gr�î×Ë�` 5µÝ �`�£�

h²¸�|!`OÕ�×Í�` ���Ý®�M»��a� h×»ðÍETr

½Ý}ñ�óKÎ` � vÍ�`�£���aô&!�8nÝ�

�yÃy&ËÃm�kernel�'��`�»ð� ÍÃFî�y`°ñf5�b

°8«� ©Î¸ÆXãàÝ5�ÃmÎ���!y°ñfÐÃ� �??ÌbÍ�

�½©P� �ÍI�ôÎ�	y`°ñf5�£ø�|D|5��

�yÒ÷~®»ðJ×Í×îÝ`��Þ®ß×Í×îÝ»ð;ó��� N

×Í;óJ!`��½ËÍ}ñ�ó�Í×`�ó� ¨×M��ó� ÃÍî

Ò÷~®»ðÍÐÃ'�ôÎ�|PM9Ý�

�y=�~®»ðJÞ×îÝ`��»ðW×ÍÞîÝ»ð;ó��� 9Þ

îÝ»ð;ó��Í}ñ�ó×` �×M�� N×Í` KbÍM��T
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1Î���£�5µ� �N×M�ÂJ�6�Í3N×`Ñ�Í½��� h×»

ðÍ�§ø�ùv«yy`°ñf5��ÃF� b`Î�ÆÝx�-½�ÚI

��;��ÇmÐ)~®á.f���

1.2 ������TTT&&&%%%������VVV[[[TTT

°ñf»ðÊy%��V�Gr� �E	I9��¨éJbÍ��ÝÅ§P� ì

��1�®Í©P�Ê�;¨�

• �¢ÐóKP°!`��5b§`5µ6p5b§�5µ6�u×Ðó3

×r½Í5µÎb§Ý�Ç	ID3� JÍETr½�5µÐóÄQÎP

§;¨� �3�Q&ÝÏµ� TÎ@jãÿÝGr� ùTÎI5ãày5

��óA� ÄQÎbÍ` Tè Ý	§P� h²� #åGrÝ{�'n

ôÄQÎbÍDT�å  �T�ñ�TP�� áh� &Æ�l¡�Õ§

¡�@jÎP°��Ð)Ý� ôµÎ1°ñf5��@²î�SáÝ×°

ÌaÝÏµ� �y`°ñf5�ú�	IGr�ÞË�GÐGrJ¥Lª

ë� Q�Ey`°ñf5���� 9Ëb§`��Ý!Êq§PÛÎD

3Ý� 9¨é�| Balian-Low �§1��uI�Ðó g(t)� �}lVÚ

xÐó

gm,n(t) = e−2π imt g(t − n), (1.1)

P� m, n ∈ Z�u'I�ÐóÌb8�Ý	I5µP� JÚxÐóÝ°ñ

f»ð�	I5µPJ�#� 9�Ý1�ô&b°hé� ¬¸Ý@²�|

1Îì�¨éÝ×Ë�Ç�

• Gibbs ¨é¼��u×Grb�=�ÝM�� J°ñfD»ðXÿ�GrÄ

QÎP°�æGr×lÝ� ¸º3\FË�®ß×°R�� �v9ËR�

Ý»�Î�º�¸à4êó�;�Ý� 9Ë¨éÍ@ôµÎ1×ÍJÞ9

�Ý�Ïm�&ð9Ý®H5�¼ÿa� TJ1Î÷	I�¨éÍ®H5

µ  µ÷Â� 9×ÏµÝÁÐ�ÇµÎ delta Ðó�TÌ delta 5µ��
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delta ÐóÍ8T°ñf»ð��£ËÎ�Â�'Ñ�P§;¨�

• °ñf»ðÍÐÃÐóÎ��5µ�'Ë�P§;¨� .h¸Ý@~Eé

t?ôÎÌb��P� �vt?ôÎ�|P§ãø� A�����9°�

O� µb×°AìÝ�®à���¨é�\Ð[T� 50®à�âl0

-���0-��% 1.1 Xî×ãø£3×� Nyquist �£ì�Ïµ�æ

�ÿaGr×aP�£5µ��{�Gr� ã%ù��h°[T
×M

ùEÒ÷~®»ðXñ¼Ý×°ÅN�

J����î���K�&%�lV�ß[TbXnÐ�

1.3 ���������»»»ððð

R�°ñfÐÃÍà�&%V	I�;¨é���� y`°ñf»ðC~®»

ð�1KÎÞ×Gr�` �	I;� Ah�W×Íã&` FîÝ	IGrX

�WÝ/)� �|h/)
�Í�»ð� µy`°ñf5���� ÍÆ�]P

µÎ��P 1.1�Ý m � n� µ~®��� |ÎlÝ�¿�Morlet�~®»�

ÍÎ¢ãÉ�C¹wÒ~®�®��� 9ËË»ðXÿÕÝ	I` ðÝ®H

TM�£]� µy`°ñf5����à�£�Hz�T�HÎ�|(Ñ�5�

¬E~®���Ñ@Ýà�TÎM�TM�H� ÃyG� Balian-Low �§� y

`°ñf5�@jîÎP°3` 5µî'ËÑ	I� .óA�§îÝÒ÷

°ñf»ðÍ��5µÎb§Ý� Q�~®»ð39×]«µ�Ð)��	I�

�O� TJ�K�1~®�5µÍ'Ñ�Ë��;¨®�ÄQÎ�<3� |ly

�D3bë�£ÝW5� |ì�
×M1�Í½»ð�©PT-²�

• ÃÍîy`°ñf5��~®5�K�Ú�I��»ð� µy`°ñf

5���� ¸�âËÍ ½è5��ÝM»� Ï×ÍM»µÎ3æGr�

�×�Ï��` ;�ÝI�� #ì¼µÎÞ9×��ÝGr�°ñf»

ð� h×»ðÍ8ETÝD»ð�TÎGr¥��ô��Q2�=î×�

�I�� �ÍóÂ�§ôv«Ñ»ð�âbËÍ�|�� âÝM»� .
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h� y`°ñf5�� I����Ú� �ÐÃùÎX!�Ý<PÐó� Q

�E~®»ð��� 9ËÍM»µ&����� ÍI��ÍÐó�1Î×

Ë)W�� ÉP°�º�I��Ï� ùP°ÞI�ãÐÃÐó5Ò�� ¯

@î9Ë���|ãì�Ýf´¢ï��:��u.P 1.1 � Gabor lxÚ

ÝI�ã{ú5µ� J9×I���¿~®ÐÃÐó�á)ÆNÎ8«

Ý� áh��� 9ËÍ»ðÝà�Î×lÝ� ùÇèº×Ë7 ^×� |

-5Ò���TM�?|ÝW5�

• Ey`°ñf5���Í`�I���Ï���� 3�!`�ìKî¹�

�� 9Î.P 1.1�Ý g(t) ©� n �� m Pn� ôµÎ1�¢` ��

¢�£ìXàÝ`��¸Ý´�{Kî¹��� .�3ÞîÝ`�2ý�

b×Íü��Ï��`���ÝI�� �y~®Ý`��JÎ�M���

;� ¬9°�;©Î�ÏîÝ� Í«����Î��Ý� ôµÎ1`��

¸Ý´��{�WDf� �¶�Jü�� ¨9×©PEÒ÷T=�~®»

ðKÎÊàÝ� % 1.1 � 1.2 �|à¼1�9×��� %�Xã�~®v

½;ãÑøÒ÷~®�� Ë%��Ù�Ò~®8!� ¬»ðÐÃÐó;ã

�!$�� ×Í8nytÊÐÃ�best basis�� ¨×ÍJ8nytÊ$�

�best level�� XàGrJA% 1.1 �ì�%� Í;×�¦�Gr� h

�.ÐÃÎòÑøvl� ÆXbÝ`��K�¥P� ô.hNÍ`��X

��P�� Í`M�H�|1Î8E2Þã�@� �&¯Î��î�� 

s�� �8E2� &ÑøÐÃÍ`��¯�îP�¾��� �y=�~®

»ðÍ�!`��`���Ûë�3×R�¥¥PP� h`;ð�àÌb

M���ÏÝ`���î� �Î|3Í½©�`�Fî��×��Ý��

��®��� �ã9°��5µ|v$%T�ý%�¨� A�Xà��

��Þ� µÏ«=�5µ�`�%�

• y`°ñf5�ÍÐÃãÑø�<PÐóXàW� ÍÛ}©°×� �E~

®»ð��� ÍÐÃ�óã�|Î&ðê÷T&ðÂ½� 9ê÷Ýf��

µ=�~®»ð��µGGÎ���á.f��the admissibility condition�
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Ç��Ç�âbë�£���Ðó�� �µÒ÷~®»ð��� ôGGÎ

mÐ)%�[e�f��stability condition����

• y`°ñf5�»ð;óX��ÝÎ	I�H� ¸âb��£��×lÝ

L�� ¬~®»ð;óX�ÇÝÎM��&�£� ô.h~®»ðXÍÂ

ÝpÞ$bóF� Ï×� .��ÐÃ�'�#9� vÐÃÐó �|!Î

}ñT!b8n� ÏÞ� XÛÝM�ÃÍîÎ^b��Ý� ©b��Â�

ô.h&Æ@jîEN×»ð;óX��Ý®�P�T@6M�� �1�

�^bÌ�-á� Ïë� ~®»ðÝóÂ�§T§¡ÚxD3&ËlP

��ÊP� �A9¯lV�multi-voice� [8]� 9~®�)�multi-wavelet�

[6, 7, 20]� &|Ë¹Ã9�»ð�different dilation factors� [1]� �Ê;

`���=�~®»ð [10]���� ×�1¼� 9°�;3Ø°jEóÂ

�ÕÝTàT&æW��� Q�3i®@~`� Î§L�G3óÂ�Õ�

��î� .�9°.�??µ�W�9æW� Tp|¸à�

• 3ÃÍÝÎ§Tàî�L2(R) Banach è � ùT�°è � �1�tÌb

@j�àH� 4Q~®ó.$D3×°&jE L2(R) è �@~ [8, 17]�

¬µi®Î§��� &ÆX"DÝ�9�Ò��¨é� ô.h L2 è �1

��ªÊ�æJî�!è îÝ@~� ??�¨Ý-½©3��îÝ�¯

�� A��5P�9$��5��multiresolution analysis�D3P� !J�

�� 9°yi®Î§� ÃÍî�1:���¢nÐ� ô.h� jE�°è

 îÝ@~��5��&ÆÝmO� hùÍZXCï�

1.4 @@@~~~ýýýÝÝÝ���]]]'''

	I;�»ð3i®@~TàîÝñ�F� ¯@î�|���àÆ2�|�1A

ì� A�×ÍGrÎã×°b§ßú��b§è 5µÝW5®X)W� Tï1

ÎW5®ù�`è��;� £à£°bßú�ôâ�b§5µè Ý~®¼�|

ÿa� �Q�Q2µ�f´��9×Í²� �ï&Æá¼Ç¸£°Ï«8	!J
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É¶�J¥;óÍó 30� �XàGr×aP¦��¦�Gr�ì%�� Í

�£5µã 0 � 100 Hz� h�.;&��ãø�Çãø£© Nyquist rate ×

��� Æb50¨é� h²	¥�h`���&EÌ5µC9¥�ñ5÷PX
��»ð���
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% 1.2� ~®�»ð`��8�5µ%� î%Î|Eó�î�tÊ$�~®�»ð� ì

%Î|aP���îï� Xà~®��XàGr!G×%� �G%á)R¼�
&Æ�|�ºÕ~®»ðÍ�¨]PÝ9øPCÍ��ñ¼ÝæW� �A�9

vòÐÃ��9à)lV� �!tÊ!P��!%î]°����
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Ýi®� ¸Æ??D3×°���� ùvD3×°&aPùT�%��wave

instability�P²�#T�WT\&[T��� ô.9°D3Ý��Í²� ¸

ÿ&Æ�|��|���Ìßú�ÝW5®¼5�ÿaÍX�ñ¼��!G>�

TÍX��®ß�¨×jÎ§à�� h²� ~®5�$D3×°'�îÝÄP�

9øP�jEP��ÊP� 9°�|g)&ÆÝÎ§mO� ¦
ÍbL;�

|ìÍ@~x�/�T8n�®4ê�

• ´�jE�9�!vò�Ò÷~®ÐÃ�|©Pf´� h�Xâ��~®

ÐÃvòÞ8	Â½� ÃÍî�1���Xb~®'��ÁÐ��©P�

ð�1� �¢X��'���Í½~®� �Î�|.¸hvÕ9	�Ý

Ø×vò� �QµÎ�|-�¸Ý©PÄQ+{y9°Xâ��vò�

 � µv¸Ý��àHT¸àPôÄQ+{� TÄ�ø�� &ÆXâ�

�vò�©P�¸àP� bn&Ëvò�~®� &Æ|Ò~®�l~®�

8n©P�ÐÃÍ²�|1�� ¨"¨&ËÉ��¹w��"�`��5

µ��©P�

• ��0�×jEi®Tà�5�@~�tÊÒ÷~®ÐÃ� ¬vJ¼�

°ñfÐÃ�|f´� 9×d��®&ÆÞ|&vzÂ�entropy�!P

�� &ÆÞã×±�iþ�±ßi®Gr®?�øÍGr�

• "D~®ÐÃÍ¢Ëó.��Í²ÎE��!~®ÐÃ3i®Tàî�¨Ý

n".�� ùÇdã�¢Ë~®.§.�CWi®Tàît·ÿa� ùT

1Î� ~®ÐÃÍzÂÝ�!�¨Î8ny¢Ëó§��.�� 9×]«

&ÆÎ�@~~®�Ãm©PÐóÝ8�5µ��½W�

• èºtÊ~®¡��Ì�lm� hÛf´~®�nÜM�coherence��°

ñf®H�nÜM��!�¨� Tà94��£]�|���ß�

• ¼�×�-�óÂ�§]P� |-Þ�t·ÐÃ¸ày~®�nÜMn;

P� ¨×]«� h×�§]P@ù1�Ý¢Ë=�~®ÎETyXdãÿ

ÝtÊÒ÷~®ÐÃ� 9�¨ù�ßÝ×Í8n±¡�� ùÇ¢|m�S
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=�Ý~®»ð� ùT¼�i®Tà5�`� Ò÷�=»ð�Í½8þ

F¢3� �C¸ÆE�nÜM@~�ÅNA¢�

• h²��"DÝÎ� A¢¦
XdãÐÃÐó�i®Gr�àWW5®�

 @j�Î§8�P� 9°8nÞ;x�Î¿à=�~®»ðXÌbÝ�

Ê�ã�� |C��P�§n;�the uncertainty relationship�� Bã��

`�������Ï�� ¨3��î��ß9×�Ê;Ý~®ÎÍÐ)

=�»ð�á.f��

á���� h�jEi®Grt·ÿa�@~� &ÆýÍ�
� ×]«�

¯dãt·~®ÐÃ� ×]«è�Ì�@ß� �Ñø�üF5Ê~®�the

semi-orthogonal cardinal spline wavelet� Îi®5��tÊ;¾ú�Riesz�Ò÷

~®èº�]��¡��¬
�.¡Í=�r½�tÊ~®¢� �ïùÞ"D

¦
5�bL;� TtÊ;�8n5���§ø��J���� â�Ýó4i

®5�îX��8;��� v
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Ï 2a

~®ÐÃvòCÍ©P

2.1 SSS���

3��I5ÝÿaT��@~ì� �9Ýÿa.��M���ÎP°�Qâ��

�Ý�©½Î	X�Ä�Î×9M��9î'�9-ôÝ!®à�Ù� 9°��

�Pµ?�Ó;� 3G×a�&ÆXèÕ��`�;T���� µÎ��Îl

�9M��9î'�� =ñ2� i®���� P��¹ÝÎ×°^×-`¨

é� fA3×iþ���� Íb§ÝiþM��å§\&??µÎ®ß�9-`

Ý.�� ×]«Ø°�bÝM��P°®ß� ¨×]«QD�Sß×°��b

ÝM�¨é� ùTÎ.M���� P°�W�bÝ9-!®à� ÎÆ9×Ý

×°®à^×��¨� TEØ°�;ñ¼ÎáÝÅN� h²� ��î&�!5

�]°�FîT.§îÝ©P�ùTq§P� &Æ�p�ºÕ����Ë62ÿ

a��1×°Î§¨éÎ8	��|Ý� ^b9Ë���Â½f´� Î��CW

|Ñ�F�#�Î|�Ã��0°� Ãh� �½5�ÐÃ�*°�x±�9-

;� ´0tÊ5�ÐÃ�-Wi®5��¥���� ¨×]«� �|
�Ý

Î� ;�5�ÐÃ�T'�±ÐÃ�Tá)Tà8n*°�

h�&Æx�Ý�®Îdã�i®5�îÝtÊ~®ÐÃ� .h&Æ�TX

"D�ÐÃP��¼��ÝÂ½� &ÆãàÝ�9BÎÝÒ÷~®vò� 9°¿

{Îâ�Ý®ïX-á�XbÝÒ÷~®vò� �ã¡Ëa�"D��� Ìßù

ÿ|EhtÊÐÃ@~X�vò�JPb¾@.é�



39×a�� &ÆÞ�Ù;Ý1�C�+&ËÒ÷~®»ðvò� ¬1�Í

ÃÍ��©P� ¨E8n@²�AÉ��¹w��"�¨é�|Ì�à�� µ

Ah�@~�t¡&4�¡�¯�ú�1�Aì�

Í@~ÃÍî�1�;¨��Xb~®'��ÁÐ��©P� ð�1� �

¢X��'���Í½~®� �Î�|.¸hvÕ9	�ÝØ×vò� �QµÎ

�|-�� ¸Ý©PÄQ+{y&Æ9°Xâ��vò� � µv¸Ý��à

HT¸àP� ôÄQ+{9°vò� TÄ�ø�&ÆXâ��vòÝ�¨�T�

�X|9�1� TAh-�� ÎqA&ÆÝY��ß��� .&ÆXÿzÂ

Ù�óÂ¨épÃm©PÐó8�ó§���� ÍËï�á)P��TP�×

lP�.¡P�ù�P� KÌbúæD]'�ß�Tø!�ß��æ�

2.2 ���PPP������®®®¿¿¿¬¬¬���sss

h�Xàxæ�P+�Î ASYST� ¿{Xb.§5��óA�§���Ó

¨�%�×®K�Íbà#nÐ� &ÆãÙ�R�qÍ;Ý�s&v~®5��

P� ¬ã¶�J)&8nóA5���P� Xb�������9óóA%��

îíã�Pà#��;Ó¨� �XF¯3¯ÝÎ� �¹¸à¨WTà8�� &

��;Ýíá�tK� ß� Ä�®��´� óAø»��BßW� ÛB

�����n� ¨×]«_O�P���P��iP�9-P�ÏõP�æ0P

���� ø��ë�W�ëß0-� ãíá�í�Ì|×/��4�� �

g)9°�O� &ÆùJ)×°!��P� �áÝ×°�!�P+��¸à�

• Postfix � P + � � h × + � � x�� � Î � � ; × ® { ` ² � EPS

�encapsulated postscript�óA5�%� Bã9×J)� ãæ�£]|�t

â%î�|����;×|/�� 9×��ÝQÃ�ÛÁÍ¥��©½Î

3l�¢ó¾9� ��f�ýú� à)��9-� vòÂ½ÿÓ� óA�

�v9� �Ê��PM���� .9°PÏìP��bº�%���îC

æ\¾½� m�b���Ù;�P0;×®W°�

• óA5���yÇKî�Ç`; PCX %��î� G�� EPS 5�%x�è
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º&ð{`²�üù��í�� Í4ù�yÇKî�î� ¬ÍÇ`P��

�;P´-� �h�PCX%�Î|ÇKÇ`;W�Ó¨êÝ� Ëï�W

×�!�Ý�Û�Ù� Gï3eÿì®ß� �¡ïJ3GÿÇ`®ß� !

M�W� h×��¯æ0Ý[Ç��è>� Eyã¶�Ó�Cº�Ý�P

�1��Ä�� !`ô��;�Ý�P�ÏõP�î�P�!�P�CÄ

ÊP���

•  �+«�J)� G�Ëï%î���ubóA£]m�í���® 

�� ùT���® �íá×°óA`� 9×J)Ç�sìÍ��� fA

ubm�0%×°á)óA�T©�Ïµ�T�Óf´� T�×P%�×

®�T&¥«P�§�T� óA�¿à�� Ç�¿àh×���

• � MMA �P+��J)� h�&Æùà Mathematica +�ã¶Þî`�8

�5µ%�Ó¨� hÛBãG�| ASYST 5����� ÞÒ÷�=�~®

»ð����à#Fá MMA �P�� �W×��;=/�Þî`�5�

%îø��

• WinEdt º/�P+��J)� &ÆTà9×º/+��s×�®¿¬� |

ºã¶ ASYST �P�à� ¸èº8�Ý�Pã¶�s�(� A�þKÝ9

×5ÊÝ�®¿¬� £�s�âAh��Ýx�P���PÄQÎ×ËÁ

ÐÝls� ^b9×�®¿¬� EyGøÄWûî0�Ý�Ù�Pº®�

ôÄ�ÎFaOe� ×��P�ÙÍà�P��ÙP�40P�×lP�

��P�!�P�9-P�!ßP���P��X39b� �X�Þ;�

1»��ó� �?�®¿¬ÎÄm�

2.3 ???������~~~®®®vvvòòò

@~Xâ��~®vòÎ¾úÐÃ�Riesz bases�P�� ÃÍî�|5v°

�vò� Ñøvò�orthonormal, ON�� �Ñøvò�semi-orthogonal, SO��

øÑøvò�bi-orthogonal, BO�� ~®�vò�wavelet packet basis, WP�� µ
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Ñøvò��� ê 5Ýì�Ëv� Daubechies t�EÌvl� Daubechies t�

&EÌvl� Coifflets� Meyer ~®� C Battle-Lemarié ~®�

Ò÷~®»ð� ÍÒ~®�l~®�2P�î� �9íP°|�×2P�

¨� ùÇP°|Ì���Ý�TlV"î� ¸ÆÝ¼6���Óhé� v��

óÍ¶�)W��� ô.h&ÆP°�Íó.P�=�ÕÍÌ�®��PÏ� h

²�&vòX�ó.2Pp|à�yS»�|B�1�� X|h�&Æ©��+

Û&vò�x���©P��½�Ç� ¬ÞX�s�PÍ���¨����ß�

×°»î�1��

¯Þà�9°�!vò~®CÍPÏXÄmàÕÝ2P�Ðr1�Aì�

'u×ÐóT×Gr f (t)� �¾ú~®ÐÃ� 2-fM��Ðó�2-scale scaling

function� φ(t) � hÐóùTÌl~®�8T�Ò~®Ðó ψ(t)� ��ß

nÐ~® ψ j,k(t) =
√

2 jψ(2 j t − k)� P� j, k ∈ Z� � k ��É��ó� j �

�¹w�ó� % 2.1 � 2.6 î×°~®ÝÉ��¹w[T�

EØ× j $���� ×9$���$Ú�multiresolution ladder��è V j �

Í�ã ψ j,k, k ∈ Z X�W� ¬|ì��âPn;D3 · · · ⊂ V−1 ⊂ V0 ⊂ V1 · · ·�

'u× 1024 F�Gr� JÍtÞ�tÕ�M�è J5½ V10 � V0� ¨'u

8n�~®ub§Yâ��� Í®l;ó�filter coefficients�TIÉ¶�J¥

�convolution weights��óê N� JÍYâ5µ����support length�Î

N − 1�u<g �dual�~®T<gl~®D3� J5½B ψ̃(t) � φ̃(t)� �/

�Î 〈·, ·〉 � ¨ Kronecker delta δ j,k, j, k ∈ Z� Í�u j 6= k J�P 0�u

j = k J�P 1�

�*� XbÌb@à[ÇÝÒ÷~®»ð� K�Û�9$���5�°

�multiresolution analysis, MRA� [8, 15] bXnÐ� E¾ú~®��� tÝÑ

øvò�~®Í<g~®Î�<g�self dual�|²� &vÒ÷~®KD3

¨×�!�<g~®� ��¢Ò÷~®»ð� ÄQKÎ�âËÍIÉ¶�

�convolution�º®Ä�� Í×Ä�ßWÞI£]�detail information�� ¨×Ä

�JßW´¿5���£]�smooth information� [18]� A�~®ÐÃÍnÐ�

®l;óÎb§Yâ��5µï� JIÉ¶��º®�|3` r½à#
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�� ù�3�£r½ #OÕ� |ì��X"D�&~®vò� ¬1�G��

��TÐóÝòP�

2.4 ÑÑÑøøø~~~®®®���ONxxA, ONxxS, ONxxC, ME, and B&L���

h�Xâ��Ñø~®vl�b� Daubechies tÞ3Yâ~®� �Çt

&EÌï�B ONxxA�� Daubechies t�&EÌ~®�ONxxS�� Coiflets

�ONxxC�� Meyer ~®�Meyer�� Battle � Lemarié ~®�B&L�� Z��

x Ðr��×Jó� ÍÛ�î~®Yâ5µ���� TÎ��Ò~®�â�P

�� ùTÎ�îIÉ¶�J¥;ó�óê� &Ñø~®ÌbAì�;P�

ψ = ψ̃, (2.1)

φ = φ̃, (2.2)

〈ψ j,k, ψ̃l,m〉 = δ j,lδk,m, (2.3)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ j,k, (2.4)

×ÍMRA$Ú��×àÚoÁ§Â�One MRA ladder, single set of frame bounds�,

×E®l�One filter pair, one smooth and one detail�.

�&�vò&bÍ¨²©PAì�

2.4.1 Daubechies tttÞÞÞ333YYYâââ~~~®®® (ONxxA)

µ×ü�Yâ5µ����� h×vl�~®Ìbt{óê��´�û�Çë�

û�� ðÍ����� µ×�óê��´�û¼¡� 9×vl�~®Ìbty

TtÞ3�Yâ��� t�(Ý×ÍtyYâ��~®� ÇGm°Í®l;

óÝ Daubechies Ñø~®� 9v~®�&EÌP&ð�½ �.h ONxxA � A Ç

�� asymmetric�� % 2.7 � 2.8 î9×vl�Ò~®�l~®� ÍÒ~®®�
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;ãÙ�FÏ 12 F�8TÙ�·�T 5\&F � 5 smooth information �

detail information �\&F�Ï 2$� Íl~®�;ãÙ�FÏ 6 F�8T

Ù�·�� 5\&F8n·$Ï 3$� hvò��´�ûóê�®l;óÍ

ó5½� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.5)

N = 2x, x ≥ 2 (2.6)

P�� x �¨y ONxxA �Jó� �t�Ý x ÂÎ 2.

2.4.2 Daubechies ttt���&&&EEEÌÌÌ~~~®®® (ONxxS)

µ×ü�Yâ�����8´yt�EÌÝ ONxxA ¼:� 9vl�~®Ît

#�EÌ5µï�.h ONxxS � S |����� �Ä¸Æ)Î&EÌÝ� 9v

l�~®Í�´�ûóê�®l;óÍó8!y ONxxA ï� Q�Ít� x Î

4� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.7)

N = 2x, x ≥ 4 (2.8)

% 2.9 � 2.10 5½î9×vò�Ò~®�l~®�� Í&8nÙ�F!y% 2.7

� 2.8�

2.4.3 Coiflets (ONxxC)

î�Ë�vl�~®Íë�û©ETyÒ~®� � Coiflets �©�J3yÍÒ~

®�l~®KD3b�´�û� ô.9×©P� &Æ�|ã��ùó"�ÝÌ

F¼.¡� 9×ÐÃ�¸àÞ�3ÞI�M�G>î®ß{[£G>D¹®à�

ôµÎ1� ×ÍGr|9×v~®�ÐÃÐó¼5�`� Þb×�I5��M�

~®»ð;óºÎ8EÝ�� �f´�|¯�� ô.h� Í�Õ´�M���

â5G>�small scale smooth information� b�|�gE!J�simple quadrature

rule�� ùÇ×ÍÐó��M�l~®�/�OÕ`ºÌb´{óÂ[£� �Ñ
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AG�X�� �¢Ò÷~®»ðÄQKÎ�âËÍIÉ¶�º®Ä�� Í×Ä�

ßWÞI£]� ¨×Ä�JßW���´¿5�£]� A��ÞËË�´�û!

`Tà� J3Ø°TàîÍ[£��è>� �A£°�ú��Y¥��óÂ�

§�T�ªD¹�Ù� hvl��´�ûóê�l~®�5Â��®l;óÍó

5½� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.9)

∫
∞

−∞

φ(t)dt = 1, (2.10)

∫
∞

−∞

t lφ(t)dt = 0, l = 1, · · · , x, (2.11)

N = 6x .x ≥ 1 (2.12)

% 2.11 � 2.12 5½î9×vl�Ò~®�l~®®�� %�&¢óùã!yG

°%�

2.4.4 Meyer ~~~®®® (ME)

G��~®&ÆX�¡�Yâ��KÎjE` r½� � Meyer J'��×Í

Meyer ~®�%�B ME T Meyer�� ¸Xú�ÝYâ��JÎjE�£r½

�¡� ôµÎ19×~®Í�£Yâ5µÎ¨*Xá�t�yï� .�8T`Y

â��J8Et� �ÍZ��uP©½1��JYâ��Ç�jE` r½��

�Ãy°ñf»ð8ETr½�Ef©P� &Æá¼9×vl�~®Í®�ÎP

§��5Ý� �ï�Í Lipschitz !J��regularity�ÎPM�� ¨×]«�

hù�îÍ~®Ðó5µ�<3P°��¼ó3<�exponential decay�� �ÍY

â��� NÂÎPM¼ï� % 2.13 îÍÒ~®�l~®®�� &8n;óù

ã!yG°%�
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2.4.5 Battle and Lemarié ~~~®®® (B&L)

Battle � Lemarié ~ ® � BB&L T LE� � Î | ü F5Ê Ð ó �cardinal B-

spline� Nm [2, 3] ¼ÚxÍl~®� ÍÛTàýãÝÑø;*»yÏ m $üF

5ÊÐó|�WÑø�l~®Ðó� �|9°l~®Ðóx��WÒ~®�	

m = 1`� ¸ÝÒ~®Ç Haar ~®�ùÇHaarÐó�� �h× Haar ~®Î9

×vò�°×Ìb§Yâ��ï� ¨²� ÍùÎ&=�~®��tyYâ5µ~

®� �J� h× Haar ~®ªª!yì���øÑø~®�� BO11O=BO11D�

9×vò�Í¸~®ÍYâ��ÎP§5µ� �Ä¸ÆÌb¼ó<3� vÌb

Cm−2 !J�� % 2.14 îÍÒ~®�l~®�� � Meyer ~®f´R¼� ¸Æ

Ý�9êÚPÏK&ð�«� Q�&Æ�9ËË~®�à�� �|�ºÕ¸ÆÝ

Ðóx��§Õ'��2P.�KÎ8	�×lÝ� Þ��îÎ� ��©P�|

ÎP��¼� ¬êÚPÏ�|P#-½�

2.5 ���ÑÑÑøøø~~~®®® (SOxO and SOxD)

�Ñø~®�B SOxO�Í<g~®JB SOxD� Í~®ÐÃÐó3�!M

�ìÎ!Ñø� ¬Í!M���!É�ÐóJ�Ñø� 9×vò�~®Íl

~®�T��Ðó�ÎüF5ÊÐó Nm� ¨Í;ãb§Íó� 2-fMn;P

�2-scale relation�X�W� 9×vò�~®ÌbËà}ñ�®l;óN� ×à8

ny5�àH� ×àJ8nyGr¥�àH� 4Q®l;óNÎbËà� ¬Í

9$���5�Úx�MRA V j -ladder�J©b×à� 9×vò�~®; Chui

[3, 4] Xè� ¬Þ�ÌüF5Ê~®� ¨Í@~ù¼�� m ≥ 3 �üF5Ê~

®K¿{�!y��{ú®� ��Ä���{úÐó¬&Î~®�� ÎÆ�h�

&Æ©�îÏ°$�m = 4 T x = 4� �ëg]üF5Ê�cubic spline�~®X

8n�Ò~®�l~®� A% 2.15 Xî� ¨%��¢óù!G� 9×vò�~

®bAì��©P�

ψ 6= ψ̃, (2.13)
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φ = φ̃, (2.14)

〈ψ j,k, ψl,m〉 = 〈ψ̃ j,k, ψ̃l,m〉 = δ j,l, (2.15)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.16)

N = 3x − 1 for SOxD, (2.17)

N → ∞ for SOxO. (2.18)

×ÍMRA$Ú�One MRA ladder��

ËE®l�Two filter pairs �.

2.6 øøøÑÑÑøøø~~~®®® (BOxyO and BOxyD)

hvò�~®ù;ã Dauchbies X�x� @²î¸ÆÎòy&Ñø�vl� EX

bÝ@óv¬vÎb§Yâ���Ñø~®�¡� ^b×ÍÎÌEÌPÝ� Haar

~®G�ÚI5Ð)EÌP�� Q��Gr¥�ÝÌF���uÌß�TGà

I5�»ð;ó�� £»ð�®l;ó�5µPÏ� 3@ßî� Î×Í¥�

Ý.�� .B�×å&Æ� EÌPÝ®l;ó5µ� E»ð���|3ÚÆ

îñ¼×Ë×5��
��MøÝ�;� ùÇ¸à&EÌPÝÐÃÐó� J×

Í��Ý®�;�T	I?�� £G¡ËÍ»ð��f´R¼� ÍÂ�P��

M�G>µºb-²Á�Ý�²� 9??¯ß´�E�TÝßé�´ªP� ð

�1� óA5����ukEÍÎ§�1�lCW¥��\��|§�¼6

��� £Gr}�;�`� »ð;óôt?Î}��;µ?�u&Ah� J�

ÊÕ£]�?p¹b&P&øÝ0-�·¯�rÕ� �Îá.�ÅN� A�9

°&��.�µ�B�&ÆÝ»ð��ñ¼��Ý�\� £µÆ¡&Æ�EX@

~.���|�b�¢_·�æÝ� áh��� ÐÃÐó�EÌP5µ� 3Î

§@~îÎ×Í&ð¥�Ý.�� �AGX�� b§YâÑøÐÃÐó^bÎ

ÌEÌPÝ� £A���ÝÑøP��ãÿ×°EÌP� TÎÂÿÝ� ôAÎ
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{� øÑø~®T&�3Î§"Dsì×°®à� øÑø~®ÐÃD3bËEÒ

~®�l~®� ùÇD3×à<g~®� á)f´R¼� &Æ�|�ºÕ� �

Ñø~®ÍD3f�´Ñø~®ï¼Ýû;��øÑø~®�D3f�Jêf�

Ñø~®ï¼Ýê÷�9°�|ãøÑø~®Br�X�¨ÝËÍ¢ó x�y :

�� 4Q9×vò�~®ÎbËàÒ~®�<g~®� �ÍX��9$���5

��MRA�ùbËà� ¬¸ÆX��®l;óQ©b°×à� 9×F��Ñø

~®ÐÃïª8D� �Ñø~®ìÍ9V$��5��MRA�©b×à� ¬b

Ëà®l;óN� % 2.16 � 2.19 îhvò�Ò~®�l~®�p8T�<gÒ

~®�l~®� Í8T��©P�

ψ 6= ψ̃, (2.19)

φ 6= φ̃, (2.20)

〈ψ j,k, ψ̃l,m〉 = 〈φ j,k, φ̃l,m〉 = δ j,lδk,m, (2.21)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.22)

N = 2y + x − 1 for BOxyO and x odd, (2.23)

N = 2y + x − 2 for BOxyO and x even, (2.24)

N = 2y + x − 1 for BOxyD and y odd, (2.25)

N = 2y + x − 2 for BOxyD and y even. (2.26)

ËÍMRA$Ú�Two MRA ladders��

×E®l�One filter pair�.
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2.7 ~~~®®®��� (WP)

|Ñø~®ÐÃ»ðXÿ�;ó� Î�|�g�»ð5�Ý�#�Î9·g�9

	IÝ�g5�� 9vÝ5��»ðÇÌ�~®�»ð� �X��g5��Ð

Ã�|Îæ�ÝÑøÐÃùTÎ�¢Í¸ÑøÐÃ� ô.h~®�»ðÍ5��

��1�;PM� hv»ð�#�5�p|à�|2P�î�� ¬¸Ýø��|

à×y�� @·@M¦��5v� î�A% 2.20� ÍÛvAWÏ5Y�;¨®

¼� ~®�»ð;ó�æ��»ð;óf´R¼� µÎ¸Ý»ð;óX��Ý�

ñ��� TM�ñ��� ?ÞÛ� �8E2ÍX��Ý`Yâ��ôµ¦�

Ý� 9×f´ÞÛ�ñÝÎ§�ÇÎb°v«N®)W[T� ôµÎ1� ¸Æ

3®��¨îb×ËW��ùTWNÝPÏ� hùÎ~®�ú(ÝÙ��

×à~®�»ð;ó�Cã4Qb��ÝÄP� ¬ôÄmñF×°!J� µ

|WÏ%�1»� N×kà�îÄ6Gb×g�T×Í}��¨^º� �N×

i¿�Í}���¡´Tê�4�b9}�¨� ¬ÄmÐ)kà�î�¥«�f

�� ôãy9ËWÏ5YÝÄPø��8nÝóÂ�Õ�®�µ¦��K� �

A¢Cã×àX�Ý;óôµb�!Ý��� ×�´ð�ÝbËËóC!P� ×

ïÌ�tÊÐÃ~®��best basis wavelet packet�� ×ïÌ�tÊ$~®�

�best level wavelet packet�� ¨3µ|×Í| 1024 FÝGr¼1�� h`»ð

;ób 1024Í� ÍtÞM�$�Îsßy j = log2 1024 = 10� t�M�$�s

ßy j = 1� BÄWÏ5�¡X�WÝ;óNàóCÄPb 210 Ë� �39 210ó

C�� ÍXCW�zÂÎt�ÝÇÌ�ETytÊ~®�ÐÃ�;ó� �A

�XbÝ;ó©�!×$��T!×i¿�¼Cã� h`&Æb 0 Õ 9$�� �

10 Ëã°� Í�zÂ¼Ýt�Ý� ÇÌ�tÊ$�~®�»ð;ó� ~®�

»ð;óÍ4�¼ý� Ç%� U �îìý� Î��Ý�;ó�` sß�H�

!`ù���;óXET�M�T�£� ¨×]«ùCy®�5µYâ�PÏ�

Tù�1ÎÞî`��5µ%�� �!;óX�¨ÝPÏC�H� �Ä�@j

î� 9øÝÞî%îGÎ��PaF�H� �Ë@5µ�PÏÎ�!Ý� bn

~®�»ð�`��5µÃF��% 1.1� %�ùî~®�»ðÎ8Ty&EÌ
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P®l� h²ùî~®�»ð;óÍX��Ý`���«���KÎ8�Ý� %

2.21 � % 2.22 î8ny Daubechies ON22A �ËÍ~®�®�� �`���5µ

%f´R¼� &Æ�|¡�`��X��ÝÎGG×Ë��YÝ��]P�

2.8 ~~~®®®���"""���ÓÓÓ×××���«««PPP

~®@²îÎÌb#×�«PÝ�fractal nature�� ôµÎ1� P¡&Æ�¢2

w�¸Ý	I� ´ÞM��®��´ÕM��®�Î×øÝ� ¨×]«J�1

� �!�"f»ìÝ`aÍPÏÎ×øÝ� �A`aÝ��5P�!J��<

3©P��Î��Ý�

h�X�sÝ�P�|jE�¢~®�&P�x�|�"�î� �A� Ò~

®�l~®�~®ÐÃ�~®�ÐÃ�&Í$����F��� % 2.23 � 2.30

î×°~®vò�`a�"PÏ� ã9°%��� £°Ìbf´©�� ùTÎ

Ìb8ESßá{�ó.©PÝ~®� Í®�×�/´Mø� �PÏM²� ¯

@î&Æ�|�àÆ21� E&Æ@~i®¨éï���¥�ÝÎ3OÿÎ§�

1� �9°M²Ý�Ï� Í�<P®Ý��-½� 33²î½� OãÎ§��

P²ÎFaOe� ôAÎ� 9°©�PÏÝ~®qÍ���Î&ÆX�óCÝE

é� ¨²�b×F�|�ú9Ë¡�� £µÎ�9°�"`aÝ[e%�P¼:

�h²�ù��¡�a;�EzÂ�"D�¡�ßÿ�� ã%��� £°ÌbM

�ó.��©PÝ~®� ÍóÂ%�P??�-�#�Îs÷Ý� �ï� ã9

°�"%&Æ�|:Õ×°óÂ�T�§¡©P� AâÐË�[T�b§��

�Å(�0-FLU÷¨é� �;PT!J���

% 2.29 C 2.30 5½îøÑø~® BO31O � BO35O ��"� µ BO31O �

��8n¢ó� ~®`aETÙ�FÎ$� 2� F� 12 �ùÇ% 2.20 ��

�- U 12
2 �� �"�T�HF�150�AóT�"�� 512 F�8Ï%��"M

�f 26� µ9×~®��� Í�"���>s÷� .�~®3?ÞM�ì´

�ÝÍTb�#×�«P� µ BO35O ���8n¢ó� ~®`aETÙ�F

Î$� 2� F� 12 �ùÇ% 2.20 ���- U 12
2 �� �"�T�HF� 225�
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AóT�"�� 512 F�8Ï�"M�f 26� µ9×~®��� Í�"��

4�s÷� ¬~®3?ÞM�ì´�ÝÍ`a�ÏHE�ü�P� %ù���

�æ~®f´R¼� ¢|~®��X|Ì��� .×Í~®�®��¸ÝÙ

R~®Ý®�f´R¼� Îb?9Ý®�R�� ¬bv«×Ë÷N�W�Ý©

P� ¬9Ë÷NW�¨é�«°ñf<PN®XÌbÝ¥¨P� £øÝ¥¨PÛ

.°ñfÐÃ�����ß� v
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12/02/02-22:21[(5,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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BO28DBi-Orthohonal_Dual (G)

BO28D-Psi

 .000  200.  400.  600.  800.  1000
xE0

-1.00

-.500

 .000

 .500

 1.00

xE-1

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-22:22[(6,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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12/02/02-22:22[(6,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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12/02/02-22:22[(6,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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12/02/02-22:22[(6,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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12/02/02-22:22[(6,1024) Psi-<P0L2_BP4,Ori12,Pw10>]
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BO39D-Psi
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12/02/02-22:48[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO110Bi-Orthohonal (G)
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12/02/02-22:48[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:48[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO240Bi-Orthohonal (G)

BO240-Phi

 .000  200.  400.  600.  800.  1000
xE0

-.050

-.000

 .050

 .100

 .150

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-22:49[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:49[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO390Bi-Orthohonal (G)
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12/02/02-22:50[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO11DBi-Orthohonal_Dual (G)
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12/02/02-22:50[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:50[(4,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:51[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO22DBi-Orthohonal_Dual (G)
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12/02/02-22:51[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO24DBi-Orthohonal_Dual (G)
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12/02/02-22:51[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO26DBi-Orthohonal_Dual (G)
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12/02/02-22:51[(5,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:52[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:52[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]

BO33DBi-Orthohonal_Dual (G)

BO33D-Phi

 .000  200.  400.  600.  800.  1000
xE0

-1.00

 1.00

 3.00

 5.00

 7.00

xE-2

Point series
C

o
e
ff

ic
ie

n
t

12/02/02-22:52[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:52[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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12/02/02-22:52[(6,1024) Phi-<P0L3_BP8,Ori6,Pw10>]
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Original data  (say,  1024 data points)    D10=V10
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12/01/02-23:27[(7,512) ON22A-P1]

ON22AWavelet packet (L)

P1L1_BP4 Ori100

% 2.21�8nyDaubechies ON22A �×Í~®�®�� h%î$� 2� \&F 8� 4�

3F 100 ��ÙR��;ó� ÍXET�~®�®��

 .000  100.  200.  300.  400.  500.
xE0

-.240

-.120

 .000

 .120

 .240

xE0

Point series

Co
ef

fic
ien

t

12/01/02-23:27[(7,512) ON22A-P1]
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12/02/02-01:12[(9,512) BO220-<P0L2,Ori12r,XPt256,XPw3>]

BO220Wavelet basis blowup (L)
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12/02/02-01:14[(9,512) BO240-<P0L2,Ori12r,XPt256,XPw3>]

BO240Wavelet basis blowup (L)
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12/02/02-01:14[(9,512) BO260-<P0L2,Ori12r,XPt256,XPw3>]
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12/02/02-01:15[(9,512) BO280-<P0L2,Ori12r,XPt257,XPw3>]

BO280Wavelet basis blowup (L)

BO280-P0L2

Seq. 0-257 (12r)

Seq. 1-257

Seq. 2-257

Seq. 3-257

Seq. 4-257
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12/02/02-01:16[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]
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12/02/02-01:17[(9,512) BO330-<P0L2,Ori14r,XPt450,XPw3>]

BO330Wavelet basis blowup (L)
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12/02/02-01:18[(9,512) BO370-<P0L4,Ori48r,XPt252,XPw3>]

BO370Wavelet basis blowup (L)
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12/02/02-01:18[(9,512) BO390-<P0L2,Ori12r,XPt208,XPw3>]

BO390Wavelet basis blowup (L)

BO390-P0L2

Seq. 0-208 (12r)

Seq. 1-208

Seq. 2-208

Seq. 3-208

Seq. 4-208
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12/02/02-01:13[(9,512) BO22D-<P0L2,Ori12r,XPt256,XPw3>]

BO22DWavelet basis blowup (L)
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12/02/02-01:15[(9,512) BO28D-<P0L4,Ori40r,XPt128,XPw3>]

BO28DWavelet basis blowup (L)

BO28D-P0L4

Seq. 0-128 (40r)

Seq. 1-128

Seq. 2-128

Seq. 3-128

Seq. 4-128
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12/02/02-01:12[(9,512) BO15D-<P0L4,Ori40r,XPt100,XPw3>]
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12/02/02-01:17[(9,512) BO31D-<P0L2,Ori12r,XPt248,XPw3>]

BO31DWavelet basis blowup (L)
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12/02/02-01:19[(9,512) BO39D-<P0L4,Ori40r,XPt125,XPw3>]

BO39DWavelet basis blowup (L)

BO39D-P0L4

Seq. 0-125 (40r)

Seq. 1-125

Seq. 2-125

Seq. 3-125

Seq. 4-125
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12/02/02-01:19[(9,512) ON22A-<P0L4,Ori56r,XPt384,XPw3>]

ON22AWavelet basis blowup (L)
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12/02/02-01:20[(9,512) ON44A-<P0L4,Ori300r,XPt86,XPw3>]

ON44AWavelet basis blowup (L)
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12/02/02-01:21[(9,512) ON44S-<P0L4,Ori300r,XPt86,XPw3>]

ON44SWavelet basis blowup (L)
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12/02/02-01:21[(9,512) ON77S-<P0L4,Ori56r,XPt379,XPw3>]

ON77SWavelet basis blowup (L)

ON77S-P0L4

Seq. 0-379 (56r)

Seq. 1-379

Seq. 2-379

Seq. 3-379

Seq. 4-379
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12/02/02-01:22[(9,512) ON22A-<P1L4,Ori56r,XPt240,XPw3>]

ON22APWavelet packet blowup (L)
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12/02/02-01:22[(9,512) ON44A-<P1L4,Ori300r,XPt400,XPw3>]

ON44APWavelet packet blowup (L)

ON44A-P1L4
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12/02/02-01:23[(9,512) ON44S-<P1L4,Ori300r,XPt400,XPw3>]

ON44SPWavelet packet blowup (L)

ON44S-P1L4

Seq. 0-400 (300r)
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12/02/02-01:24[(9,512) ON77S-<P1L4,Ori56r,XPt160,XPw3>]

ON77SPWavelet packet blowup (L)

ON77S-P1L4

Seq. 0-160 (56r)

Seq. 1-160

Seq. 2-160

Seq. 3-160

Seq. 4-160

% 2.28� ×°| ONxxA C ONxxSÙ�~®�~®��"%�8Ï�"`a�M� 
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12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310IoWavelet basis blowup (L)

BO310-P0L2
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12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I2Wavelet basis blowup (L)

Seq. 2-150
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12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I4Wavelet basis blowup (L)

Seq. 4-150
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12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I6Wavelet basis blowup (L)

Seq. 6-150

% 2.29� BO31O ~®��"%�8Ï�"%�M� âÎ 26� ~®Ðó�ÙRFC
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12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350IWavelet basis blowup (L)

Seq. 0-225 (12r)

Seq. 2-225

Seq. 4-225

Seq. 6-225
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12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I2Wavelet basis blowup (L)

Seq. 2-225
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12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I4Wavelet basis blowup (L)

Seq. 4-225
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12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I6Wavelet basis blowup (L)

Seq. 6-225

% 2.30� BO35O ~®��"%�8Ï�"%�M� âÎ 26� ~®Ðó�ÙRFC
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3.1 SSS���

|~®¼@~i®¨é� tWß�ùÎtqÍÝ®Þ� µ3~®�óCÃÍîÎ

PM9Ý� 9Ë®Þ�ßÝôµÎÎ§�1�@ÊP®Þ� N×Ë~®ÐÃK�

|ÿÕà×óA5���� Tï&P�`a5µ� ¬ÎA¢!�L��TÞÍb
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ß3��¥µD� 1Ý¥×FÎ¼hy�xÅÎ&��ïAç� ¸Æ�ßÝ®
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�¯@îEi®@~�Tà¼1� &ÆX:¥ÝôX�ÎXÛÝ5Þ�6�5[

£6� &ÆX:¥ÝÎ5PÏà�6�5Î§©Ç6� ôAÎ{� 5Þ�6�

5[£6�5PÏà�6� 5Î§©Ç6«{Î�|�8�=� �Ä� �1/

¼� ó.î��� »ð�[£�Þ�� Q3@²î���î� ��½GrÍà

WW5���ÐÃÐó� Ý8«P{±� �ï� ×Íÿa®�A�:¼µ�

«&ÆÝW5®� £&ÆA¢��¸X®ßÝ¨é��&ÆÝàÆ-áº®ß�
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�ñ¼�ß5�ÝÎ§�1÷� ôAÎ{� G�X�� Gr�îTÿa

Íó.»ðÝ[£�zBP� Qô«&Æ39×�!r½î� Xú��X_´Ý

Î§åOb²`!���Õ�)�ú� ùÑ.Ah� h�´�F�ÝzÂ@~8

nytÊÐÃ"D��í$��

XÛÝzÂ"D� 3ÃFî�|Ú×Ë5ûÒ�?6� 9ËûÒÎ¼Gr

�ÐÃ� Ý ²��� 4Qh�&Æ¬Îx��¢±~®ÐÃ� ùÎE�á�

~®vl� 3Í¢óP�î�|;¨�x� ¬×ï� h�Xâ��¾ú~®Ð

Ãvò���Û8	Â½�J� �ï� ��aÏ�&Ë�¡� �Cì×a��

�� &Æ�|�ù�21� 9°±�x�;¨�xÎ^bÄ�Ý� ¨²&Æù

���@2¼�� £°ÌÓ×�«P [16]� T��©PM�� TPÏ±��²

Ý~®� 3i®Î§TàîÄQÎsì�Ý®à�

h�X�ß�~®ÎG×a�X��Xb~®C~®�� 9° 52-ó68

n�Ô-¢ó~®�dyadic wavelets�� Íó.ãø£ 1� EGrãø�Ò÷Í

²��� �13TàîtÌ@jàHTÎ§L�� ¨²&ÆùÞ°ñf»ðÐÃ

����|f´� �¦�&Æ¡��ù@P� &Æ2à9vzÂ!P� "D

»ð;óÍá�^£Û�Ðó�5µ� CÍzÂ�¨� ¨Xãi®Gr;��
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3.2 &&&PPPzzzÂÂÂ!!!PPP

zÂÎÙ�Î§Ý×Í�+� .h¸X�ÝÎ×Ë�ñ1ßÝ¼ý� zÂÍf´

y�@jÝ�1T8nL�� �|Ú×Íæ�Gr�Í¥��WÝ�«Gr�

 Ý��-²��� 9×¥�GrÎ|I5Ý»ð;ó�D»ð��

h�Ý�¹×°@~�Xñ¼Ý£ËßÚ�p|¡�ÝzÂ�é� &Æ2

ã×ËY'�§]P� ÇÎ�´�à#1�zÂÍóÂOãÝø�COÕ2P�

�/Ä�¼�19øÝø��OÕ2PÎb£°Ù��Î§���

'u&Æb×B�ÿ�£]� Í�� 1024 F� JÍ~®»ðùD3b×

ã 1024 Í;óàW�/) C = {ci }� *Þ9°;óãÍ�EÂT¿]Â� �

µÍÂ��4�� ã 0Â|�t�;óÂ� Q¡êÞ9×4�µÍ;ó5µP

�� �5 MÍ� û»ðÂ��/)� .h&Æÿ|ÿáN×�  /b9

K»ð;ó� Ç�  �sß^£� ¬
�ãÿÍÑ!;ì�sß^£� h×

^£5µ×�ÇÌ5Ã£Û�5µ6T5^£Û�Ðó6�probability density

distribution or probability density function, pdf�� ÍÎ {p1, p2, · · · , pM−1, pM}�

�zÂÇÎ�

H(p) = −

∑
i

pi log pi . (3.1)

P�	 pi = 0 J' 0 log 0 = 0� hÛ@²î&Æ�|��39 i   /Ísß

^£¿{#�yë¬����yë� .�Í log D3� �¶��Úë� vJ

Í)W.;b§��� ��åÅN� �ï� 9JÍÄ�Ý��ù©Î×ËÙ�

¼ý� 9øÝÑÑEXbð!;óÂô�1Î��^b@²ÅN�

*uã»ð;ó ci ��EÂ�� H(p) JÎ L1-norm zÂ� �uã»

ð;ó�¿]Â�� JÎ L2-norm zÂ� 	QÍ¸��gô�|ã�@

~� ¬tÌ��PÝ�Î×�Þg]ÝzÂ� L1-norm ×g]ïÌ»�L��

L2-norm Þg]ïÌ��L�� 9Ëï�1�â�Ý��9óÎ§�1Eé�

|î1�ÝzÂOÕÎ^£Û�5µ�Ù�¢ó� #ì¼� µ¼1�9×

¢ó�Lb¢@j�ÇTÎ§â��
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'uËÍ^£Û�5µÐó p � q� �Í»ð;ó4�ã���ª3

ï� Ju p �ª3¨é´ q �ª3¼ÿ"� J H(p) ≤ H(q) [21]� îPzÂ�

�P�WñÎ�'Ñ@� D'¡�JÎÄWñ� 9ôµÎ&Æ1� zÂÎ×

�ñ1ß�Ù�¼ý�ã¼�×� �XÛÝ¼ýÇÎ� ´��zÂ��½?9�

�Î;D3?KóêÝ»ð;ó	�� ôAÎ{� 'u&Æ©1ºØ×ü�y5

f�´�»ð;ó� �9�Íõ´�;ó� JAh®ßÝ9�0-� Ç�îÍ

��I»ð;óÀ)W�ûÒ� �µnÐyh�zÂ�¨��� ´�zÂôµ�

�½9Ë9�0-XÌ ÝûÒÎ´¹��

¨²�b×ËzÂÙ��î°� T�Ì¿¢ÃF° [21]� @jî� 9×�

î°ÎG×]°Ý×�Ë«� �Ûð;�ð<� !ø2� h��1�@jóÂ

®¼ø�� �/Ä�¼�|Î§�1� *'u&ÆÞ4�¡� û âóêã8

!y»ð;ó�óê� ¬Þ^£Û�5µÐó�L~®»ð;ó�¿]Â� ¬

|Xb�I��A� �|Ñ!;�� ùÇ�I�� ‖C‖
2

=
∑

i |ci |
2� �Í

½^£Û� pi = |ci |
2/‖C‖

2� h`Þ pi �á]�P 3.1 ��ÿzÂ�

H(p) = log ‖C‖
2
−

∑
i |ci |

2 log |ci |
2

‖C‖2 (3.2)

9�ÝÃFÍ@Î���Ý� A�.E±��;ó��?9ÝJ¥� �{��;

ó�?�J¥� Jh×�JÝ��Î�zÂÝ×Ë¼ý� .Þ×ÍóÂã

EóÎ×Ë�JÝ�®�XbÝ;ó�Ñ!;�§�Æí�y 1�� v.J�

��Îü�Â� ÎÆ´�zÂ��½£°��{��½Ý»ð;ó�óêó´

K� ôµÎ1� ?9Ý��Î/�y´KÝ»ð;óN�� �î×Ë�L�1

�f´�ÿ�Ëï��«âL�

¨×zÂ¼ý�|ìP�î

D(p) = eH(p)
=

∏
i

(
p−pi

i

)
. (3.3)

56



h D(p) ×�Ì�§¡î� [21]� ÍÛÞ 3.1 Pà#Hy¼ó��g�ÿ� P

�
∏

i =¶º®�
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Ý¦
f´��@P�ù��� &Æ�ÕóË'�ìÝzÂ� |ÃyP 3.3

¬ã L2-norm �à#;ózÂ�� 3.1 � 3.2 ��Ï×û�� | L2-norm��

Â� ¬�5W 300Í â� pdf zÂ�ÏÞû�� | L1-norm��Â� ¬�5

W 300Í â� pdf zÂ�Ïëû�� | L2-norm��Â� ¬�5W 200Í 

â� pdf zÂ�Ï°û�� t¡×û�Ï"û�Î§¡î�zÂ� 9�&ÆX

àÝi®Gr;@��iþ±ßi®� h���1�ÝÎ� A�óà�!G

r� �Íx��Tx���M��b���!� J¯zÂf´b´×lPf
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Ë6Ý�º� ¨×]«� ô.�	°ñf»ðì� Í����|Ì�;W�

£� ~®»ðì� Í¹wM�JP.g�CW8	ÿW�

� 3.1 îXbÑø~®�âB&L�Meyer�ONxxA�ONxxS�ONxxC�� �

Ñø~®�âSO3O�SO3D�� |C°ñf®H���� � 3.2 JîXbøÑø

~®���� ã9°óA� &Æ�|ãÿ×°&ð�@Ý©Ç� ¬®×°8	
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BOxyD�Xÿ�zÂ� ð�1� Ei®�@~��� ¸àAìÝ]�P

f (t) =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k (3.4)

Í[£P��«PÎÄQ8yì«¨×�x]P

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k (3.5)

ô.h&Æ�|��@2¼�� jED3b<g~®��ÑøvòCøÑ

øvò� P¡Î�"DÎ§� ùTjEóÂ�Õ[£� TïÎi®Gr�
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ÝzÂ/f x �y Â´�ì�zÂ¼ÿ�� �µÚ9°~®�Ï�©²P

�% 2.29 � 2.30�� ÿ|@²î1�ÝÎ� 9°Ì��Ó×�«P�~®

Î&ðp|Ë@Ý�

• µøÑø~®��� �|ãÍzÂ�¨:Ý�¼� ��^bÄ��U"T
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h�ãzÂ�¨t·�ùt#��Ëï� ÇüF5Ê~®C°ñfÐÃ�� %
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MP6Î¼Ò~®ÐÃÐóÌb�JÝY�P� �^b×°^Ä�Ý� R�®
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Table 3.1� Ñø��Ñø~®vòÍ»ð;ó�&vzÂ� ¨²ù�â°ñfÐÃ�»
ð;ó8TzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theotetical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

B&L 4.691 1.330 3.417 1.179 3.782
Meyer 4.647 1.294 3.365 1.132 3.646
SO3O 4.833 1.669 3.756 1.488 5.307
SO3D 1.823 0.219 1.306 0.172 1.245

Spectrum 2.809 0.270 3.044 0.244 1.310

ON22A 4.993 1.761 3.891 1.516 5.815
ON33A 4.773 1.384 3.499 1.225 3.975
ON44A 4.790 1.517 3.596 1.363 4.559
ON55A 4.819 1.553 3.631 1.367 4.727
ON66A 4.790 1.373 3.456 1.203 3.946
ON77A 4.675 1.355 3.461 1.203 3.877
ON88A 4.645 1.229 3.283 1.082 3.418
ON99A 4.719 1.412 3.501 1.252 4.106
ON00A 4.787 1.423 3.511 1.244 4.149

ON44S 4.835 1.461 3.557 1.281 4.311
ON55S 4.758 1.492 3.576 1.298 4.426
ON66S 4.754 1.402 3.501 1.225 4.065
ON77S 4.751 1.336 3.331 1.188 3.804
ON88S 4.714 1.366 3.481 1.224 3.918
ON99S 4.755 1.469 3.570 1.288 4.345
ON00S 4.635 1.278 3.378 1.134 3.591

ON11C 4.938 1.696 3.832 1.457 5.452
ON22C 4.827 1.468 3.520 1.284 4.342
ON33C 4.756 1.488 3.573 1.333 4.427
ON44C 4.690 1.297 3.337 1.157 3.658
ON55C 4.644 1.309 3.405 1.154 3.703
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Table 3.2� øÑø~®vòÍ»ð;ó�&vzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theoretical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

BO11O 5.395 2.623 4.502 2.299 13.777
BO11D 5.395 2.623 4.502 2.299 13.777
BO13O 4.943 1.806 3.883 1.627 6.084
BO13D 5.266 2.371 4.373 2.053 10.708
BO15O 4.866 1.678 3.755 1.495 5.357
BO15D 5.227 2.291 4.327 1.987 9.882

BO22O 5.282 2.362 4.363 2.083 10.609
BO22D 4.434 1.181 3.284 1.034 3.257
BO24O 4.963 1.862 3.985 1.634 6.438
BO24D 4.359 1.090 3.220 0.962 2.975
BO26O 4.881 1.703 3.835 1.492 5.490
BO26D 4.332 1.064 3.174 0.940 2.899
BO28O 4.857 1.624 3.782 1.452 5.073
BO28D 4.318 1.069 3.157 0.941 2.914

BO31O 5.824 3.174 4.741 2.835 23.894
BO31D 4.377 1.058 2.655 0.936 2.880
BO33O 5.084 2.001 4.062 1.756 7.393
BO33D 4.205 1.102 2.827 0.965 3.011
BO35O 4.850 1.697 3.847 1.506 5.457
BO35D 4.125 1.026 2.776 0.908 2.789
BO37O 4.790 1.658 3.821 1.442 5.247
BO37D 4.106 0.986 2.737 0.873 2.679
BO39O 4.776 1.660 3.835 1.432 5.258
BO39D 4.098 0.967 2.713 0.866 2.629
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Ï 4a

Ãm©PÐó8�5µ

4.1 SSS���

3î×a�� &ÆBã»ð;ó�zÂ�¨� ã�9Ý~®vòÐÃp°ñfÐ

Ã�� dãÿi®Grÿa�tÊÐÃÎ�Ñøvl�üF5Ê~®� Q�z

Â¨éÎÙ�W°� ÃÍî� ¸3ÿa�«îÎb��ÝÎ§L�� ¬¸��

Îà#ÇCÐÃ�ó./�T��Í²� ôµÎ1� zÂÎÐÃÐó�GrW5

®8«PÝ×Ë¼ý� Q�9Ë8«P����QôT�«Ø°ó.��.�b

XnÐ� 3G°a�� &ÆÃÍîX¼�T��:ÿ�¼Ý� �9Î�«8n

Ý��.�� ùÇÎ£°EzÂñ¼�¿�¨�.�� 39×a�� &ÆX

´OÝ� ÞÎ¢Ë��.�ÎÑ«[TÝ®ßï� h�Þ¢ãE~®ÐÃ'�X

8nÝÃm©PÐó�|"D� ´O8nyi®@jTàPî� XÄmÌbÝÃ

m���ô�

4.2 ÃÃÃmmm©©©PPPÐÐÐóóó

@~9×���ô� m�1�9×Ãm©PÐó� ¬¼�×°�L�Ðrý

B�2PT]�P� h�µÇ Daubechies Ýà°C.�� Þ9×Ãm©PÐó

B m0(ξ)� �Í8nó./�Aì�



×Í9$���5��multiresolution analysis, MRA� ÍàWÎ×AìÌ�

âP��T����è V j /

· · · V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ · · · , (4.1)

Í� ⋃
j∈Z

V j = L2(R), (4.2)

⋂
j∈Z

V j = {0}. (4.3)

h²��è D3bAì�n;�

f ∈ V j ⇐⇒ f (2 j
·) ∈ V0. (4.4)

��è �JóÉ�[TXD3��PÎ�

f ∈ V0 H⇒ f (· − n) ∈ V0 for all n ∈ Z. (4.5)

�hXSß�8nÝx¡�Î� D3b φ ∈ V0� ¬¸ÿ

{φ0,n; n ∈ Z} Î×3�è V0 �ÝÑøÐÃT¾úÐÃ (4.6)

P�EXb j, n ∈ Z D3b φ j,n(x) =
√

2− jφ(2− j x − n). h�Ý φ êÌl

~®ÐóùTÌ MRA � 2-f»¹w�MÐó�2-scale scaling function ��

� ï j E {φ j,n; j, n ∈ Z} D 3 b E T ~ ® Ð Ã {ψ j,k; j, k ∈ Z}, ψ j,k(x) =

√
2− jψ(2− j x − k)� ¬¸ÿ

Pj−1 f = Pj f +

∑
k∈Z

〈 f, ψ j,k〉ψ j,k, (4.7)
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P� Pj ��Ðó f y V j �è �7Å� �. φ ∈ V0 ⊂ V−1� v φ−1,n Î V−1

��ÐÃÐó� h`ÿ|Þ φ �

φ =

∑
n

hnφ−1,n, (4.8)

P�

hn = 〈φ, φ−1,n〉. (4.9)

ÎÆ

φ(x) =
√

2
∑

n

hnφ(2x − n). (4.10)

îPu|�£r½�î� JAì�

φ̂(ξ) =
1

√
2

∑
n

hne−inξ/2φ̂(ξ/2). (4.11)

ÞîP�Ãm©PÐó m0(ξ)� JÍ]�PÎ

φ̂(ξ) = m0(ξ/2)φ̂(ξ/2), (4.12)

P�

m0(ξ) =
1

√
2

∑
n

hne−inξ . (4.13)

Çh�Xk"DÝÃm©PÐó� ÃÍî m0(ξ) �|Ú�xÒ~®�l~®

Xà®l;ó�8n)WÐó�

4.3 aaaPPP888���®®®lll

3é���.î� ×�ÌÌEÌ5µ�®laP8�®l�u×®l¬&E

Ì� JÍ�ÒEÌ���� ;ðÇ|Í®l;óXàW�©PÐóÝ8�PÏ¼

É�� �h×É�;|Í�ÒØ×aPÐó�Ïµ¼&�� *Þh×©PÐóP
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��L1�Aì� 'u×®lÍl®;ó {an}� �ã9°;óX�W�]�P

aξ =

∑
n

ane−inξ/2 (4.14)

Î�®l©PÐó�uh×Ðó�|�W×ÍaP8�5µÝÐó� J&Æ

Ì�®laP8�®l� ôµÎ1�h` aξ �|�

aξ = |aξ |e−ilξ/2, (4.15)

P� l ∈ Z� �hPù�î {an} �5µÎ| l EÌ�T�5µ� Í an = a2l−n�

µEÌP��� ;ðh×aP8��|.ÂÕ&=��Ïµ� ©�ÎÍaP��

��� �&=�FÎsßy |aξ | = 0� *Þ m0(ξ) �h�XS+� aξ ø!¢ï�

ÿ|OÕÃm©PÐó�8�5µ`a� % 4.1 � 4.8 îXb�I~®�Ãm©

PÐó�8�5µ�

4.4 888������555µµµppp���������DDD¡¡¡

• µÑø~®��� ;¨ÍYâ��� Ãm©PÐó8�5µX®ß��;

PÏ� �1Ì#8«� vb�!J;��T� 9×F�G×a�zÂ�¨

�Î×lÝ� !`hù1�� &ÆP°¢ãc";¨9°Ñø~®|�

ÿi®ÿaî�¢[Ç� �h�&Æ�|�ù�21� �¢Ñø~®vò

T�vòK�Ê)Ìßi®@~�Î§"D�

• % 4.4 îÑø~®Ít�EÌ�vò�8�5µ`a� �% 4.5 JîÍt#

�EÌ5µ��vò� %�ÿ�Ít�EÌP�vòX®ß�8��Ò&

aP��� �Ít#�EÌ��vò� 4Q&Æ)Q�|���2:�Í

~®���EÌP� ¬Í©PÐó8�5µ`a3ÚÆîÎ&ð#�aP

5µÝ� ÎÆ� ã9Ëï��¨� &Æù��ù�2��1� �¢±x

�� �áÝ�ÎáÝb§YâÑø~®� K���ñ¼�½�#TÎ°&
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Ý;�� .� ¸ÆÝ©PÐó8�5µ`a�PÏÄQay9ËËÁÐ

Ñø~®�vò� � �ï� &ÆÝzÂ@~��ù9×6èº�5Ý

�ß�

• µøÑø~®��� P¡Îæ�~®T<g~®� ùP¡ÎjE��Ý

�vò� T�!�vò� �f´� Í©PÐó8�5µ��K&ð�

«� 9×Fùè�1�� ¦��¢hv�Nà�x�ùTÎ;¨ÍYâ�

�� ôÎp|zÂ�¨ñ¼�¢-²� �ï� hvò�8�5µKÌb

8E!JPÝaP8�5µ� �&Æù�ÞÍaP�¨PÏ�Ñø~®v

ò��tEÌP!¢ï� !`�¢ï9°vòT�vòÝzÂ¨é�

ôAÎ{� Ìß�|�
×M�@Ý¼�� Ñø�øÑøvòK�Îi®

Î§@~ÝóC�

• 3G�¿Fn&Æ�:Õ� `a�Ïî-²&ð�Ý�9~®� Î�|b

8«Ý©PÐó8�5µ�VTPÏ� Q�&Æô�|:Õ� �Ï&ð�

«Ý~®� Í8��¨©PTóÂ��|#�!� % 4.1 �% 4.2 5

½î Meyer ~®� B&L ~®�©PÐó8�5µ��� �9ËïÝ~®`

a5µJA% 2.13 �% 2.14 Xî� h�Ìß��Í~®®���«� ¬

ù��ÍÃm©PÐó8�óÂ�¨�¥�-²� G×~®3�£r½î

btyYâ��� .�Í®�P§��vÌPM��!J�� �¡×~

®Íl~®�ÃyüF5ÊÐó� �Í~®®�Ì¼ó<3Cb§ÝJó

!J�� .h&Æ�|ãÆ� !J�{±�©PÐó8��óÂ���

ï�PÎ�Ì8ÌPÝ� �ï� ãG�¿FChFXî� &Æô�|��

|2Ý�� �9~®ó.©P� 4Q3���(©ñM�� Q3i®Î§

@jTàîJp|0ÕnÐ�
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5.1 SSS���

3zÂ���� &Æ�átÊÐÃ�&ËzÂ�¨íG´Í¸ÐÃ¼ÿ8÷� µ

¥�±ßi®Gr��� ~®tÊÐÃù´°ñfÐÃo�� �Âÿ�ú�Ý

Î�¡Þ$T×$ norm zÂ� tÊÐÃí´°ñfÐÃ¼ÿ��9��1�Ý

Î�Þ$zÂú���� ÍÛ8ny�M��� �×$zÂJ8E2ú��

�� ÍÛ8ny�M�¨é���� 9×©²P²¼�� µÌßX@~�Gr

vl��� h�Xÿ�tÊ~®ÄQ´°ñfÐÃ3Î§�1]«ºb?�8P

TÂ½PÝ8÷�¨� #ì¼Xm�Ý-ÎßA�èºÝ�

3×Í9M�� 9®à.�� ùT�ÓÝ!®à�Ù���A���±�

��ø��xÎ�2��ª$���� 94.�®àìÝ�)�Ù�� �!Gr

ùTÎ§� Ý�nÜM�coherences�� ��Í8! Ý9òL9®à� ùT

ÎJÍ�Ù&4Î§®à��)��� ¢½@~�nÜM3�!��f�T�!
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@ù�&ÆX��¯Ý×°Gr5�°� �A�°��Gr°�Hilbert analytic

signal procedure�� �.§�b8!¢ïEfÝnÐ�Cohen 1995�Lee and Wu

1997�1999�2001��

5.2 ®®®HHH���~~~®®®���nnnÜÜÜMMM]]]���PPP

' g(t) � h(t) ËÍ| t �ó�Ðó� JÍø8nÐó�cross correlation

function�Aì�/¶��inner product��

c(t) = 〈g(t + τ), h(τ )〉, (5.1)

P� τ Ìa�ó� �Í8n;óÐó� rs(t)� J

rs(t) =
c(t)

‖g(t)‖‖h(t)‖
, (5.2)

îP�°ñfr½ETP

ĉ(t)
‖g(t)‖‖h(t)‖

=
G(ω)H(ω)

‖G(ω)‖‖H(ω)‖
, (5.3)

P� ωETy t �°ñfr½�ó� �Ðó�î�àUa��7Â�qA9

×n;P� �nÜMÐó½�µìP���

R2
s (ω) =

|E[G(ω)H(ω)]|2(
E[|G(ω)|2]E[|H(ω)|2]

)1/2 , (5.4)

P� E ���TÂ� µh×®H�nÜMÐó��� Í�Ñ@��îÝ-²x

�bÞ� Í×Û�TÂ�0á� ¨×Jð!ýã;�normalization��0á�
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�y~®�nÜMn;PJ�Aì.���� î�ËÐóÍ~®!���-

���the wavelet resolution of identity�

〈g, h〉 =
1

cψ

∫
∞

0

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉dbda, (5.5)

P� ψ ~®Ðó� cψ ðó� µØ×M� a ��� Í5�����

〈ga, ha〉 =
1

cψ

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉db. (5.6)

lÚ9×P�� !ø2Þ�TÂ�ð!ýã;ÝL�Tàyî� J&ÆÿÕ~®

�nÜMn;PAì�

R2
w(a) =

|Eb[〈g, ψa,b〉〈h, ψa,b〉]|2(
Eb[|〈g, ψa,b〉|2]Eb[|〈h, ψa,b〉|2]

)1/2 , (5.7)

P� b ��~®»ð�ÝÉ�¢ó�translation parameter�� � Eb �jEhÉ

�¢óã¿í�
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TÂ�0áÎ´��QÝß��� DÌ~®ï� Í�TÂ@jîÎ��Q2E

Ty~®É��ó�O�� �1¿{�âß+á� ôµÎ1TàP�Ñ@��

PKÝâb� �@jî&Æ��|ËÑÝ£]�§W°�|Ì�Ù�Aì�

E®H�nÜMn;P���u£]�§`��BÄ
×MÝßE�� J

�P@jîÎ×Pà�� �.hPE�¢ËÍGrTÐó��� Í�¢�£îÝ

�nÜM;ó��KÎ8�Ý��Â�Ç unity�� @jÝOÕÎÄ6.ËÍÐ

óK6v5ð� &H4W9×Í.g�Îp� .A�^b9ø×Í9�¼Ý

.g� J�TÂ�sì®à� ÇN×Í�óK©ETb×ÍøÍ� �y6v°

JÑAÒ÷»ðì°ñf®HOÕÝ6v]P� DÌ~®�nÜMJ�m�¢6

v� ÃÍîN×Í bÂKèºÝ×ÍÙ�øÍÂ� AÎ� &Æ��|Ý�Õ�

9ø×ÍøÍè ÝøÍó;ðº´®H�nÜMøÍó�îÞÍ—#�ÎëÍ

—ùû�order��
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2�¨3®H�nÜMÝ�¨�î� 9°x�8ny®H5�TÑøvò

ÐÃÍ�ã��degrees of freedom�� �²ó�variances�� É�&��©P

�shift non-invarince property��8�·¯�phase noises�� ÿW[T�ambiguity

effects�� �óÂ�§Ä�Ü²SáÝ×°[T��

h²�Âÿ×èÝÎ� h�&ÆX��Ý~®�nÜMn;P� Liu�1994�

XàÝ�nÜMÎ^Q�!Ý� Liu XàÝ� pÍóÂ5�»�þKh��nÜ
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3G��nÜMÝn;P��8ny®HïÍÐÃÎ°×Ý� ¬8Ty ψ Ý~
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wavelet �� ¿{Xb8ny9���5��MRA� T 2-ó�dyadic�É�¹w

�~®¬PÌ����Ý�Tl �closed form��îP� �A����|�§t

Ê~®�nÜM�óÂ�Õ� µÎãÿ×ÍÁÍ�«Ý�TlÐóP� &ð5º

2� &Æ�|ãËÍ@~hû�9×¨WÝ��ÐóP� �¯@î� ãì«�

1�� &Æ�|á¼� �XÝ9×�|�§]P� ���Û×íËf� ×ï�
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Í×� Chui [3] Ý@~¼�� �}»ð�Gabor transform� Xà�{ú��Ð

ó�ãÍ@ITÌI� �h�tÊÐÃ��ÑøüF5Ê~®bÁÍ#��8«

�� Ê	Ðó¢óóCì� µÍêÚ®��1p|5ï� �@j�óÂ0-ô

#�� |ñ]5ÊÐóx���Ñø~®»�N3, ψ4�� Ëï`a-²�×�

Kf −40d B �µ 20-log rule��� �3 −50d B ¼�� �ïñ]5Ê~®Í`

���	I;©Pô�&ð#�`�ñ´¶�§¡ÂX.&Ýt�Â 0.5 � �

0.5048�

ÍÞ� &Æá¼{úÐó�°ñf»ðù!{úÐó� ���{úÐó�

°ñf»ðùGGÎÉ�Ý{úÐó� ¬��{úÐó¬�Ð)~®�ó.Ã

Íá.f��the wavelet admissibility condition�� ô.h Kronland-Martinet and

Morlet [19] DÄE�£r½�É�{úÐó®°&�ÊAì�

ψ̂(ω) = π−1/4(e−(ω−ω0)
2/2

− e−ω2/2e−ω2
0/2). (5.8)

.�Í�£r½�ë���ÐóÂë� �ÿ|Ð)~®�á.f�� h`�

`r½�~®2PÎ

ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2, (5.9)

P� ω0 `����Ç¢ó� ÍÎ§L�ÛM»<3��� % 5.1 îXóà

tÊÐÃÍ@ÌI�5µ`a%� @jî� hÐÃ3h��¨Î8ny�9ó

§��©PÝ� �AÐÃ!JP� �MP�Chui 1992a�1992b�� �ÑP� 5

µ;"câ��� `èÉ�`�»ð��P� �¢¡��P�§�Heisenberg

uncertainty principle�� CÍ&ÑøP�³õP��

� �

87



 .000  300.  600.  900.  1200
xE0

-.750

-.375

 .000

 .375

 .750

xE0

Point Series

Fu
nc

tio
n 

va
lu

e
12/25/04-11:59[(5,1024)]

Re-N.epsPsi-Re(a)

RE-N

 .000  300.  600.  900.  1200
xE0

-.750

-.375

 .000

 .375

 .750

xE0

Point Series

Fu
nc

tio
n 

va
lu

e

12/25/04-11:59[(5,1024)]

Im-N.epsPsi-Im(b)

IM-N

% 5.1� tÊ~®ÐÃÍ@ÌI5µ`a%�

88



5.4 ������øøø������£££]]]

XTà�£];®TøGr� Í;ã�×Ç�iþ�®�8n��� b±ß
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% 5.2 Xî�% 5.3 îëËªñ¸¥lV®��H%� ÍÃ�Ü��fundamental

harmonic� �Ç�£5½ 1.4�2.0�2.8 Hz� ��P®�JÞ��T¢�P�

« wave steepness ka� 5½ 0.06�0.20�0.30�

5.5 ~~~®®®���°°°ñññfff®®®HHH���nnnÜÜÜMMM���¨̈̈���fff´́́

% 5.4 îëË£]��ì�±ß®Í®{�iø �~®�nÜM5µ`a� %

5.5� 5.6 Jî!øëË£]��ì� !ø®{�iø �°ñf®H�nÜM5

µ`a� &%��î���ì�%Í£]��5½ 1024�2048�4096 F� i
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@óI5®�nÜMÝOÕ� h×@Ðó�Ú�MìÝ{úÐó �modulated

Gaussian function�� % 5.8 î3ëË�!±>ì �Ç 6.1 � 5.1 � � 4.0 m/sec�

®{�iø>�nÜM5µ��� î�ì�%5½�î¸à��@óÐÃ�»
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8! �-½Z�� 9×Fb`�|®ßbÃy¾½�;[TT®à�TÝ?

�� h²$��|:�×°Î§¨é� fA3�±>ì� iþ®��l)Î�

y×Ë¦ÇW�ÝÏV� ùÇv«yØ±ûÒ�[T� �ï� ã@ó»ð�`

a�;�T�|Dá�½±>�¦�� x��Ý5µ�´�ê� �Í�nÜM

ÂJ��è>� 9×¨éù2â½®�W�¨é� ùTW![T� h²� ù

v2â�W5®� Ý8!®à� �î�Í��bø!FY�L»�� 9F

�18nyi®��%�P� ùT��LF��P� TXÛÝ Fermi-Pasta-Ulam

recurrence phenomena �Debnath 1994�Lee and Wu 1997�� ¨b×F�|�ú1

�ÝÎ�8E��#±T^b��ÝW5®� Í@óÐÃ�nÜMÂù!ø¿{

K�E¯�

% 5.9 |×®�JÞ� 0.20 �ªñ¸¥lV®�®�ÍëÍ�?F�`�

5µ�;��¼1����%¨ép FPU L9D«�� ëÍ�%Í�?F�C

®^�ûÒ5½ 2.3� 3.5�4.5 M�

% 5.10 ¨î{®�JÞ��ka = 0.30�ì×Íªñ¸¥®Í®{��!��
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