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ABSTRACT

The best discrete Riesz wavelet basis for water wave modeling is rigorously shown

to be the semi-orthogonal cardinal spline wavelet. In addition we show that the cor-

responding counterpart in continuous domain is the Morlet wavelet. Both statistics and

analytical factors are used to mutually confirm the results in the discrete domain. Besides,

through the devise of various coherence studies using experimental data we corroborate

the affirmation of the best bases in both domains. Firstly and statistically, various entropy

criteria are tested and the cumulative probability distributions of transform coefficients

are examined. Secondly and analytically, we study the phase distribution function of the

characteristic function of each individual wavelet kernel. Thirdly and practically, we in-

vestigate several aspects of the wavelet coherences of the wave and current fields, as well

as compare them to spectral coherences.

Here comprehensive categories of discrete wavelets are incorporated, and the Fourier

basis is included as well. Arguments for the completeness of wavelet basis scope are

furnished. Additionally, relevant characterizations and intrinsic properties are illustrated,

and physical counterparts of analytical aspects are provided when possible. Our analyti-

cal study shows that the theoretical reason for the usefulness of the identified best basis

is the invariability of the phase of the characteristic function of the basis kernel. That is

to say it is the zero phase distribution or the total positivity of the characteristic function

in the frequency domain that fulfills the optimum. The establishment of the best basis

should have been sufficiently attested through mutual examinations of entropy and phase

results, which show many aspects of similarity, sameness, and analogy. But a full vali-

dation is further forged through the studies of coherent features of the wave and current

data from wave tank experiments. The wavelet coherence properties are shown to be far

superior to those of the spectral coherence — including, data length requirement, trend

variability, lineament identification, and physics catering, etc. Finally, the whole theme is

further vindicated through various mutual examinations of theoretical aspects and physi-

cal implications. It is the author’s belief that the best wavelet basis, either in discrete or

in continuous domain, is thus settled.
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1.1 GGG���

�!óA5�]°bÍ�!Ý�� �¡Î3.§Í�T*°©Pî�XÛ×�Ê

à���â�����*°Î�D3Ý� �!@~ýÝT"D/��´�X«E

Ý®ÞµÎ5�]°�Cã� µØ°P���� &Æ�lÎá¼�¸à¢Ë5�

°� ¬µ£°ÐÃ�function basis�9-;�5�vl� JÃÍÝÐÃóã??

µÎ×Í�®Þ� óA5�ÝÍ²ÃÍîÎ©mó.��mÎ§� .Í�|�à

���¢Î§�� �ÎTàîT��î�ßÆX�ÝÎ@²D3ÝÎ§�� ô.

h�¢5�Ý¥��Þ� P�3y«�5��i�TªÊÝÎ§�1� ®ß)y

Ìß§F�5{�ìÝ��Â�����

µi®¨é@~��� �t\�Ý÷ë�Ù�°|���Ý~®°� �lb

ì��!5�°�

• îP®°�significant wave method�

• °ñf®H°�Fourier transform�

• y`°ñf5�T��®H° �short time Fourier transform or windowed

Fourier transform�

• �}��Gr°�Gabor’s analytical signal procedure�

• �°»ð8n5�°�Hilbert transform�



• Ãy&v�!'�Ãm�&Ë`�5�°�time-frequency transforms associ-

ated with various kernels [5]�

• =�~®»ð° �continuous wavelet transform or the integral wavelet trans-

form�

• Ò÷~®»ð°�discrete wavelet transform�

9�1�ÝÎ� h�.=��Ò÷~®»ð ½
Ël� 9Î.
�	=�

TÒ÷°ñf»ð� ÍX�ÐÃT2PóÂ.�ø��9KÌ×lP� Ò÷~®

»ð�=�~®»ðÍÐÃÎ�|���8nÝ� �¸ÆÝ*°�2P.�ø�

ôÃÍî�1Ìb}ñPÝ�

3|ìÝ1���&Æ|×Í×îÝ`��
1�»� ���1G�5�]

°ÝàHT×�©PT8!-½�

°ñf5�Þ×`��»ð
×�£��� Í»ðÞ×}ñ�ó»
¨×}

ñ�ó� �y`°ñf5�JÎkãÿØ×	I`   îÝ�£/�� ¸Ýx

�Ü²�®µÎ3`��îIî×Íl�� �.9I��½` �É�µ�|ÿ

Õ�!`ÑìÝ�!®H/�� 9Ë»ðÞ×Í`���»ðW×àâ` ��

£�óÝ`�®H5µ�

�}��Gr°J�Þ×Í`��Gr�î
×Ë�` 5µÝ�`�£�

h²¸�|!`OÕ�×Í�` ���Ý®�M»��a� h×»ðÍETr

½Ý}ñ�óKÎ` � vÍ�`�£���aô&!�8nÝ�

�yÃy&ËÃm�kernel�'��`�»ð� ÍÃFî�y`°ñf5�b

°8«� ©Î¸ÆXãàÝ5�ÃmÎ���!y°ñfÐÃ� �??ÌbÍ�

�½©P� �ÍI�ôÎ�	y`°ñf5�£ø�|D|5��

�yÒ÷~®»ðJ×Í×îÝ`��Þ®ß×Í×îÝ»ð;ó��� N

×Í;óJ!`��½ËÍ}ñ�ó�Í×
`�ó� ¨×
M��ó� ÃÍî

Ò÷~®»ðÍÐÃ'�ôÎ�|PM9Ý�

�y=�~®»ðJÞ×îÝ`��»ðW×ÍÞîÝ»ð;ó��� 9Þ

îÝ»ð;ó��Í}ñ�ó×
` �×
M�� N×Í` KbÍM��T
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1Î���£�5µ� �N×M�ÂJ�6�Í3N×`Ñ�Í½��� h×»

ðÍ�§ø�ùv«yy`°ñf5��ÃF� b`Î�ÆÝx�-½�Ú
I

��;��ÇmÐ)~®á.f���

1.2 ������TTT&&&%%%������VVV[[[TTT

°ñf»ðÊy%��V�Gr� �E	I9��¨éJbÍ��ÝÅ§P� ì

��1�®
Í©P�Ê�;¨�

• �¢ÐóKP°!`��5b§`5µ6p5b§�5µ6�u×Ðó3

×r½Í5µÎb§Ý�Ç	ID3� JÍETr½�5µÐóÄQÎP

§;¨� �3�Q&ÝÏµ�TÎ@jãÿÝGr� ùTÎI5ãày5

��óA� ÄQÎbÍ` Tè Ý	§P� h²� #åGrÝ{�'n

ôÄQÎbÍDT�å  �T�ñ�TP�� áh� &Æ�l¡�Õ§

¡�@jÎP°��Ð)Ý� ôµÎ1°ñf5��@²î�SáÝ×°

ÌaÝÏµ� �y`°ñf5�ú�	IGr�ÞË�GÐGrJ¥Lª


ë� Q�Ey`°ñf5���� 9Ëb§`��Ý!Êq§PÛÎD

3Ý� 9¨é�| Balian-Low�§1��uI�Ðó
 g(t)� �}lVÚ

xÐó


gm,n(t) = e−2π imt g(t − n), (1.1)

P� m, n ∈ Z�u'I�ÐóÌb8�Ý	I5µP� JÚxÐóÝ°ñ

f»ð�	I5µPJ�#� 9�Ý1�ô&b°hé� ¬¸Ý@²�|

1Îì�¨éÝ×Ë�Ç�

• Gibbs ¨é¼��u×Grb�=�ÝM�� J°ñfD»ðXÿ�GrÄ

QÎP°�æGr×lÝ� ¸º3\FË�®ß×°R�� �v9ËR�

Ý»�Î�º�¸à4êó�;�Ý� 9Ë¨éÍ@ôµÎ1×ÍJÞ9

�Ý�Ïm�&ð9Ý®H5�¼ÿa�TJ1Î÷	I�¨éÍ®H5

µ  µ÷Â� 9×ÏµÝÁÐ�ÇµÎ delta Ðó�TÌ delta 5µ��
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delta ÐóÍ8T°ñf»ð��£ËÎ�Â�'Ñ�P§;¨�

• °ñf»ðÍÐÃÐóÎ��5µ�'Ë�P§;¨� .h¸Ý@~Eé

t?ôÎÌb��P� �vt?ôÎ�|P§ãø� A�����9°�

O� µb×°AìÝ�®à���¨é�\Ð[T� 50®à�âl0

-���0-��% 1.1Xî
×ãø£3×� Nyquist �£ì�Ïµ�æ

�ÿaGr
×aP�£5µ��{�Gr� ã%ù��h°[T
×M

ùEÒ÷~®»ðXñ¼Ý×°ÅN�

J����î���K�&%�lV�ß[TbXnÐ�

1.3 ���������»»»ððð


R�°ñfÐÃÍà�&%V	I�;¨é���� y`°ñf»ðC~®»

ð�1KÎÞ×Gr�` �	I;� Ah�W×Íã&` FîÝ	IGrX

�WÝ/)� �|h/)
�Í�»ð� µy`°ñf5���� ÍÆ�]P

µÎ��P 1.1�Ý m � n� µ~®��� |ÎlÝ�¿�Morlet�~®
»�

ÍÎ¢ãÉ�C¹wÒ~®�®�
�� 9ËË»ðXÿÕÝ	I` ðÝ®H

TM�£]� µy`°ñf5����à�£�Hz�T�HÎ�|(Ñ�5�

¬E~®���Ñ@Ýà�TÎM�TM�H� ÃyG� Balian-Low�§� y

`°ñf5�@jîÎP°3` 5µî'
ËÑ	I� .
óA�§îÝÒ÷

°ñf»ðÍ��5µÎb§Ý� Q�~®»ð39×]«µ�Ð)��	I�

�O�TJ�K�1~®�5µÍ'Ñ�Ë��;¨®�ÄQÎ�<3� |ly

�D3bë�£ÝW5� |ì�
×M1�Í½»ð�©PT-²�

• ÃÍîy`°ñf5��~®5�K�Ú
�I��»ð� µy`°ñf

5���� ¸�âËÍ ½è5��ÝM»� Ï×ÍM»µÎ3æGr�

�×�Ï��` ;�ÝI�� #ì¼µÎÞ9×��ÝGr�°ñf»

ð� h×»ðÍ8ETÝD»ð�TÎGr¥��ô��Q2�=î×�

�I�� �ÍóÂ�§ôv«Ñ»ð�âbËÍ�|�� âÝM»� .
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h� y`°ñf5�� I����Ú� �ÐÃùÎX!�Ý<PÐó� Q

�E~®»ð��� 9ËÍM»µ&����� ÍI��ÍÐó�1Î×

Ë)W�� ÉP°�º�I��Ï� ùP°ÞI�ãÐÃÐó5Ò�� ¯

@î9Ë���|ãì�Ýf´¢ï��:��u.P 1.1 � Gabor lxÚ

ÝI�ã
{ú5µ� J9×I���¿~®ÐÃÐó�á)ÆNÎ8«

Ý� áh��� 9ËÍ»ðÝà�Î×lÝ� ùÇèº×Ë7 ^×� |

-5Ò���TM�?|ÝW5�

• Ey`°ñf5���Í`�I���Ï���� 3�!`�ìKî¹�

�� 9Î.
P 1.1�Ý g(t) ©� n �� m Pn� ôµÎ1�¢` ��

¢�£ìXàÝ`��¸Ý´�{Kî¹��� .�3ÞîÝ`�2ý�

b×Íü��Ï��`���ÝI�� �y~®Ý`��JÎ�M���

;� ¬9°�;©Î�ÏîÝ� Í«����Î��Ý� ôµÎ1`��

¸Ý´��{�WDf� �¶�Jü�� ¨9×©PEÒ÷T=�~®»

ðKÎÊàÝ� % 1.1 � 1.2 �|à¼1�9×��� %�Xã�~®v

½;ãÑøÒ÷~®�� Ë%��Ù�Ò~®8!� ¬»ðÐÃÐó;ã

�!$�� ×Í8nytÊÐÃ�best basis�� ¨×ÍJ8nytÊ$�

�best level��XàGrJA% 1.1 �ì�%� Í;
×�¦�Gr� h

�.ÐÃÎòÑøvl� ÆXbÝ`��K�¥P� ô.hNÍ`��X

��P�� Í`M�H�|1Î8E2Þã�@� �&¯Î��î�� 

s�� �8E2� &ÑøÐÃÍ`��¯�îP�¾��� �y=�~®

»ðÍ�!`��`���Ûë�3×R�¥¥PP� h`;ð�àÌb

M���ÏÝ`���î� �Î|3Í½©�`�Fî��×��Ý��

��®
��� �ã9°��5µ|v$%T�ý%�¨� A�Xà��

��Þ� µÏ«=�5µ�`�%�

• y`°ñf5�ÍÐÃãÑø�<PÐóXàW� ÍÛ}©°×� �E~

®»ð��� ÍÐÃ�óã�|Î&ðê÷T&ðÂ½� 9ê÷Ýf��

µ=�~®»ð��µGGÎ���á.f��the admissibility condition�
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Ç��Ç�âbë�£���Ðó�� �µÒ÷~®»ð��� ôGGÎ

mÐ)%�[e�f��stability condition����

• y`°ñf5�»ð;óX��ÝÎ	I�H� ¸âb��£��×lÝ

L�� ¬~®»ð;óX�ÇÝÎM��&�£� ô.h~®»ðXÍÂ

ÝpÞ$bóF� Ï×� .��ÐÃ�'�#9� vÐÃÐó �|!Î

}ñT!b8n� ÏÞ�XÛÝM�ÃÍîÎ^b��Ý� ©b��Â�

ô.h&Æ@jîEN×»ð;óX��Ý®�P�T@6M�� �1�

�^bÌ�-á� Ïë� ~®»ðÝóÂ�§T§¡ÚxD3&ËlP

��ÊP� �A9¯lV�multi-voice� [8]� 9~®�)�multi-wavelet�

[6, 7, 23]� &|Ë¹
Ã9�»ð�different dilation factors� [1]� �Ê;

`���=�~®»ð [11]���� ×�1¼� 9°�;3Ø°jEóÂ

�ÕÝTàT&æW��� Q�3i®@~`�Î§L�G3óÂ�Õ�

��î� .�9°.�??µ�W�9æW�Tp|¸à�

• 3ÃÍÝÎ§Tàî�L2(R) Banachè � ùT�°è � �1�tÌb

@j�àH� 4Q~®ó.$D3×°&jE L2(R)è �@~ [8, 19]�

¬µi®Î§��� &ÆX"DÝ�9�Ò��¨é� ô.h L2è �1

��ªÊ�æJî�!è îÝ@~�??�¨Ý-½©3��îÝ�¯

�� A��5P�9$��5��multiresolution analysis�D3P� !J�

�� 9°yi®Î§� ÃÍî�1:���¢nÐ� ô.h� jE�°è

 îÝ@~��5��&ÆÝmO� hù
ÍZXCï�

1.4 @@@~~~ýýýÝÝÝ���]]]'''

	I;�»ð3i®@~TàîÝñ�F� ¯@î�|���àÆ2�|�1A

ì� A�×ÍGrÎã×°b§ßú��b§è 5µÝW5®X)W�Tï1

ÎW5®ù�`è��;� £à£°bßú�ôâ�b§5µè Ý~®¼�|

ÿa� �Q�Q2µ�f´��9×Í²� �ï&Æá¼Ç¸£°Ï«8	!J
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É¶�J¥;óÍó
 30� �XàGr
×aP¦��¦�Gr�ì%�� Í

�£5µã 0 � 100 Hz� h�.;&��ãø�Çãø£©
 Nyquist rate ×

��� Æb50¨é� h²	¥�h`���&EÌ5µC9¥�ñ5÷PX
��»ð���
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% 1.2� ~®�»ð`��8�5µ%� î%Î|Eó�î�tÊ$�~®�»ð� ì

%Î|aP���îï�Xà~®��XàGr!G×%� �G%á)R¼�
&Æ�|�ºÕ~®»ðÍ�¨]PÝ9øPCÍ��ñ¼ÝæW� �A�9

vòÐÃ��9à)lV� �!tÊ!P��!%î]°����
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Ýi®� ¸Æ??D3×°���
� ùvD3×°&aPùT�%��wave

instability�P²�#T�WT\&[T��� ô.
9°D3Ý��Í²� ¸

ÿ&Æ�|��|���Ìßú�ÝW5®¼5�ÿaÍX�ñ¼��!G>�

TÍX��®ß�¨×jÎ§à�� h²� ~®5�$D3×°'�îÝÄP�

9øP�jEP��ÊP� 9°�|g)&ÆÝÎ§mO� ¦
ÍbL;�

|ì
Í@~x�/�T8n�®4ê�

• ´�jE�9�!vò�Ò÷~®ÐÃ�|©Pf´� h�Xâ��~®

ÐÃvòÞ8	Â½� ÃÍî�1���Xb~®'��ÁÐ��©P�

ð­�1� �¢X��'���Í½~®� �Î�|.¸hvÕ9	�Ý

Ø×vò� �QµÎ�|-�
¸Ý©PÄQ+{y9°Xâ��vò�

 �µv¸Ý��àHT¸àPôÄQ+{�TÄ�ø�� &ÆXâ�

�vò�©P�¸àP� bn&Ëvò�~®� &Æ|Ò~®�l~®�

8n©P�ÐÃÍ²�|1�� ¨"¨&ËÉ��¹w��"�`��5

µ��©P�

• ��0�×jEi®Tà�5�@~�tÊÒ÷~®ÐÃ� ¬vJ¼�

°ñfÐÃ�|f´� 9×d��®&ÆÞ|&vzÂ�entropy�!P


�� &ÆÞã×±�iþ�±ßi®Gr®
?�øÍGr�

• "D~®ÐÃÍ¢Ëó.��Í²ÎE��!~®ÐÃ3i®Tàî�¨Ý

n".�� ùÇdã�¢Ë~®.§.�CWi®Tàît·ÿa� ùT

1Î� ~®ÐÃÍzÂÝ�!�¨Î8ny¢Ëó§��.�� 9×]«

&ÆÎ�@~~®�Ãm©PÐóÝ8�5µ��½W�

• èºtÊ~®¡��Ì�lm� hÛf´~®�nÜM�coherence��°

ñf®H�nÜM��!�¨� Tà94��£]�|���ß�

• ¼�×�-�óÂ�§]P� |-Þ�t·ÐÃ¸ày~®�nÜMn;

P� ¨×]«� h×�§]P@ù1�Ý¢Ë=�~®ÎETyXdãÿ

ÝtÊÒ÷~®ÐÃ� 9�¨ù�ßÝ×Í8n±¡�� ùÇ¢|m�S
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=�Ý~®»ð� ùT¼�i®Tà5�`� Ò÷�=»ð�Í½8þ

F¢3� �C¸ÆE�nÜM@~�ÅNA¢�

• h²��"DÝÎ� A¢¦
XdãÐÃÐó�i®Gr�àWW5®�

 @j�Î§8�P� 9°8nÞ;x�Î¿à=�~®»ðXÌbÝ�

Ê�ã�� |C��P�§n;�the uncertainty relationship�� Bã��

`�������Ï
�� ¨3��î��ß9×�Ê;Ý~®ÎÍÐ)

=�»ð�á.f��

á���� h�jEi®Grt·ÿa�@~� &ÆýÍ�
� ×]«�

¯dãt·~®ÐÃ� ×]«è�Ì�@ß� 
�Ñø�üF5Ê~®�the

semi-orthogonal cardinal spline wavelet� Î
i®5��tÊ;¾ú�Riesz�Ò÷

~®èº�]��¡��¬
�.¡Í=�r½�tÊ~®
¢� �ïùÞ"D

¦
5�bL;�TtÊ;�8n5���§ø��J���� â�Ýó4i

®5�îX��8;��� v
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Ï 2a

~®ÐÃvòCÍ©P

2.1 SSS���

3��I5ÝÿaT��@~ì� �9Ýÿa.��M���ÎP°�Qâ��

�Ý�©½Î	X�Ä�Î×9M��9î'�9-ôÝ!®à�Ù� 9°��

�Pµ?�Ó;� 3G×a�&ÆXèÕ��`�;T���
� µÎ��Îl

�9M��9î'�
� =ñ2� i®���� P��¹ÝÎ×°^×-`¨

é� fA3×iþ���� Íb§ÝiþM��å§\&??µÎ®ß�9-`

Ý.�� ×]«Ø°�bÝM��
P°®ß� ¨×]«QD�Sß×°��b

ÝM�¨é� ùTÎ.
M���� P°�W�bÝ9-!®à� ÎÆ9×Ý

×°®à^×��¨�TEØ°�;ñ¼ÎáÝÅN� h²� ��î&�!5

�]°�FîT.§îÝ©P�ùTq§P� &Æ�p�ºÕ����Ë62ÿ

a��1×°Î§¨éÎ8	��|Ý� ^b9Ë���Â½f´� Î��CW

|Ñ�F�#�Î|�Ã��0°� Ãh� �½5�ÐÃ�*°�x±�9-

;� ´0tÊ5�ÐÃ�-W
i®5��¥���� ¨×]«� �|
�Ý

Î� ;�5�ÐÃ�T'�±ÐÃ�Tá)Tà8n*°�

h�&Æx�Ý�®Îdã�i®5�îÝtÊ~®ÐÃ� .h&Æ�TX

"D�ÐÃP��¼��ÝÂ½� &ÆãàÝ�9BÎÝÒ÷~®vò� 9°¿

{Îâ�Ý®ïX-á�XbÝÒ÷~®vò� �ã¡Ëa�"D��� Ìßù

ÿ|EhtÊÐÃ@~X�vò�JPb¾@.é�



39×a�� &ÆÞ�Ù;Ý1�C�+&ËÒ÷~®»ðvò� ¬1�Í

ÃÍ��©P� ¨E8n@²�
AÉ��¹w��"�¨é�|Ì�à�� µ

Ah�@~�t¡&4�¡�¯�ú�1�Aì�

Í@~ÃÍî�1�;¨��Xb~®'��ÁÐ��©P� ð­�1� �

¢X��'���Í½~®� �Î�|.¸hvÕ9	�ÝØ×vò� �QµÎ

�|-�
� ¸Ý©PÄQ+{y&Æ9°Xâ��vò� �µv¸Ý��à

HT¸àP� ôÄQ+{9°vò�TÄ�ø�&ÆXâ��vòÝ�¨�T�

�X|9�1�TAh-�� ÎqA&ÆÝY��ß��� .
&ÆXÿzÂ

Ù�óÂ¨épÃm©PÐó8�ó§���
� ÍËï�á)P��TP�×

lP�.¡P�ù�P� KÌbúæD]'�ß�Tø!�ß��æ�

2.2 ���PPP������®®®¿¿¿¬¬¬���sss

h�Xàxæ�P+�Î
 ASYST� ¿{Xb.§5��óA�§���Ó

¨�%�×®K�Íbà#nÐ� &ÆãÙ�R�qÍ;Ý�s&v~®5��

P� ¬ã¶�J)&8nóA5���P�Xb�������9óóA%��

îíã�Pà#��;Ó¨� �XF¯3¯ÝÎ� �¹¸à¨WTà8�� &

��;Ýíá�tK� ß
� Ä�®
��´� óAø»��BßW� ÛB

�����n� ¨×]«_O�P���P��iP�9-P�ÏõP�æ0P

���� ø��ë�W�ëß
0-� ãíá�í�Ì|×/��
4�� �

g)9°�O� &ÆùJ)×°!��P� �áÝ×°�!�P+��¸à�

• Postfix � P + � � h × + � � x�� � Î � � ; × ® { ` ² � EPS

�encapsulated postscript�óA5�%� Bã9×J)� ãæ�£]|�t

â%î�|����;×|/�� 9×��ÝQÃ�ÛÁÍ¥��©½Î

3l�¢ó¾9� ��f�ýú� à)��9-� vòÂ½ÿÓ� óA�

�v9� �Ê��PM���� .9°PÏìP��bº�%���îC

æ\¾½� m�b���Ù;�P0;×®W°�

• óA5���yÇKî�Ç`; PCX %��î� G�� EPS 5�%x�è

12



º&ð{`²�üù��í�� Í4ù�yÇKî�î� ¬ÍÇ`P��

�;P´-� �h�PCX%�Î|ÇKÇ`;W�Ó¨
êÝ� Ëï�W

×�!�Ý�Û�Ù� Gï3eÿì®ß� �¡ïJ3GÿÇ`®ß� !

M�W� h×��¯æ0Ý[Ç��è>� Eyã¶�Ó�Cº�Ý�P

�1��Ä�� !`ô��;�Ý�P�ÏõP�î�P�!�P�CÄ

ÊP���

•  �+«�J)� G�Ëï
%î���ubóA£]m�í���® 

�� ùT���® �íá×°óA`� 9×J)Ç�sìÍ��� fA

ubm�0%×°á)óA�T©�Ïµ�T�Óf´�T�×P%�×

®�T&¥«P�§�T� óA�¿à�� Ç�¿àh×���

• � MMA �P+��J)� h�&Æùà Mathematica +�ã¶Þî`�8

�5µ%�Ó¨� hÛBãG�| ASYST 5����� ÞÒ÷�=�~®

»ð����à#Fá MMA �P�� �W×��;=/�Þî`�5�

%îø��

• WinEdt º/�P+��J)� &ÆTà9×º/+��s×�®¿¬� |

ºã¶ ASYST �P�à� ¸èº8�Ý�Pã¶�s�(� A�þKÝ9

×5ÊÝ�®¿¬� £�s�âAh��Ýx�P���PÄQÎ×ËÁ

ÐÝls� ^b9×�®¿¬� EyGøÄWûî0�Ý�Ù�Pº®�

ôÄ�ÎFaOe� ×��P�ÙÍà�P��ÙP�40P�×lP�

��P�!�P�9-P�!ßP���P��X39b� �X�Þ;�

1»��ó� �?�®¿¬Î
Äm�

2.3 ???������~~~®®®vvvòòò

@~Xâ��~®vòÎ
¾úÐÃ�Riesz bases�P�� ÃÍî�|5v
°

�vò� Ñøvò�orthonormal, ON�� �Ñøvò�semi-orthogonal, SO��

øÑøvò�bi-orthogonal, BO�� ~®�vò�wavelet packet basis, WP�� µ
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Ñøvò��� ê 5Ýì�Ëv� Daubechies t�EÌvl� Daubechies t�

&EÌvl� Coifflets� Meyer ~®� C Battle-Lemarié ~®�

Ò÷~®»ð� ÍÒ~®�l~®�2P�î� �9íP°|�×2P�

¨� ùÇP°|Ì���Ý�TlV"î� ¸ÆÝ¼6���Óhé� v��

óÍ¶�)W��� ô.h&ÆP°�Íó.P�=�ÕÍÌ�®��PÏ� h

²�&vòX�ó.2Pp|à�yS»�|B�1��X|h�&Æ©��+

Û&vò�x���©P��½�Ç� ¬ÞX�s�PÍ���¨����ß�

×°»î�1��

¯Þ
à�9°�!vò~®CÍPÏXÄmàÕÝ2P�Ðr1�Aì�

'u×ÐóT×Gr
 f (t)� �¾ú~®ÐÃ� 2-fM��Ðó�2-scale scaling

function�
 φ(t) � hÐóùTÌ
l~®�8T�Ò~®Ðó
 ψ(t)� ��ß

nÐ~®
 ψ j,k(t) =
√

2 jψ(2 j t − k)� P� j, k ∈ Z� � k ��É��ó� j �

�¹w�ó� % 2.1 � 2.6 î×°~®ÝÉ��¹w[T�

EØ× j $���� ×9$���$Ú�multiresolution ladder��è V j �

Í�ã ψ j,k, k ∈ ZX�W� ¬|ì��âPn;D3 · · · ⊂ V−1 ⊂ V0 ⊂ V1 · · ·�

'u× 1024 F�Gr� JÍtÞ�tÕ�M�è J5½
 V10 � V0� ¨'u

8n�~®u
b§Yâ��� Í®l;ó�filter coefficients�TIÉ¶�J¥

�convolution weights��óê
 N� JÍYâ5µ����support length�Î


N − 1�u<g �dual�~®T<gl~®D3� J5½B
 ψ̃(t) � φ̃(t)� �/

�Î
 〈·, ·〉 � ¨ Kronecker delta
 δ j,k, j, k ∈ Z� Í�u j 6= k J�P
 0�u

j = k J�P
 1�

�*� XbÌb@à[ÇÝÒ÷~®»ð� K�Û�9$���5�°

�multiresolution analysis, MRA� [8, 16] bXnÐ� E¾ú~®��� tÝÑ

øvò�~®Í<g~®Î�<g�self dual�|²� &vÒ÷~®KD3

¨×�!�<g~®� ��¢Ò÷~®»ð� ÄQKÎ�âËÍIÉ¶�

�convolution�º®Ä�� Í×Ä�ßWÞI£]�detail information�� ¨×Ä

�JßW´¿5���£]�smooth information� [20]� A�~®ÐÃÍnÐ�

®l;óÎ
b§Yâ��5µï� JIÉ¶��º®�|3` r½à#
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�� ù�3�£r½ #OÕ� |ì��X"D�&~®vò� ¬1�G��

��TÐóÝòP�

2.4 ÑÑÑøøø~~~®®®���ONxxA, ONxxS, ONxxC, ME, and B&L���

h�Xâ��Ñø~®vl�b� Daubechies tÞ3Yâ~®� �Ç
t


&EÌï�B
 ONxxA�� Daubechies t�&EÌ~®�ONxxS�� Coiflets

�ONxxC�� Meyer ~®�Meyer�� Battle � Lemarié ~®�B&L�� Z��

x Ðr��×Jó� ÍÛ�î~®Yâ5µ����TÎ��Ò~®�â�P

�� ùTÎ�îIÉ¶�J¥;ó�óê� &Ñø~®ÌbAì�;P�

ψ = ψ̃, (2.1)

φ = φ̃, (2.2)

〈ψ j,k, ψ̃l,m〉 = δ j,lδk,m, (2.3)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ j,k, (2.4)

×ÍMRA$Ú��×àÚoÁ§Â�One MRA ladder, single set of frame bounds�,

×E®l�One filter pair, one smooth and one detail�.

�&�vò&bÍ¨²©PAì�

2.4.1 Daubechies tttÞÞÞ333YYYâââ~~~®®® (ONxxA)

µ×ü�Yâ5µ����� h×vl�~®Ìbt{óê��´�û�Çë�

û�� ðÍ����� µ×�óê��´�û¼¡� 9×vl�~®Ìbty

TtÞ3�Yâ��� t
�(Ý×ÍtyYâ��~®� Ç
Gm°Í®l;

óÝ Daubechies Ñø~®� 9v~®�&EÌP&ð�½ �.h ONxxA � A Ç

�� asymmetric�� % 2.7 � 2.8 î9×vl�Ò~®�l~®� ÍÒ~®®�
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;ãÙ�F
Ï 12 F�8TÙ�·�T 5\&F � 5 smooth information �

detail information �\&F�
Ï 2$� Íl~®�;ãÙ�F
Ï 6 F�8T

Ù�·�� 5\&F8n·$
Ï 3$� hvò��´�ûóê�®l;óÍ

ó5½
� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.5)

N = 2x, x ≥ 2 (2.6)

P�� x 
�¨y ONxxA �Jó� �t�Ý x ÂÎ 2.

2.4.2 Daubechies ttt���&&&EEEÌÌÌ~~~®®® (ONxxS)

µ×ü�Yâ�����8´yt�EÌÝ ONxxA ¼:� 9vl�~®Î
t

#�EÌ5µï�.h ONxxS � S |����� �Ä¸Æ)Î&EÌÝ� 9v

l�~®Í�´�ûóê�®l;óÍó8!y ONxxAï� Q�Ít� x Î


4� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.7)

N = 2x, x ≥ 4 (2.8)

% 2.9 � 2.10 5½î9×vò�Ò~®�l~®�� Í&8nÙ�F!y% 2.7

� 2.8�

2.4.3 Coiflets (ONxxC)

î�Ë�vl�~®Íë�û©ETyÒ~®� � Coiflets �©�J3yÍÒ~

®�l~®KD3b�´�û� ô.
9×©P� &Æ�|ã��ùó"�ÝÌ

F¼.¡� 9×ÐÃ�¸àÞ�3ÞI�M�G>î®ß{[£G>D¹®à�

ôµÎ1� ×ÍGr|9×v~®�ÐÃÐó¼5�`� Þb×�I5��M�

~®»ð;óºÎ8EÝ�� �f´�|¯�� ô.h� Í�Õ´�M���

â5G>�small scale smooth information� b�|�gE!J�simple quadrature

rule�� ùÇ×ÍÐó��M�l~®�/�OÕ`ºÌb´{óÂ[£� �Ñ
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AG�X�� �¢Ò÷~®»ðÄQKÎ�âËÍIÉ¶�º®Ä�� Í×Ä�

ßWÞI£]� ¨×Ä�JßW���´¿5�£]� A��ÞËË�´�û!

`Tà� J3Ø°TàîÍ[£��
è>� �A£°�ú��Y¥��óÂ�

§�T�ªD¹�Ù� hvl��´�ûóê�l~®�5Â��®l;óÍó

5½
� ∫
∞

−∞

t lψ(t)dt = 0, l = 0, 1, · · · , x, (2.9)

∫
∞

−∞

φ(t)dt = 1, (2.10)

∫
∞

−∞

t lφ(t)dt = 0, l = 1, · · · , x, (2.11)

N = 6x .x ≥ 1 (2.12)

% 2.11 � 2.12 5½î9×vl�Ò~®�l~®®�� %�&¢óùã!yG

°%�

2.4.4 Meyer ~~~®®® (ME)

G��~®&ÆX�¡�Yâ��KÎjE` r½� � Meyer J'��×Í

Meyer ~®�%�B
 MET Meyer�� ¸Xú�ÝYâ��JÎjE�£r½

�¡� ôµÎ19×~®Í�£Yâ5µÎ¨*Xá�t�yï� .�8T`Y

â��J8Et� �ÍZ��uP©½1��JYâ��Ç�jE` r½��

�Ãy°ñf»ð8ETr½�Ef©P� &Æá¼9×vl�~®Í®�ÎP

§��5Ý� �ï�Í Lipschitz !J��regularity�Î
PM�� ¨×]«�

hù�îÍ~®Ðó5µ�<3P°��¼ó3<�exponential decay�� �ÍY

â��� NÂÎ
PM¼ï� % 2.13 îÍÒ~®�l~®®�� &8n;óù

ã!yG°%�
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2.4.5 Battle and Lemarié ~~~®®® (B&L)

Battle � Lemarié ~®� B
B&L T LE� � Î | ü F5Ê Ð ó �cardinal B-

spline� Nm [2, 3] ¼ÚxÍl~®� ÍÛTàýãÝÑø;*»yÏ m $üF

5ÊÐó|�WÑø�l~®Ðó� �|9°l~®Ðóx��WÒ~®�	

m = 1`� ¸ÝÒ~®Ç
 Haar ~®�ùÇHaarÐó�� �h× Haar ~®Î9

×vò�°×Ìb§Yâ��ï� ¨²� ÍùÎ&=�~®��tyYâ5µ~

®� �J� h× Haar ~®ªª!yì���øÑø~®�� BO11O=BO11D�

9×vò�Í¸~®ÍYâ��ÎP§5µ� �Ä¸ÆÌb¼ó<3� vÌb

Cm−2 !J�� % 2.14 îÍÒ~®�l~®�� � Meyer ~®f´R¼� ¸Æ

Ý�9êÚPÏK&ð�«� Q�&Æ�9ËË~®�à�� �|�ºÕ¸ÆÝ

Ðóx��§Õ'��2P.�KÎ8	�×lÝ� Þ��îÎ� ��©P�|

ÎP��¼� ¬êÚPÏ�|P#-½�

2.5 ���ÑÑÑøøø~~~®®® (SOxO and SOxD)

�Ñø~®�B
 SOxO�Í<g~®JB
 SOxD� Í~®ÐÃÐó3�!M

�ìÎ!
Ñø� ¬Í!M���!É�ÐóJ�Ñø� 9×vò�~®Íl

~®�T��Ðó�Î
üF5ÊÐó Nm� ¨Í;ãb§Íó� 2-fMn;P

�2-scale relation�X�W� 9×vò�~®ÌbËà}ñ�®l;óN� ×à8

ny5�àH� ×àJ8nyGr¥�àH� 4Q®l;óNÎbËà� ¬Í

9$���5�Úx�MRA V j -ladder�J©b×à� 9×vò�~®;
 Chui

[3, 4]Xè� ¬Þ�Ì
üF5Ê~®� ¨Í@~ù¼�� m ≥ 3 �üF5Ê~

®K¿{�!y��{ú®� ��Ä���{úÐó¬&Î~®�� ÎÆ�h�

&Æ©�îÏ°$�m = 4T x = 4� �ëg]üF5Ê�cubic spline�~®X

8n�Ò~®�l~®� A% 2.15Xî� ¨%��¢óù!G� 9×vò�~

®bAì��©P�

ψ 6= ψ̃, (2.13)
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φ = φ̃, (2.14)

〈ψ j,k, ψl,m〉 = 〈ψ̃ j,k, ψ̃l,m〉 = δ j,l, (2.15)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.16)

N = 3x − 1 for SOxD, (2.17)

N → ∞ for SOxO. (2.18)

×ÍMRA$Ú�One MRA ladder��

ËE®l�Two filter pairs �.

2.6 øøøÑÑÑøøø~~~®®® (BOxyO and BOxyD)

hvò�~®ù;ã DauchbiesX�x� @²î¸ÆÎòy&Ñø�vl� EX

bÝ@óv¬vÎb§Yâ���Ñø~®�¡� ^b×ÍÎÌEÌPÝ� Haar

~®G�Ú
I5Ð)EÌP�� Q��Gr¥�ÝÌF���uÌß�TGà

I5�»ð;ó
�� £»ð�®l;ó�5µPÏ� 3@ßî� Î×Í¥�

Ý.�� .
B�×å&Æ� EÌPÝ®l;ó5µ� E»ð���|3ÚÆ

îñ¼×Ë×5��
��MøÝ�;� ùÇ¸à&EÌPÝÐÃÐó� J×

Í��Ý®�;�T	I?�� £G¡ËÍ»ð��f´R¼� ÍÂ�P��

M�G>µºb-²Á�Ý�²� 9??¯ß´�E�TÝßé�´ªP� ð

­�1� óA5����ukEÍÎ§�1�lCW¥��\��|§�¼6

��� £Gr}�;�`� »ð;óôt?Î}��;µ?�u&Ah� J�

ÊÕ£]�?p¹b&P&øÝ0-�·¯�rÕ� �Îá.�ÅN� A�9

°&��.�µ�B�&ÆÝ»ð��ñ¼��Ý�\� £µÆ¡&Æ�EX@

~.���|�b�¢_·�æÝ� áh��� ÐÃÐó�EÌP5µ� 3Î

§@~îÎ×Í&ð¥�Ý.�� �AGX�� b§YâÑøÐÃÐó^bÎ

ÌEÌPÝ� £A���ÝÑøP��ãÿ×°EÌP� TÎÂÿÝ� ôAÎ
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{� øÑø~®T&�3Î§"Dsì×°®à� øÑø~®ÐÃD3bËEÒ

~®�l~®� ùÇD3×à<g~®� á)f´R¼� &Æ�|�ºÕ� �

Ñø~®ÍD3f�´Ñø~®ï¼Ýû;��øÑø~®�D3f�Jêf�

Ñø~®ï¼Ýê÷�9°�|ãøÑø~®Br�X�¨ÝËÍ¢ó x�y :

�� 4Q9×vò�~®ÎbËàÒ~®�<g~®� �ÍX��9$���5

��MRA�ùbËà� ¬¸ÆX��®l;óQ©b°×à� 9×F��Ñø

~®ÐÃïª8D� �Ñø~®ìÍ9V$��5��MRA�©b×à� ¬b

Ëà®l;óN� % 2.16 � 2.19 îhvò�Ò~®�l~®�p8T�<gÒ

~®�l~®� Í8T��©P
�

ψ 6= ψ̃, (2.19)

φ 6= φ̃, (2.20)

〈ψ j,k, ψ̃l,m〉 = 〈φ j,k, φ̃l,m〉 = δ j,lδk,m, (2.21)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k, (2.22)

N = 2y + x − 1 for BOxyO and x odd, (2.23)

N = 2y + x − 2 for BOxyO and x even, (2.24)

N = 2y + x − 1 for BOxyD and y odd, (2.25)

N = 2y + x − 2 for BOxyD and y even. (2.26)

ËÍMRA$Ú�Two MRA ladders��

×E®l�One filter pair�.
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2.7 ~~~®®®��� (WP)

|Ñø~®ÐÃ»ðXÿ�;ó� Î�|�g�»ð5�Ý�#�Î9·g�9

	IÝ�g5�� 9vÝ5��»ðÇÌ�
~®�»ð� �X��g5��Ð

Ã�|Îæ�ÝÑøÐÃùTÎ�¢Í¸ÑøÐÃ� ô.h~®�»ðÍ5��

��1�;PM� hv»ð�#�5�p|à�|2P�î�� ¬¸Ýø��|

à×y�� @·@M¦��5v� î�A% 2.20� ÍÛvAWÏ5Y�;¨®

¼� ~®�»ð;ó�æ��»ð;óf´R¼� µÎ¸Ý»ð;óX��Ý�

ñ���TM�ñ��� ?
ÞÛ� �8E2ÍX��Ý`Yâ��ôµ¦�

Ý� 9×f´ÞÛ�ñÝÎ§�ÇÎb°v«N®)W[T� ôµÎ1� ¸Æ

3®��¨îb×ËW��ùTWNÝPÏ� hùÎ~®�ú(ÝÙ��

×à~®�»ð;ó�Cã4Qb��ÝÄP� ¬ôÄmñF×°!J� µ

|WÏ%�1
»� N×kà�îÄ6Gb×g�T×Í}��¨^º� �N×

i¿�Í}���¡´Tê�4�b9}�¨� ¬ÄmÐ)kà�î�¥«�f

�� ôãy9ËWÏ5YÝÄPø��8nÝóÂ�Õ�®�µ¦��K� �

A¢Cã×àX�Ý;óôµb�!Ý��� ×�´ð�ÝbËËóC!P� ×

ïÌ�
tÊÐÃ~®��best basis wavelet packet�� ×ïÌ�
tÊ$~®�

�best level wavelet packet�� ¨3µ|×Í| 1024 FÝGr¼1�� h`»ð

;ób 1024Í� ÍtÞM�$�Îsßy j = log2 1024 = 10� t�M�$�s

ßy j = 1� BÄWÏ5�¡X�WÝ;óNàóCÄPb 210 Ë� �39 210ó

C�� ÍXCW�zÂÎ
t�ÝÇÌ�
ETytÊ~®�ÐÃ�;ó� �A

�XbÝ;ó©�!×$��T!×i¿�¼Cã� h`&Æb 0 Õ 9$�� �

10 Ëã°� Í�zÂ¼Ýt�Ý� ÇÌ�
tÊ$�~®�»ð;ó� ~®�

»ð;óÍ4�¼ý� Ç%� U �îìý� Î��Ý�;ó�` sß�H�

!`ù���;óXET�M�T�£� ¨×]«ùCy®�5µYâ�PÏ�

Tù�1ÎÞî`��5µ%�� �!;óX�¨ÝPÏC�H� �Ä�@j

î� 9øÝÞî%îGÎ��PaF�H� �Ë@5µ�PÏÎ�!Ý� bn

~®�»ð�`��5µÃF��% 1.1� %�ùî~®�»ðÎ8Ty&EÌ
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P®l� h²ùî~®�»ð;óÍX��Ý`���«���KÎ8�Ý� %

2.21 � % 2.22 î8ny Daubechies ON22A �ËÍ~®�®�� �`���5µ

%f´R¼� &Æ�|¡�`��X��ÝÎGG
×Ë��YÝ��]P�

2.8 ~~~®®®���"""���ÓÓÓ×××���«««PPP

~®@²îÎÌb#×�«PÝ�fractal nature�� ôµÎ1� P¡&Æ�¢2

w�¸Ý	I� ´ÞM��®��´ÕM��®�Î×øÝ� ¨×]«J�1


� �!�"f»ìÝ`aÍPÏÎ×øÝ� �A`aÝ��5P�!J��<

3©P��Î��Ý�

h�X�sÝ�P�|jE�¢~®�&P�x�|�"�î� �A� Ò~

®�l~®�~®ÐÃ�~®�ÐÃ�&Í$����F��� % 2.23 � 2.30

î×°~®vò�`a�"PÏ� ã9°%��� £°Ìbf´©�� ùTÎ

Ìb8ESßá{�ó.©PÝ~®� Í®�×�/´Mø� �PÏM²� ¯

@î&Æ�|�àÆ21� E&Æ@~i®¨éï���¥�ÝÎ3OÿÎ§�

1� �9°M²Ý�Ï� Í�<P®Ý��-½� 33²î½� OãÎ§��

P²ÎFaOe� ôAÎ� 9°©�PÏÝ~®qÍ���Î&ÆX�óCÝE
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 .210

 .350

xE0

Point series

Co
ef

fic
ie

nt

12/02/02-01:15[(9,512) BO28D-<P0L4,Ori40r,XPt128,XPw3>]

BO28DWavelet basis blowup (L)

BO28D-P0L4

Seq. 0-128 (40r)

Seq. 1-128

Seq. 2-128

Seq. 3-128

Seq. 4-128

% 2.25� ×° BO2xD ~®��"%�8Ï�"`a�M� âÎ
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 .000  100.  200.  300.  400.  500.
xE0

-.280

-.140

 .000

 .140

 .280

xE0

Point series

Co
eff

ici
ent

12/02/02-01:12[(9,512) BO15D-<P0L4,Ori40r,XPt100,XPw3>]

BO15DWavelet basis blowup (L)

BO15D-P0L4

Seq. 0-100 (40r)

Seq. 1-100

Seq. 2-100

Seq. 3-100

Seq. 4-100

 .000  100.  200.  300.  400.  500.
xE0

-.160

-.080

-.000

 .080

 .160

xE0

Point series

Co
eff

ici
ent

12/02/02-01:17[(9,512) BO31D-<P0L2,Ori12r,XPt248,XPw3>]

BO31DWavelet basis blowup (L)

BO31D-P0L2

Seq. 0-248 (12r)

Seq. 1-248

Seq. 2-248

Seq. 3-248

Seq. 4-248

 .000  100.  200.  300.  400.  500.
xE0

-.240

-.120

 .000

 .120

 .240

xE0

Point series

Co
eff

ici
ent

12/02/02-01:19[(9,512) BO39D-<P0L4,Ori40r,XPt125,XPw3>]

BO39DWavelet basis blowup (L)

BO39D-P0L4

Seq. 0-125 (40r)

Seq. 1-125

Seq. 2-125

Seq. 3-125

Seq. 4-125

% 2.26� ×° BOxyD ~®��"%�8Ï�"`a�M� âÎ
 23� ~®Ðó�Ù

RFC�"�HF/îy&�%��
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 .000  100.  200.  300.  400.  500.
xE0

-.360

-.120

 .120

 .360

 .600

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:19[(9,512) ON22A-<P0L4,Ori56r,XPt384,XPw3>]

ON22AWavelet basis blowup (L)

ON22A-P0L4

Seq. 0-384 (56r)

Seq. 1-384

Seq. 2-384

Seq. 3-384

Seq. 4-384

 .000  100.  200.  300.  400.  500.
xE0

-.750

-.250

 .250

 .750

 1.25

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:20[(9,512) ON44A-<P0L4,Ori300r,XPt86,XPw3>]

ON44AWavelet basis blowup (L)

ON44A-P0L4

Seq. 0-86 (300r)

Seq. 1-86

Seq. 2-86

Seq. 3-86

Seq. 4-86

 .000  100.  200.  300.  400.  500.
xE0

-.900

-.300

 .300

 .900

 1.50

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:21[(9,512) ON44S-<P0L4,Ori300r,XPt86,XPw3>]

ON44SWavelet basis blowup (L)

ON44S-P0L4

Seq. 0-86 (300r)

Seq. 1-86

Seq. 2-86

Seq. 3-86

Seq. 4-86

 .000  100.  200.  300.  400.  500.
xE0

-.320

-.160

 .000

 .160

 .320

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:21[(9,512) ON77S-<P0L4,Ori56r,XPt379,XPw3>]

ON77SWavelet basis blowup (L)

ON77S-P0L4

Seq. 0-379 (56r)

Seq. 1-379

Seq. 2-379

Seq. 3-379

Seq. 4-379

% 2.27� ×° ONxxA C ONxxS ~®��"%�8Ï�"`a�M� âÎ
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 .000  100.  200.  300.  400.  500.
xE0

-.300

-.100

 .100

 .300

 .500

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:22[(9,512) ON22A-<P1L4,Ori56r,XPt240,XPw3>]

ON22APWavelet packet blowup (L)

ON22A-P1L4

Seq. 0-240 (56r)

Seq. 1-240

Seq. 2-240

Seq. 3-240

Seq. 4-240

 .000  100.  200.  300.  400.  500.
xE0

-.400

-.200

 .000

 .200

 .400

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:22[(9,512) ON44A-<P1L4,Ori300r,XPt400,XPw3>]

ON44APWavelet packet blowup (L)

ON44A-P1L4

Seq. 0-400 (300r)

Seq. 1-400

Seq. 2-400

Seq. 3-400

Seq. 4-400

 .000  100.  200.  300.  400.  500.
xE0

-.480

-.240

 .000

 .240

 .480

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:23[(9,512) ON44S-<P1L4,Ori300r,XPt400,XPw3>]

ON44SPWavelet packet blowup (L)

ON44S-P1L4

Seq. 0-400 (300r)

Seq. 1-400

Seq. 2-400

Seq. 3-400

Seq. 4-400

 .000  100.  200.  300.  400.  500.
xE0

-.210

-.070

 .070

 .210

 .350

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:24[(9,512) ON77S-<P1L4,Ori56r,XPt160,XPw3>]

ON77SPWavelet packet blowup (L)

ON77S-P1L4

Seq. 0-160 (56r)

Seq. 1-160

Seq. 2-160

Seq. 3-160

Seq. 4-160

% 2.28� ×°| ONxxA C ONxxS
Ù�~®�~®��"%�8Ï�"`a�M� 

âÎ
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 .000  100.  200.  300.  400.  500.
xE0

-3.00

-1.50

 .000

 1.50

 3.00

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310IoWavelet basis blowup (L)

BO310-P0L2

 .000  100.  200.  300.  400.  500.
xE0

-6.40

-3.20

 .000

 3.20

 6.40

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I2Wavelet basis blowup (L)

Seq. 2-150

 .000  100.  200.  300.  400.  500.
xE0

-48.0

-24.0

 .000

 24.0

 48.0

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I4Wavelet basis blowup (L)

Seq. 4-150

 .000  100.  200.  300.  400.  500.
xE0

-2800

-1400

 .000

 1400

 2800

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:27[(9,512) BO310-<P0L2,Ori12r,XPt150,XPw3>]

BO310I6Wavelet basis blowup (L)

Seq. 6-150

% 2.29� BO31O ~®��"%�8Ï�"%�M� âÎ
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 .000  100.  200.  300.  400.  500.
xE0

-.400

-.200

 .000

 .200

 .400

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350IWavelet basis blowup (L)

Seq. 0-225 (12r)

Seq. 2-225

Seq. 4-225

Seq. 6-225

 .000  100.  200.  300.  400.  500.
xE0

-.400

-.200

 .000

 .200

 .400

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I2Wavelet basis blowup (L)

Seq. 2-225

 .000  100.  200.  300.  400.  500.
xE0

-.129

-.125

-.121

-.117

-.113

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I4Wavelet basis blowup (L)

Seq. 4-225

 .000  100.  200.  300.  400.  500.
xE0

-.124

-.123

-.121

-.120

-.119

xE0

Point series

C
o

e
ff

ic
ie

n
t

12/02/02-01:29[(9,512) BO350-<P0L2,Ori12r,XPt225,XPw3>]

BO350I6Wavelet basis blowup (L)

Seq. 6-225

% 2.30� BO35O ~®��"%�8Ï�"%�M� âÎ
 26� ~®Ðó�ÙRFC
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 1024 F� JÍ~®»ðùD3b×

ã 1024 Í;óàW�/) C = {ci }� *Þ9°;óãÍ�EÂT¿]Â� �

µÍÂ��4�� ã 0Â|�t�;óÂ� Q¡êÞ9×4�µÍ;ó5µP

�� �5
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K»ð;ó� Ç�  �sß^£� ¬
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5Ã£Û�5µ6T5^£Û�Ðó6�probability density

distribution or probability density function, pdf�� ÍÎ
 {p1, p2, · · · , pM−1, pM}�

�zÂÇÎ�

H(p) = −

∑
i

pi log pi . (3.1)

P�	 pi = 0 J'
 0 log 0 = 0� hÛ@²î&Æ�|��39 i   /Ísß
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¿{#�yë¬����yë� .�Í log D3� �¶��Ú
ë� vJ
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�� JÎ
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2� h`Þ pi �á]�P 3.1 ��ÿzÂ
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2
−

∑
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BOxyD�Xÿ�zÂ� ð­�1� Ei®�@~��� ¸àAìÝ]�P

f (t) =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k (3.4)

Í[£P��«PÎÄQ8yì«¨×�x]P

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k (3.5)
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x�Ãm;|üF5ÊÐó
�� �üF5ÊÐóÍüFó¦�ÕØ°ó

Â`� &Æôµ�p:�£°üF5ÊÐó3�Ïîb¢-½� áh� �

|ù�21� EhvÐÃ�;¨�xÎ^Ä�Ý�

• XbÑøvòCÍ�vò�zÂ�
� KP°ªÕ&ÑøvòCÍ�vò

�´�zÂ�¨� h²� ÑøvòÍ~®Yâ�����EzÂ�¨ô¿
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P��[T� 4Q´�Yâ���zÂ«{ºf´yYâïïb°�Ù�

;�� ¬ÍÅNQ�E¯� �ï� 9×vò�XbzÂK5µy«� 

 � .�&Æ@3p|ï�9×vò3i®Tàîºb�¢©��¨� h

²3ì×a�� &ÆÞ1�aP8�l®�9×zÂ�¨�nÐ�

• XbÑøvò�~®�� ^b×ÍÌbM���¨� h²� 3�×�vò

�ô:��b�¢zÂ�¨�T� 9°1�Ý� �9ó.î�!Ý��©

P� 3§¡î4b���-²T¥�P� ¬Ey&Æi®ÿaî�bL;

TÎ§@àP� J�1Îpb°&®à� fA1� Meyer ~®3��îÎ

PM��TP§�â� � B&L ~®JÎÞ$��� �Í¸~®ùD3b&

�Ý��P�!J�� ¬&ËzÂ�¨Kp| ½�

• tM�Ý��� ôÎt�ß��ÝÎ� t�ÝzÂ�¨Î�¨3üF5Ê

~®�»ðÐÃ�Ç|Í<g~®�/�º®�;óOã�� Í&ËzÂ

��G´Í¸ÐÃ�&ËzÂ
�� �ï� �ß#²ÝÎ� ÍzÂôKf

à°ñf®HÐÃXÿzÂ¼ÿ�� h×��� @jî�¼�� Tà�Ñ

ø~®Oãÿ�»ð;ó� ´�à°ñfÐÃXÿ�»ð;ó� �¡3G

rÿa�Î§�1�Tà"D���� ÄbÍ��C8÷P�

3.4 zzzÂÂÂ���ááá���^̂̂£££555µµµ`̀̀aaa

h�&Æ�E×°ÐÃÍ»ð;óá�^£5µ`a�|f´� 9°f´ÿ|


×M1�üF5Ê~®XD3Ý8÷P� ¨×]«ÿ|E~®��zÂ���ï

��¨� �|@6¡�� % 3.1 ;9Ë~®Íá�^£5µ`af´%� �G

;��XÛ¯ß#²Ý��� ÑÎDT3��üF5Ê<g~®�`a�T�

9×�T� 3�I5ÝP�� KÎ¿��Ti¿�Ý� �1Î¿¾y5�Üè

�P�Î¿Ý� h¡�ò>� vÍ¿�Pù´®HÐÃXÿï��� �3��

f¾y5�Üè0`���®HÐÃXÿ�`aøº� h×��1�Ý� àtK

Ý»ð;óÇ���i®Gr�
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#½�
@jråüF5Ê~®�8²�
� &Æ|@j¥�Gr¼f´�

h�ãzÂ�¨t·�ùt#��Ëï� ÇüF5Ê~®C°ñfÐÃ
�� %

3.2 î×ð¥�Gr�æGr�f´� %��î�%;æGr� ��%;8ny

°ñfÐÃ�¥�Gr� ì�%J8nyüF5Ê~®ï� �¥�D»ðXàÝ

»ð;ó�;1ºÀ��y5�ëè"� ã%��� üF5Ê~®X¥��®�

?#�yæ®��©½3Î��	I�`a� �9í´Ë6�

jEüF5Ê~®X�¨Ý8²P� Í8Tyi®©P��¨X8nÝ¨é

.�� &Æ�|� Chui [3] Eh×~®��Þ@~�s&� h�¼�� ÍÛü

F5Ê~®X©½ÌbÝÞÍ©P� Ç5�MP6�5�ÑP6�XÛÝ5�

MP6Î¼Ò~®ÐÃÐóÌb�JÝY�P� �^b×°^Ä�Ý� R�®

��Tï1ÎXb®�KÎ÷ë��®�� �XÛÝ5�ÑP6� JÎ¼Íl

~®Ý`a5µKÎÑÂ5µ�^�Ý� �h�&Æ�¼�ÝÎ� 9ËË©P�

3Î§L��@jTàî� 33��&ÆÝ��i®Í`�PE��9ó�~®

��� Í��KÎ8E&ð×5Ý� h²� Íùèî½� Ê	Yâ���Tï

ÎÊ	ßú��ÝÐÃÐó� Îf´��®ßbL;�Î§�1�

�y~®�»ð;ó�vò� x�ÝËËã°Î
� tÊÐÃ�tÊ$�Ð

Ã� ¯@î&Æ��|2�|.¡Õ� �¢à)�~®�ÐÃ� ÍzÂ�¨K

���b�ß������ ôÄQ«üF5Ê~®��¨b8	�Ý-û� 9×

.¡Ýñ�FÎ��y|Ý� .
~®�»ðÎG�8nyÑø~®� ¸Ý��

¸àÐÃÎÑø� �¡�5�XàÐÃùÎÑø� ÃyG�ÑøvòÐÃ��

¨� &ÆX���Ý�Î�9� 9°.¡&Æù�|á�^£5µ`a�PÏ�

ß�� % 3.1 �ì�%î| B&L C Meyer ~®
~®�»ð�á�^£5µ`

a� Í»ð�R��¡�»ðÐÃí;¸à8!ÐÃ� �î�%f´R¼� 9

Ë`aK�üF5Ê~®ïT°ñfÐÃïb��-û� �Ä� &Æù�:ÿ�

¸Æ� B&L C Meyer �ð!~®»ðXÿ�`afR¼� Í�TÎf´¿�×

°�

% 3.3 �î8ny ON77S �á�^£5µ`a� �âð!»ð� ~®�tÊ

ÐÃ� ~®�t#$�ÐÃ� �!$�ÐÃ»ðï� ã%��� ~®�tÊÐ
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Ã�`aÍ�¨t·� �t·$��`aÍ�T}{� �æ~®ÐÃ�`aJê

{yhË`a� �ï� Ìßù��G%����f´�� h%Xb`a��¨

�G%üF5Ê~®��¨)b8	�Ý-û�

µb§Yâ���Ñø~®��� ÍÐÃÐó�D3EÌÝ®�� ¬�!�

vòb�!ÝEÌP�ùT&EÌP�� �Ä� &ÆEÍzÂ�¨@3p|:�

b¢-²�T�¢�T� �y£°ÌbEÌTDEÌÝ~®Ðó� A�Ñø�ø

Ñø~®ï� ÍXÿzÂ�jE|<g~®Ðóày/��»ð;óOã�J8

E��¼Ý�� h×©P� ��îG��5�MP6�5�ÑP61�� ��

&Æú¦Ýó§�Î§L�� 3ó§��î� ¸XnÐÝÎ®l;óX��aP

8�l®� 3Î§âLî� ¸E&Æyi®ÿaXßÚÆ�ùT�ÆPÝi"b

��n;� % 1.1 @jîÎ�1�Ý9×Ïµ� %�æGr��£5µÎ×àa

�{�� 3×� Nyquist ãø�£ì� 50WEÌ
C�� �Í~®�»ðXÿ

;óX��`���5µ�µÎ
î�%� h%Xß�ÚÆi"� T�|�ß�

ºh�X��ó§�Î§8nP� h²�|1�ÝÎ� 4QEÌPÎ¥�f��

¬)Q�b×°Äm�ÊÝ.�� AYâ���!J���MP��ÑP�� A

B&L C Meyer ~®KÎEÌÝ� ¬¸ÆÝzÂ«Ñøvòï¿P-²�

3.5 ���+++

jE8	Â½�J�Ò÷~®vò� &Æ¸à&Ë�!zÂ�Õ!P� OÕf´

~®»ð;ó�Ù�zÂ� ¬"D8n�^£Û�5µ`aPÏ� h²� ¬E

°ñfÐÃ»ð;ó����|f´� ã9°óA&Æ�@dãÿi®Gr5�

�tÊÒ÷ÐÃ� 9×tÊÐÃÛ
�ÑøüF5Ê~®� �ï� Íÿa�¨

ù´|°ñfÐÃÿaï¼Ý8÷� �Í¸�¢Ò÷~®ÐÃ�zÂ�¨�Gh

ËïKb&ð�-û�J���� 3¾9~®vò�� ��9óEi®@~�

�� �1Îbó.�PÎ§� �ï� &Æã�zÂ�¨��@.¡h�Xâ�

�~®vòÌbÂ½�JP� ùPc";¨�x�mOP� ùÇ¼�&ÆÝdã

���ÛP�Í��×���� ì×a�&ÆÞ
×M"´8nÝ��.��Î
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� 3.1� Ñø��Ñø~®vòÍ»ð;ó�&vzÂ� ¨²ù�â°ñfÐÃ�»ð
;ó8TzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theotetical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

B&L 4.691 1.330 3.417 1.179 3.782
Meyer 4.647 1.294 3.365 1.132 3.646
SO3O 4.833 1.669 3.756 1.488 5.307
SO3D 1.823 0.219 1.306 0.172 1.245

Spectrum 2.809 0.270 3.044 0.244 1.310

ON22A 4.993 1.761 3.891 1.516 5.815
ON33A 4.773 1.384 3.499 1.225 3.975
ON44A 4.790 1.517 3.596 1.363 4.559
ON55A 4.819 1.553 3.631 1.367 4.727
ON66A 4.790 1.373 3.456 1.203 3.946
ON77A 4.675 1.355 3.461 1.203 3.877
ON88A 4.645 1.229 3.283 1.082 3.418
ON99A 4.719 1.412 3.501 1.252 4.106
ON00A 4.787 1.423 3.511 1.244 4.149

ON44S 4.835 1.461 3.557 1.281 4.311
ON55S 4.758 1.492 3.576 1.298 4.426
ON66S 4.754 1.402 3.501 1.225 4.065
ON77S 4.751 1.336 3.331 1.188 3.804
ON88S 4.714 1.366 3.481 1.224 3.918
ON99S 4.755 1.469 3.570 1.288 4.345
ON00S 4.635 1.278 3.378 1.134 3.591

ON11C 4.938 1.696 3.832 1.457 5.452
ON22C 4.827 1.468 3.520 1.284 4.342
ON33C 4.756 1.488 3.573 1.333 4.427
ON44C 4.690 1.297 3.337 1.157 3.658
ON55C 4.644 1.309 3.405 1.154 3.703
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� 3.2� øÑø~®vòÍ»ð;ó�&vzÂ�

Wavelet L**2 coefficient
entropy

L**2 probability
entropy

L**1 probability
entropy

L**2 probability
entropy

Theoretical
dimension

(0 division) (300 divisions) (300 divisions) (200 divisions) (L**2 300 divisions)

BO11O 5.395 2.623 4.502 2.299 13.777
BO11D 5.395 2.623 4.502 2.299 13.777
BO13O 4.943 1.806 3.883 1.627 6.084
BO13D 5.266 2.371 4.373 2.053 10.708
BO15O 4.866 1.678 3.755 1.495 5.357
BO15D 5.227 2.291 4.327 1.987 9.882

BO22O 5.282 2.362 4.363 2.083 10.609
BO22D 4.434 1.181 3.284 1.034 3.257
BO24O 4.963 1.862 3.985 1.634 6.438
BO24D 4.359 1.090 3.220 0.962 2.975
BO26O 4.881 1.703 3.835 1.492 5.490
BO26D 4.332 1.064 3.174 0.940 2.899
BO28O 4.857 1.624 3.782 1.452 5.073
BO28D 4.318 1.069 3.157 0.941 2.914

BO31O 5.824 3.174 4.741 2.835 23.894
BO31D 4.377 1.058 2.655 0.936 2.880
BO33O 5.084 2.001 4.062 1.756 7.393
BO33D 4.205 1.102 2.827 0.965 3.011
BO35O 4.850 1.697 3.847 1.506 5.457
BO35D 4.125 1.026 2.776 0.908 2.789
BO37O 4.790 1.658 3.821 1.442 5.247
BO37D 4.106 0.986 2.737 0.873 2.679
BO39O 4.776 1.660 3.835 1.432 5.258
BO39D 4.098 0.967 2.713 0.866 2.629
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Ã�<g~®ÐÃ�~®�ÐÃ�°ñfÐÃ�Xà&ÐÃÒ~®A%Xýî�
î�%î~®ÐÃ�<g~®ÐÃC°ñfÐÃ5µ`a� ì�%î~®�Ð

Ã5µ`a� Í»ð;ó!P;ãà~®�tÊÐÃ�
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Energy ratio
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Ï 4a

Ãm©PÐó8�5µ

4.1 SSS���

3î×a�� &ÆBã»ð;ó�zÂ�¨� ã�9Ý~®vòÐÃp°ñfÐ

Ã�� dãÿi®Grÿa�tÊÐÃÎ
�Ñøvl�üF5Ê~®� Q�z

Â¨éÎÙ�W°� ÃÍî� ¸3ÿa�«îÎb��ÝÎ§L�� ¬¸��

Îà#ÇCÐÃ�ó./�T��Í²� ôµÎ1� zÂÎÐÃÐó�GrW5

®8«PÝ×Ë¼ý� Q�9Ë8«P����QôT�«Ø°ó.��.�b

XnÐ� 3G°a�� &ÆÃÍîX¼�T��:ÿ�¼Ý� �9Î�«8n

Ý��.�� ùÇÎ£°
EzÂñ¼�¿�¨�.�� 39×a�� &ÆX

´OÝ� ÞÎ¢Ë��.�ÎÑ«[TÝ®ßï� h�Þ¢ãE~®ÐÃ'�X

8nÝÃm©PÐó�|"D� ´O8nyi®@jTàPî�XÄmÌbÝÃ

m���ô�

4.2 ÃÃÃmmm©©©PPPÐÐÐóóó


@~9×���ô� m�1�9×Ãm©PÐó� ¬¼�×°�L�Ðrý

B�2PT]�P� h�µÇ DaubechiesÝà°C.�� Þ9×Ãm©PÐó

B
 m0(ξ)� �Í8nó./�Aì�



×Í9$���5��multiresolution analysis, MRA� ÍàWÎ
×AìÌ�

âP��T����è V j /

· · · V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2 ⊂ · · · , (4.1)

Í� ⋃
j∈Z

V j = L2(R), (4.2)

⋂
j∈Z

V j = {0}. (4.3)

h²��è D3bAì�n;�

f ∈ V j ⇐⇒ f (2 j
·) ∈ V0. (4.4)

��è �JóÉ�[TXD3��PÎ
�

f ∈ V0 H⇒ f (· − n) ∈ V0 for all n ∈ Z. (4.5)

�hXSß�8nÝx¡�Î
� D3b φ ∈ V0� ¬¸ÿ

{φ0,n; n ∈ Z} Î
×3�è V0 �ÝÑøÐÃT¾úÐÃ (4.6)

P�EXb j, n ∈ Z D3b φ j,n(x) =
√

2− jφ(2− j x − n). h�Ý φ êÌ
l

~®ÐóùTÌ
 MRA � 2-f»¹w�MÐó�2-scale scaling function ��

�ïj E {φ j,n; j, n ∈ Z} D 3 b E T ~®Ð Ã
 {ψ j,k; j, k ∈ Z}, ψ j,k(x) =

√
2− jψ(2− j x − k)� ¬¸ÿ

Pj−1 f = Pj f +

∑
k∈Z

〈 f, ψ j,k〉ψ j,k, (4.7)
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P� Pj ��Ðó f y V j �è �7Å� �. φ ∈ V0 ⊂ V−1� v φ−1,n Î
 V−1

��ÐÃÐó� h`ÿ|Þ φ �


φ =

∑
n

hnφ−1,n, (4.8)

P�

hn = 〈φ, φ−1,n〉. (4.9)

ÎÆ

φ(x) =
√

2
∑

n

hnφ(2x − n). (4.10)

îPu|�£r½�î� JAì�

φ̂(ξ) =
1

√
2

∑
n

hne−inξ/2φ̂(ξ/2). (4.11)

ÞîP�
Ãm©PÐó m0(ξ)� JÍ]�PÎ


φ̂(ξ) = m0(ξ/2)φ̂(ξ/2), (4.12)

P�

m0(ξ) =
1

√
2

∑
n

hne−inξ . (4.13)

Ç
h�Xk"DÝÃm©PÐó� ÃÍî m0(ξ) �|Ú
�xÒ~®�l~®

Xà®l;ó�8n)WÐó�

4.3 aaaPPP888���®®®lll

3é���.î� ×�ÌÌEÌ5µ�®l
aP8�®l�u×®l¬&E

Ì� JÍ�ÒEÌ���� ;ðÇ|Í®l;óXàW�©PÐóÝ8�PÏ¼

É�� �h×É�;|Í�ÒØ×aPÐó�Ïµ¼&�� *Þh×©PÐóP
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��L1�Aì� 'u×®lÍl®;ó
 {an}� �ã9°;óX�W�]�P

aξ =

∑
n

ane−inξ/2 (4.14)

Î
�®l©PÐó�uh×Ðó�|�W
×ÍaP8�5µÝÐó� J&Æ

Ì�®l
aP8�®l� ôµÎ1�h` aξ �|�


aξ = |aξ |e−ilξ/2, (4.15)

P� l ∈ Z� �hPù�î {an} �5µÎ| l 
EÌ�T�5µ� Í an = a2l−n�

µEÌP��� ;ðh×aP8��|.ÂÕ&=��Ïµ� ©�ÎÍaP��

��� �&=�FÎsßy |aξ | = 0� *Þ m0(ξ) �h�XS+� aξ ø!¢ï�

ÿ|OÕÃm©PÐó�8�5µ`a� % 4.1 � 4.8 îXb�I~®�Ãm©

PÐó�8�5µ�

4.4 888������555µµµppp���������DDD¡¡¡

• µÑø~®���;¨ÍYâ��� Ãm©PÐó8�5µX®ß��;

PÏ� �1Ì#8«� vb�!J;��T� 9×F�G×a�zÂ�¨

�
Î×lÝ� !`hù1�� &ÆP°¢ãc";¨9°Ñø~®|�

ÿi®ÿaî�¢[Ç� �h�&Æ�|�ù�21� �¢Ñø~®vò

T�vòK�Ê)Ìßi®@~�Î§"D�

• % 4.4 îÑø~®Ít�EÌ�vò�8�5µ`a� �% 4.5 JîÍt#

�EÌ5µ��vò� %�ÿ�Ít�EÌP�vòX®ß�8��Ò&

aP��� �Ít#�EÌ��vò� 4Q&Æ)Q�|���2:�Í

~®���EÌP� ¬Í©PÐó8�5µ`a3ÚÆîÎ&ð#�aP

5µÝ� ÎÆ� ã9Ëï��¨� &Æù��ù�2��1� �¢±x

�� �áÝ�ÎáÝb§YâÑø~®� K���ñ¼�½�#TÎ°&
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Ý;�� .
� ¸ÆÝ©PÐó8�5µ`a�PÏÄQay9ËËÁÐ

Ñø~®�vò� � �ï� &ÆÝzÂ@~��ù
9×6èº�5Ý

�ß�

• µøÑø~®��� P¡Îæ�~®T<g~®� ùP¡ÎjE��Ý

�vò� T�!�vò� �f´� Í©PÐó8�5µ��K&ð�

«� 9×Fùè�1�� ¦��¢hv�Nà�x�ùTÎ;¨ÍYâ�

�� ôÎp|
zÂ�¨ñ¼�¢-²� �ï� hvò�8�5µKÌb

8E!JPÝaP8�5µ� �&Æù�ÞÍaP�¨PÏ�Ñø~®v

ò��t
EÌP!
¢ï� !`�¢ï9°vòT�vòÝzÂ¨é�

ôAÎ{� Ìß�|�
×M�@Ý¼�� Ñø�øÑøvòK�Îi®

Î§@~ÝóC�

• 3G�¿Fn&Æ�:Õ� `a�Ïî-²&ð�Ý�9~®� Î�|b

8«Ý©PÐó8�5µ�VTPÏ� Q�&Æô�|:Õ� �Ï&ð�

«Ý~®� Í8��¨©PTóÂ�
�|#
�!� % 4.1 �% 4.2 5

½î Meyer ~®� B&L ~®�©PÐó8�5µ��� �9ËïÝ~®`
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@ù�&ÆX��¯Ý×°Gr5�°� �A�°��Gr°�Hilbert analytic

signal procedure�� �.§�
b8!¢ïEfÝnÐ[5, 13, 14, 12]�

5.2 ®®®HHH���~~~®®®���nnnÜÜÜMMM]]]���PPP

' g(t) � h(t) 
ËÍ| t 
�ó�Ðó� JÍø8nÐó�cross correlation

function�
Aì�/¶��inner product��

c(t) = 〈g(t + τ), h(τ )〉, (5.1)

P� τ 
Ìa�ó� �Í8n;óÐó� rs(t)� J


rs(t) =
c(t)

‖g(t)‖‖h(t)‖
, (5.2)

îP�°ñfr½ETP


ĉ(t)
‖g(t)‖‖h(t)‖

=
G(ω)H(ω)

‖G(ω)‖‖H(ω)‖
, (5.3)

P� ω
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×n;P� �nÜMÐó½�µìP���

R2
s (ω) =

|E[G(ω)H(ω)]|2(
E[|G(ω)|2]E[|H(ω)|2]

)1/2 , (5.4)
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ð!ýã;�normalization��0á�

�y~®�nÜMn;PJ�Aì.���� î�ËÐóÍ~®!���-

���the wavelet resolution of identity�


〈g, h〉 =
1

cψ

∫
∞

0

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉dbda, (5.5)
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〈ga, ha〉 =
1

cψ

1
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∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉db. (5.6)
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)1/2 , (5.7)
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óK6v5ð� &H4W9×Í.g�Îp� .
A�^b9ø×Í9�¼Ý

.g� J�TÂ�sì®à� ÇN×Í�óK©ETb×ÍøÍ� �y6v°

JÑAÒ÷»ðì°ñf®HOÕÝ6v]P� DÌ~®�nÜMJ�m�¢6

v� ÃÍîN×Í bÂKèºÝ×ÍÙ�øÍÂ� AÎ� &Æ��|Ý�Õ�

9ø×ÍøÍè ÝøÍó;ðº´®H�nÜMøÍó�îÞÍ—#�ÎëÍ

—ùû�order��

G«Ý1�«{��@èî½� 8ny®H5��©P�
ôÞÌ���

2�¨3®H�nÜMÝ�¨�
î� 9°x�8ny®H5�TÑøvò

ÐÃÍ�ã��degrees of freedom�� �²ó�variances�� É�&��©P

�shift non-invarince property��8�·¯�phase noises�� ÿW[T�ambiguity
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effects�� �óÂ�§Ä�Ü²SáÝ×°[T��

h²�Âÿ×èÝÎ� h�&ÆX��Ý~®�nÜMn;P� Liu�1994,

[15]�XàÝ�nÜMÎ^Q�!Ý� LiuXàÝ� pÍóÂ5�»�þKh�

�nÜMn;P��L� �1Î�Ì�TÂ�ÃF� ô.h� ¢ï&Æ�G8

ny~®��@~B�Ch����� �|1�ÍZa�î�L�Ìb8	�Ý

&%V¨é�TJ1Î#{Ý�@�P� ©!®	ITnðÝ¨éW��T�

×¨éXò��sP�
� ��!	®J����
T×��T�à��

5.3 tttÊÊÊ~~~®®®ÐÐÐÃÃÃ���nnnÜÜÜMMMóóóÂÂÂ���§§§°°°

3G��nÜMÝn;P��8ny®HïÍÐÃÎ°×Ý� ¬8Ty ψ Ý~

®ÐÃ� ÃÍîP¡ÍËv�ó�KÎ�|PM9Ý� .� ψ Ýóà	QºE

�nÜM�¨b¥�Å(�

�ï� ~®�nÜMn;P;|=�»ð.��ÿ� 	Q� Ð)Ò÷~®

ÄQÐ=)�~®�f�� �G�tÊÐÃ�ÑøüF5Ê~®ÎòyÒ÷r

½�¾ú~®� 9�×Í8nÝ®ÞÎ� tÝ&ðKóÝÒ÷~®�fA Harr

wavelet �� ¿{Xb8ny9���5��MRA�T 2-ó�dyadic�É�¹w

�~®¬PÌ����Ý�Tl �closed form��îP� �A����|�§t

Ê~®�nÜM�óÂ�Õ� µÎãÿ×ÍÁÍ�«Ý�TlÐóP� &ð5º

2� &Æ�|ãËÍ@~hû�9×¨WÝ��ÐóP� �¯@î� ãì«�

1�� &Æ�|á¼� �XÝ9×�|�§]P� ���Û×íËf� ×ï�

bÝ9×�{��T¿{E��ÐóP&Æ�|&ð�|2
�óÂ�Õ� Þ

ï� ¸@²îôµ¼�Ý� 3=�~®r½nX�|J¼ETÝtÊ~®
¢�

T1Îi®ÿa�tÊ;=�~®ù�!`�¼�C�ß� |ì1��ËÍ8n

@~�

Í×� Chui [3]Ý@~¼�� �}»ð�Gabor transform�Xà�{ú��Ð

ó�ãÍ@ITÌI� �h�tÊÐÃ��ÑøüF5Ê~®bÁÍ#��8«

�� Ê	Ðó¢óóCì� µÍêÚ®��1p|5ï� �@j�óÂ0-ô
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#�� |ñ]5ÊÐóx���Ñø~®
»�N3, ψ4�� Ëï`a-²�×�

Kf −40d B �µ 20-log rule�
�� �3 −50d B ¼�� �ïñ]5Ê~®Í`

���	I;©Pô�&ð#�`�ñ´¶�§¡ÂX.&Ýt�Â 0.5 � �


0.5048�

ÍÞ� &Æá¼{úÐó�°ñf»ðù!
{úÐó� ���{úÐó�

°ñf»ðùGGÎÉ�Ý{úÐó� ¬��{úÐó¬�Ð)~®�ó.Ã

Íá.f��the wavelet admissibility condition�� ô.h Kronland-Martinet and

Morlet [21] DÄE�£r½�É�{úÐó®°&�ÊAì�

ψ̂(ω) = π−1/4(e−(ω−ω0)
2/2

− e−ω2/2e−ω2
0/2). (5.8)

.�Í�£r½�ë���ÐóÂ
ë� �ÿ|Ð)~®�á.f�� h`�

`r½�~®2PÎ


ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2, (5.9)

P� ω0 
`����Ç¢ó� ÍÎ§L�ÛM»<3��� % 5.1 îXóàt

ÊÐÃÍ@ÌI�5µ`a%� @jî� hÐÃ3h��¨Î8ny�9ó§�

�©PÝ� �AÐÃ!JP� �MP[3, 4]� �ÑP� 5µ;"câ���`è

É�`�»ð��P��¢¡��P�§�Heisenberg uncertainty principle�� C

Í&ÑøP�³õP��

� �

5.4 ������øøø������£££]]]

XTà�£];
®TøGr� Í;ã�×Ç�iþ�®�8n��� b±ß

®ÏµC^_®Ïµ� iþ
Yi�� Ìb 5 m ��àaÌ?ð� Í´{5½


 35 C 45 cm� i�Jã 24 cm� 3Ì?ð�E'Ç��H'b×��>��

±^C0S±øÝi¿�� ¨3Ì?ðG]'b×��|�îáì� ¬G¡É�
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�îì�\P^_C®^� iþG`ðJ'bóÍàñÝ0ø��®{;|�

����'�%C���P®{��?� iøJÎ| TSI 2¥%C�ÞîKé�

ø>��LDV�?�� ��f�ÎãóË�!±>p�!ªñ¸¥�Stokes�l

V®
���?FJ�yóÍ\«îÝ®{C3�!���iø� ��µHA

% 5.2 Xî�% 5.3 îëËªñ¸¥lV®��H%� ÍÃ�Ü��fundamental

harmonic� �Ç�£5½
 1.4�2.0�2.8 Hz� ��P®�JÞ��T¢�P�

« wave steepness ka� 5½
 0.06�0.20�0.30�

5.5 ~~~®®®���°°°ñññfff®®®HHH���nnnÜÜÜMMM���¨̈̈���fff´́́

% 5.4 îëË£]��ì�±ß®Í®{�iø �~®�nÜM5µ`a� %

5.5� 5.6 Jî!øëË£]��ì� !ø®{�iø �°ñf®H�nÜM5

µ`a� &%��î���ì�%Í£]��5½
 1024�2048�4096 F� i

>��?F5½
�i«ì 2�3�4�5�9 cm�®{Î8Ty 6 m/sec �±��

iø�®{�!M�?\«ÃÍî3!×�H�8û 0.5 cm�� % 5.5 � 5.6 Î

!ò®Hï� ¬;óàËË�! FFT ¢ó� x�3�ã����-½�

ã9°%T&�%�f´� yîÿ|:Õ×ÍtM�Ý��� £µÎ� Ç¸

©�à 1024 F� ~®�nÜMÝ�5µ`a�1��¨&ð�?Ý�T� v¸

ÆK��#�ó�£]��´�ìÝ5µ��� ¯@î� 3h×��f�ì�

1024 F�8	y 25.6 sec�E×°£]5�ÌF��� ÍÙ��1�Î8	&%

V�non-stationary�� Q�µ~®�nÜMÝÌF��Xb`aJ��î�Í#

��²��
� �y®HïÍ�
�¨�18-&ð�� h²b×F�|\�

ÝÎ� 3{�I5�®H�nÜMð�bJ��)�� 9°�|1^b@²�

L� ¸ÆÎSá�·¯� Í��â£]�§` ð5v�\`[TXøßW5�

% 5.7 ¨î×#�£]��ì�®H�nÜM� h`XàFó
 9472 F� á

)G�&%�$�Ì�.¡Aì�

• µ®H�nÜM��� £]���¦�EÍ�nÜM�
�¦Ç;�Î&

ðcXÝ� vÍ[à÷¼÷����©½Î3��8E´±�M� T{
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�ñ�

• µ~®�nÜM��� ¸à#K�£]�� Í�nÜM5µ�Ì%V©

P� ùÇ��¦�¬�;�Í5µ��� 9�Ìbë·�L� Í×�î�

~®�nÜM5��m���Ýó��� ÍÞ�î�µh���i®Gr

���XãÝ 1024 F£]����&ðÊ	Ei®&W5®�|ÿa� |

Î§ÌF��� Î1W5®�ßú��y 1024 F� à���+�� Î1

9×���|â�ÐÃ�&�xÐó�;"câ�� �support lengthes��

ÍëÎ1� �½¸à£]���¦�� h�=�~®»ð;óÍ³õPX

èºÝbàG>ù">��;� .�Ä9Ýó�ÍÃÇ���

• f´¸à 9472 F�®H�nÜM5µ�~®ï� &Æ�|ãÆËï Í`

a�VÌbØ°��Ý8«P� 9×Fÿ|¯&Æ®AhÝ.¡� Ei®

��� h�8ny�iþ±ßi®�¡� ãy¸Æ8EÝòy�®�J¼

��M���õ®�Ef� ¸ÆÝ��y� !ø2� ßú�ôy�X|

1� Ç¸ÎjE9vòyt�!JÝi®� ÌßôÄm¸àt!J — ùT

1Î®�ÁÍ�� — �~®�|ÿa� 9×��P²×áÌß� |i®¼

Efy&vò~®Ý®�� £i®�1ÎÁ
!Jc�Ý� 93~®��

îÝó.�+µÎ1� h×tÊPÛ8ny~®Ðó��MP��ÑP�

!J��regularity��T��5P� �¨×]«� JÎ1� ¿{Xb5�

©6~®� K�p3i®@~�×"X��©½Î	&ÆÎ½¥yÎ§·

«�"D`�

î�x�µ`a�5µTÍ�¨�
®�Ç1�� �CW9°�!�¨Ýó

§.�$�¨��1Ýb�

• ¸àÑøT&ÑøÐÃÍXCW�-²P�®HÐÃÎ
Ñøï� ÑøÐ

Ã»ð;ó�²P×�í8	�¥� .�CWóÂ[eP#±� �h�8

nytÊÐÃ�~®� JÎ×Í8	ê÷Ý&Ñø� ùvòy=�»ð�

PÝ~®�
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• ¸àÒ÷»ð`��ÕXÿÝ&9T�I5Ý»ð;óKÎ�ðÝ� ÕÎ

×Ë®Ì�ÝOÕ� .
¸ÆX�ÝM�  TX��ñ �&ÆXk"

DM�  mPnÐ� .��19°;ó¿{K�8ny&ÆX�ÝÎ§

L�� ð­�1� �9óA�§Î�ð3£°E&ÆD¡/�^b�mÃ

ÇÝOÕ� fA� µ®H�nÜM���JÍOÕ
�Ý�£  Î�

2–F6\�£|�¹¸ú�£� �Ç cutoff � Nyquist rate8T�£��

�9×  ×�KGGø�bLÎ§�£� Ü»�� h�iþ±ß®x�

ñ�Ç 1 � 4 Hz� h²$�Ú±>���ñ P�� DÌh�~®�n

ÜMµ^b9×®Þ� ÍXbPnå�Ý�ñ K�|�ÄOÕ� ©�j

E@~bL  ®óÂ»ðÇ�� �ï� Í��F�H�Û�$����

��

• EÑø»ðTÒ÷»ð��� ×]«ãyÍ��F�HÎü�� ¨×]«

JÎ��FÝóêùbÍ§×�l¸Ë@M�P°Ì7yÑ@��Fî�

.�CWÝ5Ì7 ¨é� ���îÒ÷TÑø»ðÍÉ�&��PXC

W[T� ½�W8	WßÝ�²P���P� �9�ô@²îM�Ý5�

8;XmÝËÍ¥�.�� ÇtÊ;~®p=�»ðXnÐÝ³õP�8

n¨é1�$�¢�% 2.29�2.30�2.28� 6.2�

5.6 óóó������@@@óóóÐÐÐÃÃÃ���nnnÜÜÜMMM

3~®�nÜMÝn;P�� ψ�ãà�|
@ó�Ìó�ùT�ó� �¯@

î�I5�á~®Ðó|@ó&9� �GóÂ�§�&ÆóàÝÐÃÎ
�ó�

�ÍZ��I5%Xî�`aùÎ|h�óÐÃXÿ� °39�&Æ¨²ùãÍ

@óI5®�nÜMÝOÕ� h×@Ðó�Ú
�MìÝ{úÐó �modulated

Gaussian function�� % 5.8 î3ëË�!±>ì �Ç 6.1 � 5.1 � � 4.0 m/sec�

®{�iø>�nÜM5µ��� î�ì�%5½�î¸à��@óÐÃ�»

ð� ×���� ã@ó»ð�|ú;�nÜM�;�-²�
� ôµÎ.`a

8! �-½Z�� 9×Fb`�|®ßbÃy¾½�;[TT®à�TÝ?
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�� h²$��|:�×°Î§¨é� fA3�±>ì� iþ®��l)Î�

y×Ë¦ÇW�ÝÏV� ùÇv«yØ±ûÒ�[T� �ï� ã@ó»ð�`

a�;�T�|Dá�½±>�¦�� x��Ý5µ�´�ê� �Í�nÜM

ÂJ��è>� 9×¨éù2â½®�W�¨é� ùTW![T� h²� ù

v2â�W5®� Ý8!®à� �î�Í��bø!FY�L»�
� 9F

�18nyi®��%�P� ùT��LF��P�TXÛÝ Fermi-Pasta-Ulam

recurrence phenomena [9, 13]� ¨b×F�|�ú1�ÝÎ�8E��#±T^b

��ÝW5®� Í@óÐÃ�nÜMÂù!ø¿{K�E¯�

% 5.9 |×®�JÞ�
 0.20 �ªñ¸¥lV®�®�ÍëÍ�?F�`�

5µ�;��¼1����%¨ép FPU L9D«�
� ëÍ�%Í�?F�C

®^�ûÒ5½
 2.3� 3.5�4.5 M�

% 5.10 ¨î{®�JÞ��ka = 0.30�ì×Íªñ¸¥®Í®{��!��

iø>� Ý�nÜM� Íî�%
~®ï� ì�%
®Hï� !ø2� &Æ

�|ã@ó~®�nÜM%zü2:Õ�!��``a�;�T� h`�i�b

´{�t��nÜMÂ� hÛDT�hª¸ñ¥®Í&aP�
��� �y®à

�×� DÌ®Hï� Í`a�ÃÎ%�ô5ï�z�

5.7 GGGrrr`̀̀²²²EEE���nnnÜÜÜMMM���ÅÅÅ(((

3 LDVÝ�?î� �!M�?i¿�kà�ËÍi>�5�� ãyh LDV �

 'nòy´\���Ù� Í�í��£�Î�{� �|� ¸à�b×ð`

^� Í�×Íî'Ý�@í��£�;� Ít��£G��l�¨×î'í�Â

�V 40%� h×��-²CWÝËÍi>�5�Gr`²���-²� ±�£

�Grð �b$VÏ�a�� % 5.11 � 5.12 5½�î3ËÍ�!£]8ã>

£ � 40 � 200 Hz� ì�{`²�±`²i>Grp�Í!M�?�®{Gr�

ãË%���8´y®��ø�b´{óB�T´{�Gr� ùT�1Î®��

ø��?ÍDT�;£òy�!�$� .�"D®ø�nÜM`� £]8ã>£

¬�mH{�

98



 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

W
av

el
et

 c
oh

er
en

ce
 (C

)
09/10/04-16:10[(37,90)WC-C10-Exp0-F40-Erf1<11.0,5.0>]

CW-B0QWxD4R0WC-B_Wind (F)

B0644-0642

B0544-0542

B0444-0442

 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

W
av

el
et

 c
oh

er
en

ce
 (R

)

09/10/04-16:10[(37,90)WC-R10-Exp0-F40-Erf1<11.0,5.0>]

CR-B0QWxD4R0RC-B_Wind (F)

B0644-0642

B0544-0542

B0444-0442

% 5.8� 3ëË�!±>ì�Ç 6.1�@a� � 5.1 ��Ìa��� 4.0 �yÌa�
m/sec�®{�iø>�nÜM5µ��� î�ì�%5½�î¸à��@óÐ

Ã�»ð� ÍXâ��¨é¢�/Z�

99



0 5 10 15 20

Time (sec)

1

2

3

4

5

Sca
le (

~ f
req

uen
cy 

in H
z)

[Adapted CWT, p0m2-wha.5 (9.71,5.47)] (1997/7/4-14:18:31)

1 0
Normalized Magnitude   [CWT  Amplitude]

0 5 10 15 20

Time (sec)

1

2

3

4

5

Sca
le (

~ f
req

uen
cy 

in H
z)

[Adapted CWT, p0m2-wha.4 (9.71,5.47)] (1997/7/4-14:36:10)

1 0
Normalized Magnitude   [CWT  Amplitude]

0 5 10 15 20

Time (sec)

1

2

3

4

5

Sca
le (

~ f
req

uen
cy 

in H
z)

[Adapted CWT, p0m2-wha.3 (9.71,5.47)] (1997/7/5-8:37:10)

1 0
Normalized Magnitude   [CWT  Amplitude]

% 5.9� h%|×ªñ¸¥lV®�®�Í`�5µ�;%1����%¨ép FPU L
9D«�
� h×ªñ¸¥lV®���®�JÞ�
 0.20 ëÍ�%5½�î

ëÍ�!�?F�Í�C®^�ûÒ5½
 2.3� 3.5�4.5 M�

100



 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

W
av

el
et

 c
oh

er
en

ce
 (R

)
09/10/04-16:10[(37,90)WC-R10-Exp0-F40-Erf1<11.0,5.0>]

CR-A0QM3DxR0RC-A_Stokes (F)

A0324-0322

A0334-0332

A0344-0342

A0354-0352

 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

Sp
ec

tra
l c

oh
er

en
ce

09/10/04-16:10[(37,64)SC]pts=256,#.sec=4,(f=40,inc=5)

CS-A0QM3DxR0SC-A_Stokes (F)

A0324-0322

A0334-0332

A0344-0342

A0354-0352

% 5.10� ~®@óÐó�nÜM�î%��®Hï�ì%�f´�Xà®�
×{®�
JÞ��ªñ¸¥®�ka = 0.30�� �nÜM
®{��!��iø>� �
ã~®�%��´��x�ñ bt{��nÜMóÂ�

101



% 5.13 Û
ëÍGr8! ��nÜMf´� î�%�~®ï� ì�%�®

Hï� 9�|×ªñ¸¥lV®
»� Í@a;
�?i>Gr�®{��nÜ

M� ¨ÞaJâb´±`²i>Grï� Í�×a��Ìa�;®{�±`²i

>Gr��nÜM� ¨×a�yÌa�JÎ{±`²i>Gr ��nÜM� %

��:�~®ïÍ�¨´®Hï¼ÿ§�)§� E~®ï��� â´±`²�`

a�1×lìª� �ÎE®Hï� ¸Æ3x� Ý)ÂÎ�ìª� �3x� 

²Ý`aJ�²®�#�� h²� E~®ï��� Ëfâ´±`²GrÝ`a

�1&ð×l� �{¥P� 9×FÎ�)§Ý� �.®{Gr��?i>Gr

�1ÎÞ�×�� .�Ïëï�Ëï��×�Í½Ý�nÜMTÎ8!Ý� �¨

×��:� 9°`a�ßÝD3b&ð�?Ý LDV�?�

5.8 888���···¯̄̄EEE���nnnÜÜÜMMM���ÅÅÅ(((

% 5.14 � 5.15 ;�!i��iø>8! Ý~®�®H�nÜM� Íîì�%

;5½�î�!®�JÞ�ì�¥ñ¸¥®�EÍ½Ý%��� Í�?KÎ38

!Ý��®�f�ì
�� î�%
�®�JÞ��ka = 0.06�ï� ì�%J


�®�JÞ��ka = 0.3�ï� ã~®î�%��� .
�!i�� LDV�

?¬&!M�X|Ç¸E8	%V��®�JÞ�ÏµìÝªñ¸¥®��� Í

.&!M�?�®ßÝ8�·¯[T�1ô���DT� 9×���1ÎÌ�D

T5É��&��P6�[T� °h��É�
`É�� �Äã~®�5%�Î

��×°ÜM�T� A�i�� b´{�nÜM� �y8ny®H�nÜM�

ËÍì�%� J¿{0�Õ�¢bLÝÜM¨é� �ï�E~®ï��� 3x

�ñîÍ�nÜM`a�ºR�®�� ¬E®Hï��� JNÍ2]K�¨Mø

Ý{±)�

î«
`É�[T� #ì¼&ÆlÚè É�8nÝ8�·¯� pÍ5½E

~®ÜM�®H�nÜM�ÅN� 5½A% 5.16 � 5.17Xî� h�è É�[

TÎãî��� ì*ÝëY®{�!`�?Xÿ®{8! Ý�nÜM
��®

�vl!ø|G��ËÍªñ¸¥®
»�î�ì�%�� hëY®{�Íî�

102



 .000  2.60  5.20  7.80  10.4  13.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 1

Time (sec)

cm
/se

c

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 1

Time (sec)

cm
/se

c

 .000  2.60  5.20  7.80  10.4  13.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 2

Time (sec)

cm
/se

c

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 2

Time (sec)

cm
/se

c

 .000  2.60  5.20  7.80  10.4  13.0xE0
-1.50

-.900

-.300

 .300

 .900

 1.50
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 4

Time (sec)

cm

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-1.50

-.900

-.300

 .300

 .900

 1.50
xE0

  ( f0 p3 c1 s9 i5 ) 09/02/04**08:22
Case: q0w6030
Chan: 4

Time (sec)

cm

% 5.11� £]8ã>£
 40 Hz ì�!M�?i>Gr�î°�%� �®{�ìË�

%�Gr� îË�%;±`²� LDV Gr� �Ë�%;{`²� LDV Gr�

103



 .000  2.60  5.20  7.80  10.4  13.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 1

Time (sec)

cm
/se

c

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 1

Time (sec)

cm
/se

c

 .000  2.60  5.20  7.80  10.4  13.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 2

Time (sec)

cm
/se

c

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-15.0

-9.00

-3.00

 3.00

 9.00

 15.0
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 2

Time (sec)

cm
/se

c

 .000  2.60  5.20  7.80  10.4  13.0xE0
-1.50

-.900

-.300

 .300

 .900

 1.50
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 4

Time (sec)

cm

 13.0  15.6  18.2  20.8  23.4  26.0xE0
-1.50

-.900

-.300

 .300

 .900

 1.50
xE0

  ( f0 p3 c1 s9 i1 ) 09/02/04**07:50
Case: q0w6030
Chan: 4

Time (sec)

cm

% 5.12� £]8ã>£
 200 Hz ì�!M�?i>Gr�î°�%� �®{�ìË�

%�Gr� îË�%;±`²� LDV Gr� �Ë�%;{`²ï� ã%��

ø�b´{óB�T´{�Gr� ¢´G×%� �|:�®�ø�?DT�;

£òy�!�$� .�"D®ø�nÜM`£]8ã>£�mH{�

104



 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

W
av

el
et

 c
oh

er
en

ce
 (C

)

09/10/04-16:13[(37,90)WC-C10-Exp0-F40-Erf1<11.0,5.0>]

CW-A0QM1D4R0WC-A_Stokes (F)

A0144-0142

A0144-0141

A0141-0142

 .000  2.00  4.00  6.00  8.00
xE0

 .000

 .250

 .500

 .750

 1.00

xE0

Frequency  (Hz)

Sp
ec

tra
l c

oh
er

en
ce

09/10/04-16:14[(37,64)SC]pts=256,#.sec=4,(f=40,inc=5)

CS-A0QM1D4R0SC-A_Stokes (F)

A0144-0142

A0144-0141

A0141-0142

% 5.13� 3×ªñ¸¥®�ì��ÇJÞ� ka = 0.06�� �!`²Gr8! ��nÜ

M`a� Í@a;
�?i>Gr�®{��nÜM� ¨ÞaJâ±`²i>
Gr� Í�Ìa
±`²i>Gr�®{ ï� �yÌaJÎ{±`²i>G

r ï� ¨î�%�~®ï� ì�%�®Hï�

105



*��ì*�5âûÒ5½
 120 C 10 cm� ��Q2� ã%&Æ�|àÆ�å

Õ~®�nÜM�®H�nÜM8EÝ��P� µ~®��� ãy�ì*� û

©b 10 cm ÆÍ�nÜMÂ��¼ÿ�� �ï� Íy{� �`aJù´8û

ûÒ´��®{� ��nÜMb�½è>� h×�
� DT�ÞÍÎ§¨é�

Í×;�¨��®�ßú�Î§¨é� ÍÞÛ1�#�^_C®^�b´�ÓÝ

®ø�� �y3�®�JÞ�ìËÍ�ûÒ�~®ÜM5µa3x�ñÂª
#

±� J1�h×��Ý&aP�
8	�½� ��ñ/&W5®� b½��L

»?����� ¨CÍW5®�8���� ¬�É�&��P�)� .�®ß

¥�8�·¯�

% 6.2 ¨|óÂÿa¼1�ÿW[T�8�·¯X��ñ¼�º�Å(� Í

;|ËÍ8ÏM��~®)WGrÝ°ñf�H�|�î� %�î�%î× 1024

F���t�ËÍ8ÏM�� Lemarié ~®)WGr� Í¼��;
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¨é¼fa�Ga;�Ý"D� £��|1� i®ÿat

ÊÐÃÝ�WÃ.� ÎEïyÍZyÒ÷r½Ý"´� ��nÜMî��¨�

JÎh×Ã.
×M¢ã=�r½î}Ì©PÝöÃ�X�WÝ¨é� b�Äb

.� b.�ÿ�� F§ËË�ÎÄÇÍ§� §ÄRÍÎ�

41� G«�a;Eh@~��¡��� ��Ûè��ß� ¬39×a��

&Æ
×M¢ã×°f´ë÷Ý�é¼�1Ù�9°Ã.��
¨é� 4�ë÷

¬9ËËP�µÇ.�� ¯�&�� !
�n� �l��x�Ý¡Fb� Ò÷

»ð�=�»ð��![T� Ñø�&Ñø��!��� »ð;ó³õP��
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6.2 ààà###YYY'''IIIÉÉÉ¶¶¶���®®®ààà���AAA»»»���^̂̂×××

E×�Ó�Ù/Ý®àÄ�TGr�;¨éÝ"�� &Ætð�ÝW°µÎf´

.��ËïÝ®H�Tï1Îf´íá�í�Gr��H� 9øÝ×Íf´Å9

ºÍÂÕ¢Ë®Þ� Îh�´��"DÝ� % 6.1ÝA»�^×Ñ1�Ý9×®


� ôÿ|¯ß�5Ý�¸X��èºÝ*>~bA¢�

'u&Æb×íáGr� �9×Gr3×Í�ÓÝ�Ù��åÕ&Ë.�Ý

Å(T��.ôÝ®àì®ßÝ×Íí�Gr� h`&Æ�µ9°.�E&W5

®Ýá)[T�|¡�� J×Í&ð�QÝ®°µÎf´íá�í�Gr�»ð

�H� 9×ÌF�ÍW°�1&ðà#��|� �Í¸àôF��>� �Î9

�m1�ÝÎ� 9Î×ÍÁÍ�3ùvÎ®Þ¥¥Ý®°� ×�|Ã�� 9×

�Hf´°X�®Þµ�!×ÍY'IÉ¶��deconvolution�X�®Þ� �Í

Ä�XÍÂÝ¥�pÞÍ§#��¯¢�A»�^×%1�Aì�

'uíáGr
 f (t) �í�Gr
 g(t) �A»�[TÐó
 h(t)� �Í°ñ

fr½�ETÐó5½
 F(t) �G(t) �H(t)� JIÉ¶�C°ñf»ðgEn

;PAì�

h(t) ⇐⇒ H(ω), (6.1)

h(t) ? f (t) ⇐⇒ H(ω)F(ω). (6.2)

h��ÔNr�î t � ω �|!8*ð� µA»�^×%�'bìP�

H(ω)F(ω) = G(ω), (6.3)
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ãhP&Æ�|8	à#Ý-��9×A»�^×ÍE&W5®Ý®àµÎAì

ÝËÍ®H�8t�

H(ω) =
G(ω)
F(ω)

. (6.4)

ô.h� �ÙÝ®à.�Íá)DT®àÐó�impulse response function� µÎ

AìÝà#Y'IÉ¶�Ðó� direct deconvolution�

h(t) = F−1
[

G(ω)
F(ω)

]
. (6.5)

9�XÍÂÝ®ÞÎ9]«Ý� ¬QÎÌ���� .�ô¸ÿ¸3��î�¸

àîK�"p�� 9×6K8ny�¨35ÒÝÐó F(ω)� §¡î 6.5 P��

Î���WñÝ� .
 F(ω) Î��
ëÝ� �3@²îTóÂ��î� ×Í

Ò÷óÂ5�ø�ÄQÎòyb§P²Ý�ôÄQÎ×Íá)&ËP°�¹Ý

0-T�«�ÕÝÄ�� 9	�&Ë�®àX3Kb� AÒ÷®HÎDT=�

®H5µÝ×ËÎ�Ï£ÕÂ�periodogram estimations�� h²°ñf®HÎ

×ËÙ�£ÕÂ� ×�ñb�¥Ý�²��P� ¬v#pb[£2�|;�

TÞã; [20]�?b#ï� �9@jÏµÍW5®HÎG5µy×Íê�ñ�

Ç¸b5µ`aôGÎ/�yJÍóÂ�§OÕ�£P�/Ý×Í«ê  �

.hE�I5��#�Ý ½� ÍóÂ����I5GÒË@Â� T1KÎ

0-� ù#T�D3� AÎ�Æ� ËÍ®H�8tÍÍ²µÎ×Í0-w�

 � �1&ð��ê� §¡îTóÂî©�D3b×FÎëóÂÝW5� £J

ÍY»ð2Pôµ�D3�J���� h�Ý½ÎÎXÛÝ5Ù�à#Y'I

É¶�6 �direct source deconvolution�� ¸3óÂ5�r½î�Ì
5M»�

Â;[T6 �effects of amplitude equalization�� ¸??�W×Í�£r½Ý{

;� �high-pass window�� 3·¯ÅNì� h×l�
×MÞ&4��Pw�

[22]�|î.§1�Ý9×�§]PÝ�¥þ´� ¬�ßö8ÝÎ� &Æ�ÎB

ðº:Õ9øÝ×Í®
� ÍA»�^×��	à¼5��Ó�Ù�ÝM��;

¨éT®à[T� |ìÝa;T�èº?Ì��@Ý�1�
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% 6.1� ×Í®Þ¥¥ÝA»�^×�h×��%îÌ�R�h��nÜMÍ3°ñfr
½C~®r½�¨-²ÝI5¥�.ô� h×^×Wñ�ÍÝ®ÞÎ3yËG

r�®H;ó5µ�à#¤ÂÎÍb@²Ý¥�P� A�à#ãí��íáG

r�®H¤Â� JhA»�^×®àÇ��í�GrÎ
íáGr�Ø×áµ
DTÐó�impulse response function��IÉ¶��convolution�� ôµÎ19
×A»�^×Î
í��íáGr� ÝY'IÉ¶��deconvolution�� 9×

ÌF�W°:«&ð��� ��¸Î×Í0-ÁÍ�¥ÝÄ�� �|Ý.§A

/ZXî� �h%/3Ý®Þù8ny®Hà#f´XÄ6�ÊÝ®Þ� !`
¸ù�% 6.2X��â�Û68n� h²$m�Ê`è�;PCÍ¸&øóÂ�

�PX��»ð�
[T�
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6.3 ������[[[TTT���888���···¯̄̄

×Í�ÓM�C9-®àÝ�Ù;ðp|�¹{�!JPT{B��`èîÝ�

��;T�BÎðV� % 6.2 3ÃFîM�9°¨éE®HCÑøÐÃXñ¼Ý

ÅN� 9×Í%ô�|R�
¢b°@~�óÂ5�ÍóA5µë÷� ���þ

zhûP�1�æ�

�®H§¡î&Æá¼� A�×ÍGr^b�8n�TÎËÍGr^bø8

n� Jµþz�H�T��H�� 'u×Í®TÍW5®�ßú�#y� J8

ny�®Ý8nÐó5µÍD3a�ù!øyõ� �8T��H/�Ç8Eß3

T����p| ½� ¸àAhß3Ý®H/�¼�Y'IÉ¶��1P#�

L��à#f´:ù���� % 6.2XÜ�é41f´ÁÐ� ¬#ÎÌ��ç�

3%�&Æ|ËÍ Lemarié ~®�)W¼ÿa×ÍGrXâ¦�P®�� ÃÍî

h���ãËÍ�M�Ý~®� Í¼��;
8Ty��~®;ó- e600 �~

®D»ð �Ç�yÏ 600 F���Â�D»ð�ÿ� �Gr��
 1024 F��

���;
8Ty��~®;ó- e470 �~®D»ð� ÍM�$´ e600ï�×

$� 9°óC×]«Î�^� ×]«ô�1Î©��óCËÍ�M�¯&Æ�

|���å	I�;E�£5µX��ñ¼Ý�\� �ËÍ�HFÝóCô��

ÕGrM�®ß�HXSlÝ¨é� ùT1Î8�[T� �9×[Tyh�XS

lÝPÏÛÎ®H5µ�º»®�� ?Ì�Ý1�XÛÝÆ�� Î¯ËÍ	I

Gr5�#�� �ÒÝ÷GJ9×®�Pµ÷k¦� �XÛÝ�^� JÎ13

×Ë@�BÏµì� &Æ??P°ß�`èîÝsßP� ��� ÌßuJËÍ

vAh%ÝGr¼�®Hf´TY'IÉ¶�� £ºãÿ9KbL�Ý��	

G��1�A�àó.2P¼ÙÕ� ô�ÄÎì«ËÍ°ñf»ðn;P�

��

f (t − τ) ⇐⇒ e−iωτ F(ω), (6.6)

| f (t)+ g(t)|2 ⇐⇒ |F(ω)+ G(ω)|2. (6.7)
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!ø2� h�ÔNr� t � ω �|!8*ð �¬��D3×ðó¶�-� ÐÚ

°ñf»ðP��L
¢�� h2P�Ì��é�1Î� 3×Ír½/ÝÉ�º

�WETr½/Ý��� �!�H�	I®�CW¨×r½Ý¦�®�� Î
°

ñf»ð�gE©P�duality properties��×� �ï� Ç¸ÏÞÍ	I��Ý

}ñ®HÿÂ�modulus�Î!yÏ×Í��Í}ñÝ®HÿÂ� ¬ËÍ��Ý

)WGr�®HÿÂÎ�!yÍ½��ÍÿÂÝ)W� ôµÎ1� 4Q°ñf»

ðEW5GrÎ×ÍaP®¼� ¬�H¬&aPÄ�� ùT1Î)WGr���

®H5µ��yÍ½�H5µ�õ�

|î�Ïµ$Î.§îÝ¨é� Í¸�m�ÊÝÎ@jóÂø�X��Sá

Ý×°�@�P� Ab§��� b§Yâ��� ��TÔ�®H�î�L��

TÞî�HEÌP�Î§�16�P��

6.4 ®®®HHH¥¥¥���PPP®®®ÞÞÞ

|î�F1�ÃÍî8ny®HTàÍ�1��hûP®Þ�
�úEh¨éÝ

¡�� ��
×M-I�ºhv��P��� &Æ|®���iþ�Ý±ß®ø

�Gr� ¢ãËË�!Ý®�óA5�ÌF� ¼�|M�� ô!`�î�!5

�°ÍÍ½�y��

� 6.1 îëà�?GrÍ®{�i>Ù�Â� Í;|FÙÝ®�÷ë�Ù�°


�� 9ëà±ß®ø��?KÎ3��×øÝ��f�ì�ÿ� Grãøa

`
 240J� ãø�£
 40 Hz� ëàGr�ÏÞ�¼GrKÎ!×F�®{�

?� Ï×�¼GrJ5½Î3ëÍ�!i� �Ò�i�5½
 3�4�5 cm��

è Ké�i>�?� �®{�i>�?�HÃÍî�Ú
3!×U\«î �î

ì*8û 0.6 cm�� AÎ� ÏÞ�¼�®{ÃÍî�Ú
¥«���Gr� ã

�ÿá�Í½���®{GrÍ&4Ù�Â�1ÎÁÐÙ)� .h� �÷ë�

Ù�ÌF��� h×®��Ïµ� 3h�?WðìÍóÂÙ�5��Î¾Õ§�

Ý%��V �stationary condition�� ©Îµ®HÌF�¡� 9øÝ×Í%��

VQ�1Î���2.�Ý� % 6.3 �9ëàGr��H� ÍîI�%
®{¥
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% 6.2� Í%|ËÍ8ÏM��~®)WGrÍ°ñf�H1�ÿW[T�8�·¯�Å
(� î%î× 1024 F���t�ËÍ8ÏM�� Lemarié ~®)WGr�Í¼

��;
8Ty��~®;ó- e600 �~®D»ð����;
8Ty��~

®;ó- e470 �~®D»ð�ì�%J
)WGr�°ñf�H� h%�	�

î`�P�8�P9ËÍ.�E°ñf�HùTÑøÐÃÍ8nTà5�X��

ñ¼�º�Å(�
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«�?��H� ìI�%J
�!i���i>Gr�H� �¼��%5½Îã

�!°ñf5�¢ó� ãËÍî�%��Í¥«�?��HÎ#p1Î¥¨� ¬

¨×]«A�f´î�%�ì�%�!×à®ø��?� J&Æ�|:Õ®{�

i>��H�Ï�ÕÎ×lÝ� hÛ.
3!×à�?n�®{�i>Ý8��

P¡Î3` îTè î� KÎ8×lÝ� DÌ�!�?à� Í8! µD3

Ý` îÝ8�-� �GGÎ9×` 8�Ý�!� µñ¼Ý�¥Ý��¥¨P

®Þ� î«ËËÏµ�5�¨Ý®àÇ
58�[T6� ÃÍî� E×Íýú

�Ù&ÆÎP°ßé�!�?Í�!8�ÏµÝ� Ãh� ÞIÝ®Hf´�
�

�¯�
�{	 bÝ9øÝ-á� A�&Æ.9°¨é«G�ÝA»�^×TY

'IÉ¶�[T�|nÐ� £&Æ�p
×MÝ��GÝ)Ê� ô�|Ì��º

®H�nÜMÍ�¨�
°J�

¨¼��%Í°ñf5�¢ó�óÂ�§;µÇt{�ã�æJ� |ª3Í

5µ��²P� ¬ã Blackman l�|3K\&[T� ¼�%Í ðFó
 512

F� ��ã�
 36� ��%Í ðFó
 1024 F� �ã�
 17� �ã�{J

®H���-� D��ã�±J®H ²P���¥«P¾½P��ª±�

#½¯&Æ|¨×Ëf´Î§P�àÆ;ÝW�]P� ¼��1�¢|ºb

9øÝ�@�PC��¥«P� % 6.4 î±®iþÍîì*ËY®{�Xÿ®{

��8n;ó5µa�� ã%��Í5µ��!JPÏ� v�8nóÂ¦�<

3� �8nKAh� ?Æ¡ø8nÝ� 9øÝÏµP��î� µ®HÌF�

�� 9°®��"µ�´Ý¸ÆÝ�5� Í³�5�pn	I`èÝP;�

6.5 ÚÚÚoooÂÂÂ���³³³õõõPPP

G«ó;½¥yÒ÷r½/�©½Î8ny°ñf»ðÝ¨é�1� �µ�nÜ

MWµ�¨��� tÝÄQh�yzÂdã��²� =��Ò÷5�X��!.

§©P� ÛlyÍ[Tÿ´� 3h����!Ú�� 9�x��Ë]«�|�

Õ�
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� 6.1� |FÙÝ®�÷ë�Ù�°Xÿ�ëà±ß®ø��?GrÙ�Â� 9ëà�
?KÎ3��×øÝ��f�ì�ÿ� ÏÞ�¼GrKÎ!×F�®{�?�
Ï×�¼GrJ5½Î3ëÍ�!i� �Ò�i�5½
 3�4�5 cm��i>
�?� �®{�i>�?�HÃÍî�Ú
3!×U\«î� Grãøa`

240J� ãø�£
 40 Hz� AÎ� ÏÞ�¼�®{ÃÍî�Ú
¥«���G

r� ã�ÿá�Í½���®{GrÍ&4Ù�Â�1ÎÁÐÙ)� .h� �
÷ë�Ù�ÌF��� h×óÂ5�Wð�¾§�Ý%��V� Q9×��Q

�®HÌFï�8A1�

Case : f0w6030.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:19:05.48 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 554 26.74 23.67 23.04 20.20 17.38 15.92 12.03 12.93 .44 .44 .44 .43 .44

2. 572 2.90 2.69 2.61 2.33 2.04 1.89 1.44 1.54 .44 .44 .43 .42 .42

Case : f0w6040.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:14:05.76 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 22.81 20.65 20.52 17.04 14.48 13.32 10.35 11.01 .45 .44 .44 .44 .45

2. 563 2.98 2.88 2.72 2.35 2.04 1.89 1.46 1.55 .44 .43 .43 .43 .43

Case : f0w6050.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:00:30.72 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 17.62 16.49 16.30 14.02 11.94 10.97 8.22 8.88 .45 .44 .44 .44 .45

2. 562 2.83 2.74 2.72 2.36 2.06 1.91 1.45 1.55 .44 .44 .44 .43 .43

----------------------------------------------------------------------------------------------------

Units:: Aqueous flow (Ch1:H): cm/s

Surface wave (Ch2:H): cm

Period (T): s
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% 6.3�8Ty� 6.1Xîëà®ø�Gr��H� ÍîI�%
®{¥«�?��H�
ìI�%J
�!i���i>Gr�H� �¼��%5½Îã�!°ñf5

�¢ó� ¼��%Í8ny�ã�� ð�5Fó5½

 512 � 1024 F� ã

� 6.1 �h%�f´� �#Î�@2:�� Ç¸µ÷ë�Ù�ÌF��� h×

®��Ïµ�¾Õ§�Ý%��V� ¬µ®HÌF�¡� 9×Í%��VQ�

1Î���2.�Ý� h%�% 6.1 C 6.2 Î!
nÐÝ� Íùèî®H�nÜ

M��¨�
� ùvÎA»�^×TY'IÉ¶�[TXm���Ê.ô�
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5½
îì*®{Gr��8n;ó;� %î�8n;óÂ±ìv">ª3�
9�ÝÎ§L�Î�|�Õ
� |°ñf®HÌF��� hiþ±ß®�"�
´�&�ýúP�� Í®HÙ�%�PÏ�)Ê��

123



´�Î���Ý®Þ� Ò÷~®»ðÍ&M�$� Ý��ÂÎ
Eó�;

n; �Ç| 2
9��!�g]�� ��!M�ìÝÉ��-ûùÎ
Eó�;

n;� �Ò÷°ñf»ðÍM� â� Ç�£ â�
aP�Â¦3� °~®

�nÜMóÂ°�É�¢ó� P¡3!×M�$T�!M�$� ÍÉ��¿{Î

������ ©�ÎÉ����yãø�£Ç��

�ïµÎÚoÂ�³õPÝ®Þ� ×ÍÒ÷~®ÐÃÍ/)/Ý&Í~®Ð

ó3ÃFî�!×ËXÛÝoÚ�frame�� �hÐÃ/)J��ÕXÛÝÚoà

)îìÁ§Â�TÚoÂ�frame bounds�� 9×§FÎ.N×W5~®Ú
×

4x�C]� �9°x�C]��HK� ¬ù�àH9� 	Q?�mPM9�

ôµÎ1� 9ÚoÂbÍîì5µP�� �AhÝ5µP�  µbXÛÝêÛ

T³õ¨é� h²�8EyåÛÚo²�tight frame�� b°@~XàÝ~®Ð

ÃGÎ�låÛ�relatively tight��

|îÝÚoÂ¡FÎjEÒ÷~®»ð��� �Îh�~®�nÜMXàÝ

Î=�~®� Q�=�~®ÍWñX�OÝf�Î8E&ð´ê� ¸�����

D¡�T�D3îìÁ§ÚoÂ� AÎ{� h�ÚoÂD3�Í� ÑÎÌß-


n"y~®�nÜMo��¨Ý¥�.�� �9×.�ôµÎ9�X�"DÝ

³õP�redundancy��

Fì¯ÎP�ÿ´! � Ò÷~®»ð�ÚoÂ�=�~®»ð�³õPÑ

ÎAhÝÌï� �X|óCÒ÷Î.
¸ÝÞ��[£�ýY��âW� ¬ô.


9°©P� ¸�ÿ\\�´��û�ÝÓ²� ô���;iâ� ôÑ.
¸

HÞã��V� ��×°ýúT�Ó¨é}}�á� �9øÝþFÑÎ=�~®

»ðX��¨��� ¸Ý�¨Î¢ãÍW5M� �!����¯�&���q

�����;��

î×ðÝ1°�'yB�Xÿ�&ÑP��ÇP�Î§;��� #½&Æà

f´ÑPÞ@Ý]P¼
×M1�ÚoÂC³õP�
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u×Ðó ψ(t) kÐ)=�~®»ð�~®� £¸Ý°×�OµÎ ψ(t) Ð)

5á.f�6�admissability condition��

2π
∫

∞

−∞

|ψ̂(ω)|2

|ω|
dω = Cψ , (6.8)

P� Cψ Î
ðó� ¬ã ψ ��X�� � ψ̂(ω) Î
 ψ(t)Ý°ñf»ð� ¨î

P�Xã�°ñf»ðETr½ n;P�L
 ψ̂(ω) =
1

√
2π

∫
∞

−∞
ψ(t)e−iωtdt C

ψ(t) =
1

√
2π

∫
∞

−∞
ψ̂(ω)eiωtdω�

h×á.f�ÎJ¥ìÝ�H)�� ¸Þ�H|�£ÝÅó�îJ¥� .h

�£÷{J¥÷±� �£÷±J¥÷{� ¨²)�ÄmÎ��� ô.h� há

.f���½� ~®ÍW5M�3±� Ý��ÄmÎ��ðù� �Ê	[e�

¨²á.f�2P��b×4ó.�O� ôµÎ~®®�`a�;EU���5


ë� ÇÍ¿íÂÄm
ë� á)9°�é� ×Í¥�-á�ÿAì� ~®Ý

ÃÍmTÌFµÎ~®Äm)§<3� �Í5µYâ��ôTb)§Ý§�� Ç

¸ó.îô&P§�� ¬�K¸ÎÁ��½� ��!�E¯� AÎ� ~®ÝÌ

F���35��6]«� �Î31¸Ý5b§ßú6�

u. ψ(t) Ú
Ò~®� £¸Ý�ß~®Î
 ψa,b(t) =
1

√
aψ(

t−b
a )� P� a Î

M�¢ó� ��M�¨¹�i¿]'w�¹�� b ÎÉ��;¢ó� ���ß~

®Ísß�H� � a > 0� a ∈ R� b ∈ R� ¨P�Ý 1
√

a ÎjE L2-norm "DP

�ìÝð!;�l;ó� ��kà]'�w�¹��

	Q ψa,b ôÐ)á.f�� á.f��1ÎÁÍ´ê� ¸E×B�ÿ

Ýó�Gr
�=�~®»ð`Ý³õP$�ì«�1� ãyÒ÷»ðÝ

~®ÄQºÐ)=�~®Ýá.f�� .hu.×ÍÒ÷~®ày=�»

ð � £ &Æµ � | Ý � % � § ³ õP� h`µ m 1�Ò ÷ ~®ÝoÚ P

ψa0,b0; j,k(t) = a0
− j/2ψ(a− j

0 t − kb0)� �G��Ý a �WP�ÝÒ÷¨¹M� a j
0 �

� b �WP�ÝÒ÷É��� a j
0 kb0� ¨ j, k ∈ Z� a0 6= 1� b0 > 0� �Ä� ×
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ÍÒ÷~®Ý�oÚÄmÜ²Ð)ì×5%�f�6 �stability condition��

b0 A ≤ 2π
∑
j∈Z

|ψ̂(a0
jω)|

2
≤ b0 B. (6.9)

P� A � B 
ÑÂðó� � 0 < A ≤ B < ∞� hPÝ b0 � 2π ðóÂ;Æ�1

º� ×]«g)~®ÐÃð!;��L� ¨×]«ô¯ A « B ÂÝ���|]

-X�³õP� h×Ò÷»ð%�f�Ï«hé� ¬Í@jâLQ#���¯

1�Aì�
Ý¸×Í»ðÄ��Y;� &Æm�ÝÎ×ÍÌb[ePÝóÂÄ

�� 9×Ä�Î1� 	&Æ.¸Ý&ÍW5®TW5M����À`¸Ìb[e

Ý�
� ôAh� &ÍW5M�Ý���)W�ÿ
ë� ù��P§�u)W

Â
ë� J%�K�D3�u)WÂ
P§� J�9°W5M�Í`��5µ

PÏ�¥PPÄy�¥� ¸Æ�ÎH8µ� µÎH��3×R� ÑA'�¿¢

n� ËÍ¿{¿�Ý'��ÎÞî¿«î�?Ý'�Ã�vector basis�� ¨²�

�1�ÝÎ� á.f�GjEÒ~®� ¬%�f�J�mjE�ß~®'§�

�Õã~®»ð;ó¼¥�×ÍÐó� £ÄQº�¨×Í<g~®�µÑø

~®ÐÃ��� Í<g~®!yæ~®� Ç�<g�� ¨�¢5��¥�Ä�

Í~®�<g~®Ý��Î�!ðÝ� .hî�³õPÝW�ù;ày<g~

®� ©Îh`ÝÚoÁ§ÂTb-²� ÑAG«a;�zÂ�¨��!�

A�ÞÃmÐóð!;� ¬Þ%�f��îì  �|Á§;� ÇÞ A � B

�
�

A = inf

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (6.10)

B = sup

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (6.11)

u A � B 8��J³õPÝ��ÂÎ
 A � B Ý¿íÂ� Ç A+B
2 � �y=�~

®»ð�³õP�|Aì�1� 'u×à8TyÒ÷¨¹M�CÉ�¢óÃÍÙ

��;�
 (a0, b0)Ý~®ÐÃÍÚoÁ§Â
 A � B� Ju&Æ.Ò÷¨¹M
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�CÉ�¢óÃÍÙ��;�;
 (a0/2, b0/2) � JÍÚoÁ§ÂÄÞâ��Ý

ÚoÁ§Â� �vh�;¨®àÎ
=�»ð���� 9×Ïµù1�=�~®

»ð¬PD»ð��Â�

¨×Í8	|yÝ�Ýà#�ÕÎ� 	.=�~®»ðTàyX[/B�Ý

Ò÷£]�ó�óA	Q���b§¡îÝ=��`� EN×ÍM���� ¸

Ý»ð;ó�Î!yóAFó� �Î&Æ�|óC����M�� ô.h&ÆÃ

ÍîÎbP§9Ý=�~®»ð;ó� .�T��p�	� 9°;ó���Ý)

�Î�|A¢ÿ�� ¬¨×]«� Gr��ÄQÎ×�Â� �ï� A�ËÍ8

ÏM�#Î#�� ���á� Í»ð;ó5µùÞ8�� ôAÎ¡�=�»ð

�³õP®Þ�

³õP3×°TàîüQbÍ��þF� Í)ÊA� �P�xp|�� ÑD

»ðÆ�[£� Gr¥��J�8�P�� ¬@~�î³õPùbÍà�� A

ì«ÝËË¥�©P�

Í×� ³õP���3�D»ð¥�`� &ÆÄm¸à&ð9Ý»ð;ó

|�ãæGr��?�%`� ôµÎ1�8´yåÛoÚ� ùTÎ�9åÛo

Ú� &Æ)ÿ|8E�KÝ;ó�¼¥¨æ�Gr� 9×µ»�| Mallat and

Zhong [17] C Froment and Mallat [10]Ý@~@ß� 3Ï×ÍÝ@~n� �ÆÎã

àÞg]P�quadratic�5ÊÐó	
~®|@~Þî%	�¥�� ��ÆXã

àÝ»ð;óÎKó ½îXsßÝ	It�Â;ó� ?b#ï� �ÆXãàÝ

~®G�1Î×Ëê÷�Î�Þ@��Ý~®� .
¸ÝÚoÁ§ÂD3�Í�

#TÎá.f�� Î�Ð)§¡�ó.�ß� ¬Ç¸Î��QÝ~®� ô©ã

K�Ý	IÁ§Â� Í~®°¥�Å	ÝÚÆ�¨J#Î8��

ÍÞ� ³õP�î2�y/�£]�Ý�Q·¯�TÎ.
óÂÄ��XS

áÝ&v0-�A��¨é�� �|¢ã��Ý»ð;ó�Ù��|�tTª

3� �9×µ»Ñ�|h�~®�nÜM�8²�¨ß�� ¨²m�1�ÝÎ�

³õP9>3TàîÝ[ÇTbÍ§�� ÍàH�¨ô&ÑA×Í{úÐó�á

�5µ`a� 3Ø×$ð|¡µ¾Õ÷õ�Wi¿�T� µh�~®�nÜMÝ

�Þî� óA��mOÇDT9×¨é� ôµÎ1� 3h���f�ì� ¸à
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1024 FÝ[�£]µ8	#�¸à#�£]ï� .�Í[£DT�>� ô�"

÷õ�

=�~®»ð�á.f��Ò÷~®»ð�%�f�D3¥�ÄP-²� %

�f�ÎÄ�f�� ¬&��Cã×à (ψ, a0, b0) µ��W~®oÚ� �ï%�

f�4Q3§¡îÎÄQ�¥¨�¢Ðó� ¬@jîÍóÂ�
ÎÄ�P�)Ê

��� �9×)ÊÑ�îÑø�&Ñø� ùT³õP�bPÍX��®ßÝ[

T� % 6.5 � 6.6Xî|øÑøÒ÷~®X®�`a�"óÂ��Ñ�1�9×

)Ê� ÍÛ¢ã~®`a	IîÝ=�w�¼l?óÂ�¨�
� AÍ[eP�

%�P� %�&ÆEËÍøÑø~®Í3Ø×M��®�ÝØ×F�|	I=�

w�� Í#æ�"f»
 26� Çw�M�$
 (26, 212, 218)� % 6.5 �øÑø~

®ÍX�®lJ¥;ó�
 4Í� �% 6.6X�®lJ¥;ó�
 20Í� ¸à 4

ÍJ¥;óï� Í�"Ä�´�ÝÍæ�óÂ­���O� ôµÎ1� §¡î

D3Ý[eP3óÂ�Õ��´Ý� ¸à 20ÍJ¥;óï� Í�"Ä��Ý[

ePô�Î�§�� �vÍ`aHE]'Pô¼���� �ã9 4Í� 20ÍJ

¥;ó�ÝEï� &Æ�|�ºÕÞ��[£X��}�Ý��� ��ã9×F

�|.Â� &ÆTô�|�åÑø&Ñøp³õPX
¢3�

6.6 MMM������µµµ���

�G&Æ�¼�� i®Î§ÿa�tÊÐÃãÒ÷r½|�=�r½bÁÍ5o

�QÝ.�P� �µ~®�nÜM�Wµ��� &Æ$Î�ç¼�Ý×Í�En

"ÛÎ� ;5M�6
5µ�6� 9×»;�Î§y�®ß� @à�Ây��

²�

üF5Ê~®Î×@óÒ÷~®� ©�bM�� Í.§.�îÎ���3{

�£Tµ�Ý� �ÎüF5Ê~®3Ê	Ý¢óóCì� ¸&ð#�y{ú��

Ðó� �{ú��ÐóêÁ
�«y�¿~®�@ITÌI� .
�¿~®@j

îÛÑÑ;Ý{ú��Ðó� h×ÑÑÎ
Ý¸Íÿ|��~®á.f�� Q�

9×ÑÑ43��9óÝ��K8E��� ôAÎ� 9×ãÒ÷|�=��.�
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 (26, 212, 218)�a�b�c�%�� høÑø~®ÍX�®lJ¥;ó�
 4Í�
ã&�%��� Í�"Ä�´�ÝÍæ�óÂ­���O� ôµÎ1� §¡î

D3Ý[eP3óÂ�Õ��´Ý�8n�"£]
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 150� ~
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2 ��
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�Q2ñáÝµ�ôS�Ýó4¥�.�� 9°.���8X� |ì¯&Æ¼�

19°!
nÐÝW?.ô�

Í×� DT~®�ÏEÌ�Í�ÅN — ×à®l;ó5µu�ÌbEÌP

TDEÌP� JÍ»ðÄ�µ�ÌbaP8�l®�linear phase filtering�Ý�

�� �ÎaP8�l®QÎ×Í@àÝ¥�.�� ¸ÝÎ§�LÎ1� °�Ý

»ð;ó-²�º�¼¥¨GrÝM²-½� ùT1Î�®�b×°;�Í»ð

;ó�lyF-2G�

ÍÞ�
×MDT~®�xÉ�Ðó�scaling function��Ï�ÅN� Ç®�

��MP — É�ÐóPÏÎ´Ï×4®l;ó5µ?

;�T{$Ý×4¥

�ó§CÎ§P.�� ÍùÎ�WtÊÒ÷ÿaÐÃÝX�.�� 3�G©P8

�Ðó�5µ"D�� &Ædã�üF5Ê~®Íë8��;�©P� h×©P

8TyÉ�Ðó��ÑP� �9×�ÑPJDT3~®Ý�MP� Çb®�Ä�

J� 9�Ý¥�Î§Î1� 9×ÿa~®Ý®��Û8	â5� �PN�PM

�� A�×Í~®ñÒÝh4CG×4�O� £9×~®Ý#×�«P�fractal

nature� «&ÆEi®ÝFÙ-áµ�¹}}�á� ¨×]«� £°®l;ó�

÷Îb§T´KÝ~®� ÍÓ×�«Pµ?ÎM�� �qÌÚÆ�\P�

Íë� ·¯C0-ª3®à — 3GË4.�D3ì� �nÜM¢ã³õP

Ý®à� ÿ|Þ0-C·¯4t� % 1.1� 1.2 ��9~®®��"% �A%

6.5�6.6�T�T²�î�&F8n�

Í°�héÝM�EïyÌ�Ýµ� — µ�Ý�¨ÿ|�QY�G«ëÍ¥

�.�� ×]«á)&4©²� ×]«Ì�Ý"¨�Î§� LÍÎ8�¢óÝ

Sá� .�µ��SáôÎWµ~®�nÜMÝn"®
�þKÝ9×F� £

&ÆEG«ë4Ý-á� �Îº8	�»@��@j� |ìµÎ&ÆE9×n"

FÝ�1�

¿{Xb��9óÝ~®�©½ÎXbÒ÷~®� K©ÌbM�Ý�î� Í

®ß�ÛmP�£ÝnÐ� M� a ÎP.g�� ¸Î8EyÒ~®��Ýf£

Â� ×ÍM�ÂÕ9��¢×@jM�� ¢×�Ï� ¢×Yâ��� ¢×R�

��� 33¯ßp|@jRc�Ef¢ï� Í�|ß�� ��î£]/��¯
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�-²�5�W°���� J�G8nW��¾héÿW�Î§?Î�z���

P¡Î��� �Î�P� ��KÎÚ¶��r�:�ôp� �ö8Ý� 9Ë©

à a ¼�îÍÎ§5���Ý@~QôF��>�

�G&Æù�îÄ� &Æ�5º2ÿ|3=�~®r½�0Õ×ÍETyX

dãÿÒ÷r½�üF5Ê~®� 9��X|Ì5ºÎ�b`ã� .
=�Ý�

¿~®�Ò÷ÝüF5Ê~®3ó.§¡îÝqÃ�1mP�Ù� �Î� ô.


9×ETn;� &Æÿ|®�ÄhéÝM���
áÌ��b�£nÐÝM��

|C!øÌ�£nÐÝ~®É���� 9×�£nÐÛÎ� &Æÿ|Þ�¿Ò~

®Ý®�<3¢óÂ�M���Â;Wµ�� ¨²×Í5º`ãJÎ1���Î

&Æ��3Â½Ò÷r½�Ý�9vl�dã�ÿatÊ~®� ¬0�Í.§.

�� Q¡¢ã=�r½/Ý�nÜM�¨f´@~� £&Æ¢|ö1i®ÿat

Ê=�~®Î�¿~®� .
¯@î� &Æ�@~�nÜM� &ÆqÍ�|à

#ã=�r½ìW� �����_��Ñø�üF5Ê~®�8E2� DÄ¼

1� A���Î&Æb=�~®3��óAîTàÝ@ß� £&ÆMö.üF5

ÊÒ÷~®�¡
tÊ� 9�ÝÒ÷�=�� ¯ß&�&ß¯� ¯èº.§l

��&èºTà@ß� �ôÕÎ5�`6�5^º6[	

G�Ý5�`6�5^º6ôµ3yµ�Ý×a�� lÚ�¿~®Ý¹w�

ß~®� Ç

ψa

(
t − b

a

)
= π−1/4

[
e−i ω0(a)

a (t−b)
− e−ω0(a)2/2

]
e−

(t−b)2

2a2 , (6.12)

�µ�Ç
P�Ý ω0/a� ×� ω0 ðã
ðó�¬ù�'
� a ;�Ý��� Ç

ω0 = ω0(a)� h×'���y~®`���Ê�Î§ �g)� Î
®ï¨×@

~�Þ� h�Ìß�¹���îÝÎ� &Æ�Îº:Õ×°@~� ¸ÆÇ¸Î

|�¿~®ùT{ú��Ðó®
5�Ðó� ¬Í5�Ó¨°)QàP.gÝ a

Â� �Î�µ�®�¢nÐ� �9øÝ���Îrõõ� µÎ¯ßp|�º�

|ì�µM��µ�®°��1��
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• ×ÍÒ~®ùTÍ�¢M��©½ÎÒ÷vl~®� ¿{KÎã×�Ó5

µ�ÏÝ°ñf»ð�HX)W� ùT1ÎãóÍ´���ñW5®Ý)

W�� % 1.1 � 1.2Xî�b§Yâ��Ñø~®��`��5µPÏ� Í

@$GÎ×ËµW�Ï5 % �Ç% 2.20� �1°Ý��P��«P�î

°���ËÑÝ�î°©�1ÎP|Þ@Ó¨� �ã9×F&ÆT��º

M��
à�u�æpôH�Ó�

• �«°ñf5�îzü���Ý�£ÃF� A�&Æ�EØ×M�Ý~®

bÌ�-á� ùTÎÚÆîÝ�á� £&Æm�á)Ý£Gb� ÃÍÒ~

®
¢� Íð!;��A¢� Yâ��9K�M»�M���;� É��

�Õ9Î9�� É���ay¢�� óAãø û
¢� ��9°ýáP

���ßZ´	 �fA1� P¡Ò÷°ñf»ðTÒ÷~®»ð� ÍóÂ

5�Ä�KÎ�|����ÊÍ@j����TÎ§��� �©�Ñ@ß

éÍ»ð;óX3�H¼ýÂ�index�Ç�� �Îµ°ñf;ó��� ¼

ýÂ��|ÝETÕ×Í�£� Q�� ~®»ð;ó�ÞÍ¼ýÂETÕ

¢×M��:N�9óßK�Rc�F� ?¢µ�.¼ýÂETÕ@jÝ

®�CÍ���sßF�

• ¸à a Â�1�î°� £�!Ý~®� ùT�!ÝóA/�E�T¢ó�

Ç¸ a Â8!� Í@jM�ô�º×ø� .��|CW��T00�8E

Ý� µ�Ý�¨� Ç¸&ÆE~®Ý`���|�Ê� &Æô���4t

9°)Ê�

• 3µ��Ý ω0 Î×Í8ny®�<3Ý¢ó� ×�ÍÂKºã�y 5 � �

39×��ìÝ�¿~®� ÍÑÑ4×�º´x4�óÍùû� ô.h�
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The Wavelet Optimum Basis for Water Wave Modeling —
the Ultimate Conclusion
A basic research of IHMT
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Topics
1. The optimum function bases for water waves

2. Concepts of time-frequency analyses

3. Basis categories tested ò

4. The entropy approach and its results ò

5. The phase distributions and their implications ò

6. The ultimate proof — coherence studies ò

7. Further statements of cause and effect ò
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Wavelet bases tested

• Orthonormal (ON) ò

– Daubechies’ most symmetric (ONxxS) ò

– Daubechies’ most asymmetric (ONxxA) ò

– Coiflets (ONxxC) ò

– Meyer wavelet ò

– Battle-Lemarié (B&L) ò

• Semi-orthogonal (SO) ò

– Mother wavelet (SOxO)
– Dual wavelet (SOxD)

• Bi-orthogonal (BO) ò

– Mother wavelet (BOxyO)
– Dual wavelet (SOxyD)

• Wavelet Packet basis ò

– All ON groups (single or mixed) (WP best basis & WP best level)
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Entropy
• A Measure of distance ò

• Various entropy criteria are calculated so as to increase the definiteness of the comparison.
ò

• The dual wavelet always provides much smaller entropy than as provided by its counterpart
wavelet. ò ò

f (t) =

∑
j,k

〈 f, ψ̃ j,k〉ψ j,k (1)

f (t) =

∑
j,k

〈 f, ψ j,k〉ψ̃ j,k (2)

• Entropy values of all orthonormal subgroups do not fall to the level of non-orthogonal ones.
ò

• Among all the orthonormal wavelets none distinguishes itself from the others. ò

• The wavelet packet category provides only marginal improvement. ò

• Among orthonormal wavelets, no clear differences arise from different degrees of symmetry.
ò

• The dual Cubic B-spline wavelet yields a far smaller entropy value, even lower than that of
the spectral coefficients. ò ò
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Phase Distribution of Kernel function m0(ξ)
• The kernel function ò

• Linear phase filtering ò

• Wavelets that have similar visual appearance may show extremal phase differences. ò

• BOxy0 ≈ BOxyD for any (x, y)
Lengthening the support length −→ no benefit ò ò

• Lengthening of support lengthes of ONxxA and ONxxS −→ more irregularities
−→ No need to further expand the construction ò

• No other orthonormal wavelet may provide suitable (or better) characterizations ò ò

• The cardinal cubic B-spline wavelet is found to have constant phase distribution. ò

• Linear distribution is not sufficient;
−→ a zero phase distribution seems to be a requirement.
−→ the total positivity of the characteristic kernel function in frequency domain ò ò
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• Spectral coherence

– Cross correlation :

c(t) = 〈g(t + τ), h(τ )〉 (3)

– Correlation coefficient :

rs(t) =
c(t)

‖g(t)‖‖h(t)‖
(4)

R2
s (ω) =

|E[G(ω)H(ω)]|2(
E[|G(ω)|2]E[|H(ω)|2]

)1/2 (5)

– E is additional
– Need to introduce one additional dimension
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• Wavelet coherence

– The equation of resolution of identity

〈g, h〉 =
1

cψ

∫
∞

0

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉dbda (6)

〈ga, ha〉 =
1

cψ

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉db (7)

R2
w(a) =

|Eb[〈g, ψa,b〉〈h, ψa,b〉]|2(
Eb[|〈g, ψa,b〉|2]Eb[|〈h, ψa,b〉|2]

)1/2 (8)

– E is a natural extension of “
∫

”
– No need to introduce additional dimension
– Liu’s problem – Lack of E
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