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ABSTRACT

A complex wavelet variant for time-frequency analysis based on the continuous wavelet
transform is proposed. And the associate numerical processes and characterizations are
provided. The time-frequency plane renditions of transform coefficient, both modulus
and phase, are facilitated and compared to those relevant to the Morlet wavelet. The fa-
cilitation of the extraction of instantaneous frequencies or power ridges of a signal is not
completely in accord with the traditional method. But we show a few superior perfor-
mances over the conventional ones. Both simulated and experimental signals are used
to validate its serviceability and possible applications. Numerical aspects of the wavelet
variant, such as basis fulfillment, frequency leakage-in or leakage-out, ambiguity effect,
phase noise, and the ridge criteria, are also studied and compared to the corresponding
counterparts of the Morlet wavelet. Furthermore, mathematical analyses for a few prop-

erties of the modulus and phase distributions of the variant wavelet are provided.
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BE > BT ARE AR RN FHFSE ~ AR > RE AT
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I HE AR MY SR PR E—i2 > BREHIEIEAERR » FRFERE -
B T AT B AN SR HE AL > JRERIFAE AT B IR > RMEER HBER] iR BEAE
PEJEHI (Heisenberg uncertainty principle ) | JIRUEE o 5058 — S Rim=s » T8
& ) PSR L B R AR R 22 B TR o MR - MERRE A
AW > BB E A El TN, T MRk TR EAER . MRS AR
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FITANEEIRBER T " RS- 5 (Wigner-Ville distribution ) | o
ahatlal 2R o BESRAE AN Y ELARETRE o E R4S DUGEAS (R Rk Jr B R [
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e

ST BRI HE R > B AT AR ELAR R B AT E R 2 H AT » W
g L S B A L ) S B M P REME b BB > IR AN Rl P B R o
WAE P > EFEFTHBRERE AT ¢
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et (completeness ) ~ ER1E (redundancy ) ~ BUEFRENE » W RS HEKE
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o A AR B {7 e 2L (wavelet basis ) — 7R 88 2T A K5 2 & 3L (function
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SR T SEEEY o 38 r A —— {1 EE P S R BT s B T S B B B S e K
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i/ ME ~ FEIR KL Z2RRENEAREM o Lt [16] » BT &
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H > GRBRAKR RS R K 2 B2 P S WA A ~ RRigsm)



o gbgh > BAURRPEAR FEMEESR o H— EEZHRE ~ S EEE
A e RT R R R T REE A A AL B o H o e AR
BLEERT AR - i R R A BUS KR ~ BREEL > KIRMERAILL -
WFA B e P B > S EELIRIL o Bl P ] DATE ] B FIIR > KT 7B A Al
PhlscEn [14, 15, 18] o

SIERTHTE R RPN - (RSl » S ¥ UG BB R R T > 3
15 DIAE S AE 1 b SEUs AL B — {1l B SR SRR SR8 o IToiE — i i st e 5
FUFFRE o HATLARBSE @S KA MR o RIS Uig i SR b Bl AR~ ISR
30 R A S ER Gy b AREE PR MR » w02 > IRISE — MR B FERA 3 -
BTG DA e R R > (i AR VB R BR I SEESAHR U » DU
[FV R ESFER BRI IR B & o HRAEARRRIEIE » BRI DU SR RH TR
T2 B e B AR B A LR RS » M5 IAEE PRI ©

DB R S50 © A » ZUERERF BB THAE ) & YEEAE
BAE > BEERATARMER IS E — 0 > BRI AT HE R L& {H B I
e S5 » G MR HEE TR E AL E B ASMEBERN THE > A
B AR

22
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SEGIPERUFIE o HIN—LL BRI TR BT IR IR o H 25 [ 5 2B
Ut o 5 BTN AR TRARZELE > FRAMTE USRI A S I » DURER
HH LR XE R B R L AT BRAT L X o

FAFRH BAT R (mother wavelet ) FEIRAVIFEEBEL w (1) R

2

1 _
— [sen(?) sinwot — i cos wot e 2.1)

y(r) =

Bl

T

A wo JHAH RS 2 1 2 F A SH AR (modulation frequency ) 2245 > sgn(r)
AT B (sign function) > [fUHFSEFE 85 i 2 — S W 0 i S % ( Gaussian
envelope) © SR \HUEHR REBUERECEEFF B HE ML (unit norm) Z7EH %
8 o MEFIFREESS

1 .
W(t) — —7 (e—za)ol _ e—w(z)/Z)e—tz/Z. 2.2)

ERZ £ EE RAE TR B U A AE > RIS T BRI R R SGE I o
2.1 IR B REA TR R LR SR S M iR - [l 2.2 BIDRECRIFReE o SOkl
RIS RASE RS

1 . t—b , t—b -(52)?
Wap(t) = - |sgn(t)sinwg | —— ) —icoswg | —— ) |e” 2, (2.3)
1 a a

arm 4

A a RS > b BRARE -  2 ERKERECHEYHE » JRHEZ
B ORI R » ASChATERE > KT TREE ) B THHES | HUEE
&SRR o £E P —F T > BATE oo BEIATEE— PR

2.3 HEfrptsfa SAEhL

HERF IR R AL BIAIE R+ L2 AT 2 521 B » i s AR K
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AU, o 1T RNBEE DR BRI AR T KBS Z AR AL » IR D RHESRE » &
HOTERE, HEg BRI o MERRTIR T o A EE S B AR -
FARALth A B S SR B RG S o tbSNE— BB AR ELARAL ) FT G TP [
A ARG

ixtn f () FRATAR AT Z L > RIEHEARAE (WS (a, D) (REA A N 2 FE )T

Wfla,b) = (f(), yap(®)), (2.4)

513
Wf(a,b) = (f©), Imyap(®)) +iH [(f(©), Inyas())] (2.5)

5
W(a,b) = (f(1), Reyap(t)) +iH [(f (1), Reya,p(t))] - (2.6)

N Re B Iy 35K E BB EL > () KA > H HICRIGE AEH#L (Hilbert
transform ) o = 2.4 FyEAEOT > IRZ AR R S BRI A B RE B 3 40
MR o X 2.5 S5 (A 2 IHRE AL (R Uy Bl S5 ) S L AU R i SR e e o i =X
2.6 HIA] S 1 2 AP 2.5 RSB RE SR8 o

SRAR R RIS R ¢ (a, b) £

1 Le(f (@), wa,n(1))

b —_—
¢(a,b) = tan R (f (1), wa,p(1))’

2.7)

$(a,b) =tan"! L(/ @), yar()) + T (2.8)

R (f(0), yap(®)) 2
X 2.7 BEAERN » INE ARG RO E 2550 X 2.8 Jhl
A 2.7 fF— 90 B fieid > FLAE AR RS EUEAS R Pl > L 2UE s RN TE

8



ot o 553 2.6 IR — AR 2T a0 T

(f (1), Reya,p(1))

. 2.9
[(f(®), Rewa p(1))] 29

a1
¢(a, b) = tan y

FHPAEESAGH » thi F B a5 B A A EARRI SR R - 55805
TEFRATHAEEIR > K N —FE s o &




o lGI0200 1203051755

Psi-Re(c) Re-R.eps

XEO

.375

.000

Function value

-.375

306. | 60(3. ' 905). | 1200

Point Series

(51024 ... 1208/0517:55

Psi-Im(d) Im-R.eps

.375

.000

Function value

-.375

| | | |
000 300. 600. 900. 1200
XEOQO

Point Series

2.0 ASCATRSAF R R S B B s ] > HCEER B S SRR i o Stk
— BRI FEMEAT K (analytic signal ) o
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750 J_(5,,,102,4)],,3 e ,,,12/,03{05117?,55,,,
xe0 | PR ReNees
—REN
375 At
(]
©
=
>
c
S .000
©
[
>
w v e e
2375
7906540 : 306. ' 606 : 906. ' 1260
XEO
Point Series
750 J_(5,,102,4)],,3 e ,,,12,03{05117255,,,
x0 | PAm® oo ImNes
— IM-N
375
(<) o
o ,
=
>
[
.S  .000
©
[
>
T T T S S SR VN S (N I (O O S
375
750 I ‘ | : I : | '
"~ .0do 300. 600. 900. 1200
XEO
Point Series
@ 2.2 ZIEFAUTPE (Gabor wavelet) JRELEM (LAY Z SEFI{fFH2 (Morlet wavelet) H

B R B ] > 1T B AR B S50 R R e B B A B o b — 1R
AR K B ESS RTINS (analytic signal ) » &8¢ Hkb
AEARE . K HRHE R 2 AN E T MR
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23,

SYNVAR KR kS

3.1 5|5

R —E R IR R > AF ] — FIRE S BRI FRURE 5 %85 B2 59 41 FH B 02 BUAS -
B 53 M (Wigner-Ville distribution ) > 7R B[ g — f 55 i &1 5§ FE A5 — (Il Fr R A%
(kernel ) o To{EREMHEAAZA » HRFEEE » HERARER R FR 7 U5 s T
R 2 LS YRR fRaR » i B2 B o ISR ATIERR N o » — &9
FPHEE S (spectrogram) > SH— 2K RAEERIE 55 (scalogram) o FijE 2
RINE R < BT » R SRR & 5B S el B PE 2 i B 0 AR T e %
AL BRI o FLE —a8 A » 15 YR R Rl 55 AR 9T Y 2255 BLIE o
B B B RO AT e - i S SRR L AT AT REZ AHFEIETE © tHRBEEERYTEH
5 {FWASRMENE (admissibility condition) ~ BIR5ZHENE (completeness) ~ IT
WeZHEIME (complete oscillation) ~ fEATHEEFE (analytic signal procedure ) ~ 75
{EriE (Hilbert transform) ~ BEZFHS (power ridge) ~ BFSISEZS (instantaneous
frequency ) ~ KERIENE (ambiguity effects) 2% o

3.2 AN RO

AHIHI A AR T RAFIE, IR EAR 5 oIl B R G L A [ R B
R o gt EUEW RGHRE TR TR ASCIRIT (admissibility condition ) o



H— By () AL S b R TR A A ke > S e — SRERE
w(t) /e TASRE

oo 1 2
27[/ v (@)l do=C,, G.1)

o o

R €, EREW o WH y ERUE 1y () 25 v (@) WEITIEEIR - HE
ALZEIE ~ SR PR R A B R U 2R DUR

y(w) = E/ w(t)e " dr (3.2)
1 L .
w(t) = E/ v (w)e' dw. (3.3)

tb— ASCRMEREE THVRERL A - ERREREIIDIRET » 1T LR FZ SR AE AR 51
8o IRAEAS R S B R » SEESIREREE S > SANGRRATREER o hH
it AR > RS RIS R m I RE E A E LR - JRERHHE
B E IR > ABUR IR k5 © 38— 1% B AR I R K
AP RRIE R LA R S B BIHTHEEATRRE © FHaEtE
R o —HBEZGRAEAT > FREAR OB SR SRR > H
i S RE I R A G EAVIREE - BDREEEE F At - (HEADERMN
o M A2 ~ BRI o A2 s PRI ELRSE RAE T RN, T 0 T
fFEREr TERA R o o N —EE s HEHNEAZER - FEERH
AR > AT wavelet FRES T/NJE o AM#ERE > kK wavelet AL

L o

EAHL y (1) BRI » BEMIRTEFIOER vas () = Sy (5D > Rifta 2
FUE2M RE UL AT TR - b RSO L2 (RERTETT
WA o fia > 00 acRo beRo FMEy o2 EEHE L2-norm H
WG NS A LA RRI > (RF TR 0. ZIRA D o B8 vop BAFE AT
PFo SYHEC), SEEREE TR PR A 523 (completeness ) | T
B ARRTZE I — B U o Wb AE — K220 (L2-space) T > RAMHRILK ¢ 8L h B

14



BT NIRRT P72 Z (resolution of identity )

(g, h) = ct/ / (g, Wap) (R, wap)dbda. (3.4)
74

ASCIRM rTERAS L ECRR - (8 GRS R R R A IR R A - RIS
G GO — (1 R B B i o TG LU ) TR ML RRTE - FRAMTHTLA
—RCERIS IV IR AN T > HIESZEEGR A LUS AR o SEMRARATE o

FE RS AT {60 e SRR ML 7 (A0 JB S IE 22 ~ B2 IE3E ~ I 38 i KL X I
SATWE ) ASIRIE A AT WA A SRR > DALk — M T 8 P A S A
B TR I A T B 52 BV (completeness ) 2 REYT - FRfFIsE
A LA T B O BRI o I AR B AT B AR ZE 2K g o i () =
a0~y (ag 't — kbo) » TIRTHLAEA @ SRR A IRIBERR R U af » 1T b SRt
(IS L ajkbo » '3 jk € Z5 ap # 17 by > 0o Ll rp A" A At
BRI T (wavelet atoms ) PRSI R o 3 - — (BT a4
HEALA TSNS F— TRSEIEIE ) (stability condition )

MA§2n§]awd@ﬁ§hﬁ. (3.5)
jel.

X A BB FHIEEHE > M0 <A< B <ooo by bo B 27 H RGO LR
Mo — TSR EFE R ER » B—I7HteE A B B EN KNS
FEERERE o HE— BRI E DRI SR > EHERESRALAE > 3
SEAATT ¢ R T EECE R FhY L > BT E A BB S
(T R 7 o L 5w A LR 3 11 ) ) ) o AN oA 129 s S A = R ST i
MIFTHS o anh » FEER S TUENWAR R Z AR RE » IR AR o 4K
R > A EEAEAE o & GRAE R MR > HISRIE LRk o5 RS HIs BB 551
PR BRI » BT RERAER - SUR KRB » A S8
> FER PR TR AR MR E R R (vector basis ) o S3AM
FEATHHIE » ASCRIHES I ETRHTE > (BFRERRC AR BT A AR IR

15



AREN TR R R BOR B A — (S B IR G B — (U RC e (BRIESS
RS » HUCEAFR RIS AF3E » BIHULES ) o SoT{ oo i Sl AR AR
HAF P EL VT PS8 A8 oo v) A ARY > BRI b e e I 9 BRI 5 FH S U B A
B SR IR AUERMER G Bk A 22 5 o

A SRR WO (normalization) » MGREEIHEPE 2 b IEREMDL AT
fbs BG4 BB 55 :

A = [i—”z (adw)ﬁ] (3.6)
Z
b= [b_n% (aojw)|2:|, (3.7)

A BB AEIE > BIEERMEMUIRRAE RS A B B I7FiNE » BN 452 o FpAHEHELT
PR B BRME P DA T st o 5 — HEAH RERSRE ARFe FURE SR 22 U AR
IS LB LS (a0, bo) T IR A HAMEMRE IS A Bl B > HIZ ZRAPIHELEE A (e
[ R 2 AR L B (a0/2, bo/2) > FILHAHEMRFRAE A 3 35 85 1Y
SHERRFRAE - MoXELL AT PR SR A IBTE o 38 —IRDUINREAE 1
LA SO (R i

S EARE SIS T IR E LR B TR (- R A P RS AT R SR
RERCERIE: > B — RS > ErERRIEZ B - r2 R
A DUEEHTEMAT S > R SR B2 A AR 2 B i iR R i N
M ERE R L LS T A - TRIVEL A E#ARG - EERECRERNGRZE
A DI RER » B 55 —J5 0 > SFIRREELINE—EME o & » WIERRIEFHA
FEELE R - AN > HE R B RS - AR R o B
FRIERE

BERVEAE— e A RIS HIRARICE, - FopEan - BRAAEME D - IEX
R TR ~ R E RS | (E e BRI H R - 20
I T R e R

16



H— EMRMEARELITOEREER - RMBFHEHIER 2R
DU HUS ANSR < BAF s S o thEtaat » B EEIER » TREE RIEEHHE
28 A LIAH B 6 DR R B0 2 EBLF 2R AR © 38— Y5 AT L Mallat and
Zhong [22] % Froment and Mallat [6] FURTFEEGE o E2E—EIINTFEEE » A ET
= XI5 (quadratic ) MIEE USRI LA ST —MERIR AL » MR
FHRER RIS A B b BT A B B KAE R E o A& » M ATHUHE
(FIRIERER R — FERR UM ARERSHEE LR > HEIEE A 2SR > HHHY
D SRR - HATROE BRI P R R B L o

H= s EREFORB A SRR R RS RS » B R S S SRR T |
ARBHERZE (WIS ) > AT DURE B K S R R B A T In LB R sk
Wk o SHINT NGRS > EEARIE 2 B e FRURGES e HRR S o H @
o IEAT— {8 S T B U SERE MR > AF F— P B DAt 2 AR My A e
Jill o

SEAE IR IR A S e BB BT R R e R A A B RO 2 5 - 13
ERRA AR - M IHTEEEI—H (v, a0, bo) BLATERUFFHESR o FHERRE
i EESRE Bl R IR T BT (HERE b B TR AR A TR
B o TMiE— R AR E AT DIFORIECHIEIESS » JREEREZ A » HATA
BEE A RS o

BE BRI LB SR B SR R S BB AN S5 > BRIT H B B A R S A A b
{4 SRERICER AT B Sl 0 AT B S LRk AT R 2 R e ik > g » 2k
TR H AT o SHINRIH— RIS > IR IR b E SRR PSS (A SR
P o

EREEHLEHGE BRI RAL » @5 AP e B i [
A R BRI SR SRR R 0 1R % > BIE AR ESK > lf:
AR B R e s > e BRSO IRaREALMAT (resolution of identity )
ZIIEE o BRILEATE AT DA BRI & B S B SO TR - T AR & A
ettt o E—FARCERR T 5 AR ATEIFARIESN - 5 | A— Sl o nE
WEAREE > S R AR ORI R B o SR iE — AR il RE Er AT

17



FEATARI RN BUE R PRI G BREK - R MR B e s & H > A i
SERNMEZ [ERE - TSt R A o e U 5 5 o

3.3 (PRt AT DA < B

RIS DU IR S ARG EOR > 17 AR o BB SRS, » (BB
R — SRR ERESI A - G AR R 2L AT AR (analytic
signal procedure ) o ftEE BATFRHUF R IR (complete oscillation )  BLAFATTEN
e AR L R > PRI R SR IR AT S BRI BRI BEES > JRBIEERE {7 R FLlAR
Y o 1T bk o PRl A0 1 DU R B SR

H—» B EER Y EER /2 MY H a2 BB R (duality
properties ) o FHrf—fHIE /K BUHIAE (multiplication ) HYRIUE 55— BHIR L/
B B R R Y e R 3l (convolution ) > PRI ARATT MR DR T2 [F] — REDE A T 1%
IR ascts B A] DAt rt — Ml RAE IESEAR B T o i AIE I ST > B E — S Bl D
JF RN SRR > B RIS 22 ISR ARRATT AN

HZ» balt 55—t ool C IR AR - — s AR s B 55—
TR EHIRBAL > PRI ERIRF S A 8 v DI S B TR IR SE AT ) o

H= BAEEE LI AR B AR - HILH AR b kR 50t A 2EGE
B ERPOR TR - B RS g HERRE - S A @Ry o iR R
s i HIAHBE LRI R > Al 3l s o

HY - JFUAARR TR Al iR P IR S [R] A5 ST R P RS EAT Se  AE »
MO E AR — FF S AT FIR (R AR - SERRAAE SR B IR IR 5 A
HTaNE ©

Ao e Lt AT FT ARG 2 (R e iR M B AT XU DR R BB A, > fEifo
B 25 GO SRR R BE A VB RS » ST i F e ~ &
AT BERNERG | AR R ERBENE ~ BRI SR A IRED T ~ I R anak e iR A {58
G o S5 o FEHMETIERRI G A o IRA 1S DA T — B AT S R RE
R LB SEAS E HERA 1 o

18



BRI SEASIE HARRLATTS: > A B BB AT 2 1 1 DA 2 IR 50 i 2
REWFRISEARHY o 5 £ BUE RERIPARAL B LR - AR eI Sa AR T
Wi IR BRI EESR o SAEGL i A B DL O Bl 27 SR > HMGRIS(EZ 25
ARG & BRI s - S AE AR » R HARR AR E i S E K
/NTFEREE RUINTE » RS - B BE E/ N IR E il > AFENAE
orffi > Ry ROl PG o DLEEsUERIFRIN S » AR AEALIT
5 o BRI R B R ST A R R RERRAR ©

ERIAF R TN AF S > B 5 A — A A R B > K]
it RS 55 M A A FURSRATEN AR RS o M BB MY B EE 5 = DA 0 595
B O AR RS E A F BUEAER o gt 2.5 5 - ST
[FIRE LBYAI R BERULFIRE © kX 2.6 TS > FLIHGRE U LS SR > (ERE AT
BRIN S i ZIE BRI SR > SRR S5 B LU PRI PRI 23X 2.4

3.4 G SHES BaE B AL

BT SR 2 S 8 B B 001 Z ) Y R AR AR IR SR AT B T A2 > AN A AR A
FIBHE MRS - SR 2 AU ET - —ER B PRSERNTEAMESR
e RERRE LB > N HEE 2 ERAHE F B SR R B A R 0 2 R
i L VL BEER o AR R AU AR AU A SR80 ] U B 2 A
WAL » SLEFIREERIGESR > S IESCHERENEGE 152 ( semi-orthogonal cardinal spline
wavelet ) BB REAS SRR EERRE B o 3 Loy B VR LS (0K 1
EELORN: =

o FEZKPBENITRREE I - FRATFH ST AT S B2 7 RO Z SEEXT 5T [16] > Elame
1 2B o R R R LS E R T KR A R M FH e FEAH o

o HEERWMESMERICES M o M HEHMATS < AE % 55 RIEH
HHREEENEE » TERENSERARERREL M o

o HIE PLIHAGRE I T DL E SRMIAR & TF ST DA o

19



o HEMIHVIE HEAHB ST AR RS » fER Rl - HIBHE SR B AE
R EUBEFRR  (power ridge ) 45 EATEIFERI(R ©

o IHHELTRIRAAT H SRHIAERRS TH#RAE,  (carrier frequency ) o HAHZHEHAK
PETTHAHE ERIFIER o 10 K 2 R e SO0 e {5k YA S S DR Ry O B
18— FRE e S I L e - A FH R B RR,

o FHEISHERR » HAMBHEE ARG SR HGHE S » Rl - A

S3IE 3.1 8 3.2 LU L R B M (730 2R IR s T SN R SR T by
it o SER AT S E ST » RS E Aot » o Bk
LR o TSR M AR o H TR PO L
KAV T W AT B BT » IR SRR » B EL B o 4 o
R R 52 I S T S U 2 B e LU B ik -
BB 26 EIBOR RURRES (26,212,21%) o [B] 3.1 238 E AP HLAT
W (RIS 4 > T 3.2 ATV i RE TR (RIS 20 i o 51 4 RIfE
RN EAREER L T H BRI Bk R Ml L e
RKEE B F BT T o () 20 (EHERE(RING » HBME R At
REARITAE » i LA F P A RS2 o i HIE 4 RIS 20 JEHE AR IR
BB TR DI SR AR GERT ATREN AR o TIFTEE— L
> FRIMED TTLURZIESE ~ JEIE S AR AT B 7E o

BT I3 A PRI T BLRUT I BRI > D WL R o

BT SRS

1 .
l//(t) — m(e—la)()t . e—a)g/Z)e_ﬂ/Z’ (38)

FR wo B EE R T e/ THE R BRI T A SR R

20



TE o i BRI TR E T B S
&;(w) — ﬁ[e—(w—wo)z/z _ e—aﬂ/ze—w(z)/Z]' (3.9)

SRR ER T2 — AR = T 5 ffi (shifted Gaussian ) o & HHY
2wy REFIR2Y > CBRRT 2B EIEAER » BI/NIEBEYELZEERTR v ()
POEHRED_F 28 KAl BRI KA EEE r

r=y()/y0), (3.10)

A B T KR 24N, » n WREME o] DA @8R 5 #2280 (transcendent
equation ) S SRE » i EAEERSHERE DML & a7 DI P 0K »

2 ( 2 )1/2
g X — gl —— . 3.11)
t Inr

SE SRR EE AT R O R ROEEHEE R aRE S & b > SRR AR Bl 4= i
T B fRii g 72 o B BRI R o BRI r HBUN » 3 oo RHEL > BT
e AR AN ) RUBE 2 AR L v A AEIR] - RIS [F) RUBE 3 i B oo i AR B AR X o
> 28 oo ERJUL s iR HATB FERTHIERIR wo/s » ASCELATAE
A UATER IS U S E S 2oR b — Y HL R o SINRPINE - BT
2 3.8 HAVAERIE - Bl w () EATFHFRASIRIE - AE b~ SR bR —
TS A U e o AT SR > (EBAPI15 DR L R R AU SR Re - 32N
AR — i B NT AT DA i o

DU BAFISE R At A (B2 Ii vh > [T SEAS FITAH BR Y 2 8 H B K i REFTfR ©
it > FedEHIE o R SRR BN Lt S A R B B o MR I A IS
AL E R ©

i g(1) B—Eed i » HEFBLE (unitnorm) > 55 H S35 55 i & 2=k
WAt =0 FByflirfuly » TREIE0) = [23 g()dr » i) g(0) J21B &(o) ZEKAH >
S HAREE (order) £ 10 [HIRFIIAGE—¥EH5 L & SR EHRJF T (Fourier

21



atom ) &5

ge(t) = g(t)e's" = g(t)e'. (3.12)
BB T2 EES DS s MU AT u S8 2 B A I

1 t—u

gmﬂanﬁ( )e'<! = g(t — u)e', (3.13)

N

Kt & RAHEEAR » 00(1) = 28 () 1 g() ZAARK » PREHBILAE o S5t
SRUAS LN R PR TR BB AL BT BHS T BN P T (wavelet

atom ) o

el T R T 3,13 W BRI £ (1) ST > B
F @) = / F(0)gs(t — wye <"t (3.14)

BERFETRE f (1) RISHAT RIS A B — PR A » Bl f = a(t) cos (1) »
AT ISR [21, 28] 21 N R

() = La@e @0 (3 (s - g W) + e D). @19

-

|€(M9 5)' =< €4,1 +€a,2+€¢,2+€g- (3.16)

it e FYREARIEIE » HA R AT |

o BRI Z ATEHHERIER > € < 0,

o SHUHRBEHIE TS (B AT EEAS > €02 < supy,_, oy Do,

e

MBS LT 3 (B2 > e < supy_ <3 [5716 1]

B AR i g(w) ZAE B =B TR AR A €c = Sup|w|zs¢’(u)||§(a))|-

22



it € nlig > Bl bR T ) i L B KB FAEAE 2(0) S » BTt

&—¢'(u) =0, (3.17)

¢(u) — u = Const. (3.18)

ity EH TR 3.13 R RIS H AR S5 i AR AVEE R ¢ () — Su > AN
B BRANGEIBHESAES ~ GEBHE ~ RAFEEAAZ BREFRBAHAL ( stationary phase )
&= HHIBGR o BIFEMATANA R AHRR R N > ERGERRITET AT > S W]
BRES T AT B R AR TE RS HE AR S AT B EARAL

EREE R REE T > JEOIRVHEE » NG HBERE S 5 < B KEE
ALEZO) R > HIE — ¢'(w) = 0> BELUIRE HARAER R M ARRLHEZSS () 1M
H Pu) — Su > INTFEEAAMEGAE - MURETRR 3 A TR S ASAT 5 AT
FERAERE S5 2 IR B > g e R I SRS T 3 2 A SR A RS % R AR 531
IR o

P _E L HESE RS DR 1 Ji 25 PR ~ JRERECF TRk > FLi RO
PR ERMAL M > B LA E G B SR C AT o AHE M » bR
KL R AR R 53t i SR SR B A R R IR I L RaUS, > AT R el %
EHE -

[l 3.3 BRal st 2.5 HAF ST AR SRR » @l TSR AR R — X AR
f@)» TARER (f @), Alyl — ) » it A LSKIUHIEMENT AR o B HAER i
TS HTH FARE, BAFAMENTENAR o 110 E HARE S5 MG DA - AEOZ S5 fl 2 2t
PERY > A < KR/NBTE B - it » IR IR & & 56l -
IREAERERE ~ (KRR » HH NS SIE ST AR AR > SHCHABRRLIRE RS
i > ASKEH B S B E B A PR o

23



I

3.5 FEAT A BLA (R

E S AT ERAM LA T ARATT M D Fee Bl 5 TR b SRR R B > e B B
AT REE SR > AEE — B BRI AR LA {EiE R AR > fEm LA
25 T PN TR - SRR o

—HBENITECSS f() = fr(0) o H ATDUERE] — 585 R A s £ ()
SIS R E AL SRRSO 2 (1) » 1015 ARG a (1) SABRLEHEL o (1) » 1TTEH ¢(1)
L EEAG HIBHASEER oi (1) » HBRRATT

2(6) = £,(t) + Lfi(t) = a(t)e'?D, (3.19)

w; (1) = ¢'(1). (3.20)

AR R B SR AT DU BN A
Jr(0) = a(t)cos g (1), (3.21)

AR HEESEEEER £ (1) B fi() R alE o JREEE i) EERE 0 B
BAVFNE a(t) F ¢(1) BHEESZ ATHE o IKI0EAEAY RS » {58 E & 1 5 TR
&8 o 1 iE— AR AR T AR AR > IR ERER R A R T AaEs » —fl fi (1)
A — (AR AR AEER o AR » MRS ERE S — R
5 (open question) o

SRMZETH (Gabor ) {£1946 [7] » {ESHZSHE IR SOEUHR B 2E » S —EHE
WENRATT

z2(1) = 2\/%_” /0 Fr(w)e'® dow, (3.22)

A Fr(o) 55 fr () ELZEER o IS LI BB - B F (o) F£EH
S S M A DS B - 1T IEAEESHY -l BB > 2t & P T8 YL B SR
B K 2(0) AT E ARG RGBS A o AR 0 2(0) B 1H
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G ERM A YT o AN ATHIRE 2 - R LUE— 0T
EFR I f(6) = f(1) o S3HE L EERREY AR 2(r) BINE R

— O

AT AN B A {E R B > FILRZEERY NS5 ARRR [4]

dﬂ—ﬁm+zP/ f“) (3.23)
i = H YRR SOE R R s (R RE #5 2X
Hmnnz}mﬁzlpfmf“”m (3.24)
) ot —

HFITFR P 2L 5 FEfE% (Cauchy principal value ) » HfI
l/: lim (/ /m). (3.25)
€1= 62—)0 t+62
A 3.24 FVFE SR e skE AL b EE S
1
8U)=;3 (3.26)

BB F
— 1
10 =~ * ). (327)

1 FH & 7 BE R B B 5 7] m] T84 (Fourier duality properties ) » 5 b hefs e
T2 & A B R LA R & N R A N RRAR -

FUf, (0] = H) = —F (@)G (). (3.28)

LIRS Fr () B G () B BHAR > s R o R SRS g () » 10 g() &
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VES SV

oo, —iwt
Flg®)] = G(o) = 7’/ dr =
73/ cosga)t)dt_i/ Sin(twt)dt. (3.29)

s =X EEE A H REECATE (antisymmetry ) HUIHTRSRE o E0E
B RS G SO0 HIK S i x = 0 20K 0 HREMINR AR
féfEs » S EEE S BB MR » BB R E 2GS W fsEE
(L (change of variable ) 5

(o, o ps X0 1
/ TROY dx = sgn() / S . (3.30)
0 X 0 u

B IRMEH G(w) Bl o BRI LI BRE - 1 _REE AR > 5 HE
5 IR ARG B > (EIE A2 — (i i 2 i B Y AR IGE R - BT AR S
% (complex integral calculus ) FRIAREH (residue theorem ) SREY » Z1Z=H
Greenberg [T i3 T#ARHT & (8] o HAGRATH

6(w) = —izsgn(w) w #0 3.31)
0 w = 0.

T A FRAT NI & L SE IR ALS (0] 5

2F,(w) ©>0
FLALFO1 = Fr(w) + i FTHLf+()])(w) = (3.32)

0 o <0.

FE—AFAR R 3.22 815 3.23 » st2&H gl T EmE 2R —
54T o it » FRAG e HA iR = 3 SRS

—iF(w) o>0

H(w) = FIHLf ()]1(w) = (3.33)

i F(w) w < 0.
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fERE— TR BRAMIAGE - 7 PR S OB AR Y & 2 R SR — L5 R
FRME P TE LS SOER AN o HRE TR EEITHNS » 413k 3.1 1L ASYST
oS TR —E T (word) my.hilbert o

Eh SRR AR B A R - AR IR » AR S O S S AT
BAEWRER S SEHZR » &85 P A £ 20N AT A > Aas B s
(degree of freedom ) BR3FFEANEMEFTPSIIE o SHINRMFEAIANSEH (131> IR
FE2T5E L Parks-McClellan minimax algorithm 7EHRAEIE 1R B S8 L » e L
AT REHA AR R B @S0 AF (trade off ) 1753 o RIS Z » MATASRIR
TS S AN R ABLE R T » A DI TR IR BB o 41
ESRAAAT A HAE R AR AR IEAEE - (HIBFREISEES r] DURS ELfE o

DA E ARSI FR RE BRI » mR & MR SR S - HIBHE SR B RE R
PR HERBRRC A H— 2R > — R B HIE SRR BRI 5 A2 o 1M
— B HET[E N T EATELES

FiEg s NFERRRREER T £ (—EEBRAARES . a1 315
A DUEHALE — i e afefa = » Mg RmR—R I psEs ) » Al L XFEAE
9958 H I (weak continuity ) » JREIE f(r) HAAGGBRR: - Lf () Bt REH
PAREIBEA L o st — 958 B 1 — 3 T H S e HEEAE i b HOB BRI (B e > — T T
S Hi B RCaE b B Y IESS SEERAF P LA A Y USRS HE DL
HR2HT - ZE LRI g B o A& 3.1 Bl 3.2 ik b HAHEER
R o

3.6 FEfr By RO R

E— EARE HE USRI DR o AT RS R AR TR 5 (R AR R
FE o T MAASTRIISESNE th A 15 MR RO A AR o

SRR SR AR ARATT S 5 (transform atoms ) HPEIR » M RFSEMAT B 5
R HEARTSRAE M2 AN E MR o A5 — A RIVIKSE R EERIRA > A am ey
SREERCEIR - HRE R A BRRRR M > A RRER R - BXAIRZ &L
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i o FNERANEL » ST IR AL oSSRl B b iz o e I B b R AR
REEETE » HinElA v e AALRIRUER o MR EHAR RS IR ST ~ BRRIEE
B DR HERE TAER S M Lo BB IR EE > 5O R BB R o ikt
—HUE > R RIS B AR M AR R I
PR 7 IRp B 0 LR A T S BB T A AR RS o SO ANATRR AR » IO
SRR TAEIRHRE R ] | > — et it R UR MR B R Tk -
Ik B BB 0 > UEE . HAL DB RIRAERRER S MO - mHAT
5 i Bt KRR AU A 9 WIS e ] o BRIimo SE IR ST FE RV B » ISR ES TR
BEM > LA ZHEN o SRS EEEBIE (ambiguity effects) o fE3E—Hf
s RIS LR ARG SRR B LB SR R AR PR 22 B > M A
HIRA R AR BB TR 5~ - B E SRR SR ELFERIRE & AT s o

RIS Rk 2 T BEA AR » —fEEER (SRS ) BLHGEERISAES (5T
) AfvERe > fg—(E R mIMe > Az e S m N AR o
BESNA] R R ETE S o R — RERSIREST » BRE 2 — FEMAIRE S 154 o
DU BA FH 25 i R SR8 SR Aat Ho o e o

o [l 3.4 RIERAIF IR L A IMERTFE S Mt o g SN I BT J O 4
5 S AR T AT BRI S T B SRR L o SRR B R MRS AR
A~ ARME RIS (BN EEAR S 55 S MR R B ) ~ B R
Z—IE—Eo M b =R R AUEF R SRR E R G 2T, o B2
wo =515 » HERARME R ARG JUE 1.0313 o

o [ 3.5 REFIFRLLIMEREE il o SEAAVRHELUE SR 2=
IES MR A PARE » R RO 1 IR, (R ENEREE A E HH AE AR B
FISEARIIBGR ) o Mh—IRfEEEE wo = 5TS » EFELESUE 0.9622 (RS
AERUEN TP AR S ) o FHIIRERE /e A AR AH L B EESE BN - AR
TABREIBAES 2 T (KA o SOshfAT BE LAY SHES - i LB &S > AL
BRI > MMk HLiRe S B W o 5 (i AH BRI B 1 - R & DU
INRERETHITRRE 2] o
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o i 3.6 RH{TIRE HL AN PRSI PR (iR o EINARTE I JOAHA O f
MR 5 S B FUS R TR o 38— HIRREEA LRSI 3.4 o H
bz e > (AR - BIARME LR, (iR ARMERIRS 0.9696)
ARE R (R S ~ AR B S E Y B P ~ B Rl 2 — IE— M o
55 A R RS BNl T AH B s R o

o [ 3.7 INELFULFB . SN A B SERG Z0-ffi fif o 3E— iR He A b B Rl
3.5 o HAFEN SRR L 2 IR MR T A EARME » Rl S 1 BT G
(FEAEAEUE1.0393 ) BLLbpR iy AHIRAEIE ©

o [ 3.8 N IEIF IR HARRERG B RV oottt o LEARERE 5 % Fh W I8 I O
(A [ AEAL A M 5T~ B AT XU TC R B S R > IR BITRE — RSy B L
FEENAR I E IS ARG AL R 5 > S5 LAY B R D 2 FARAL L AIARE
R o BB H A RS B LERS T — [ A B A BN o S INHIRY
o BOARME e A W L EO AR 2 L > BRI RS R S5 f ©

o [ 3.9 IREFUF IR ARRIRE & A PRS- Mt o RO 5 i FAHAL
A A PEARME T S — (] e IR - 5 LR R B R BRI

Ao b e BB E AT o BRAFY R I Ip RURE R % 1 5 R R 95 £ W e
T HO A SR ES RS T AU AR ML o BEFIFITS » BSR4
— W PR E R RV THERAGLE - MRS » HEEHERREESIK o 55
FLRE RO 1 AE ISR IR BIAAN R o SRS » I FUHAL S 6
REIRE MBS AT > AR IS - B AT IR H R
B BTSSRI o
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3.1 fh— ASYST FEFFEA RS RIN— B e <A {HEiR o Fhig— RGBT »
T {FEHR e AR B FET B IFFTEAFELHESIRE & o TARAS FFT 2 5 i
FITRT A o P RER SRR el A e MR R BT mT DA & bt — R 1S RATT AR o
WFTAIBE A SR B T 1 FTRE M USRS - 0 HUR o Bl HR i SR AE A 2 AH B AR B A K
IR AT ARAV RSB R o T b RAHRR S SR HRE AR EL AR RBARAL ( stationary
phase ) ZFHIBRFRZITAERSE ©

\ A small program piece which finds the imaginary part of a real signal

\  based on the analytic signal procedure.

\ The computation makes use of the final results of complex calculus based
\ on Cauchy principal value integration.

\ The length of the input array will be automatically truncated to the

\" maximm allowable power of 2.

: my.hilbert
fft [lsize n.fft.pts :
dup becomes> tl

dup sub[ 1, n.fft.pts 2 / ]
0+ z=xty o«
t1 swl[1,nfftpts 2 /] :=

sib[ m.fft.pts 2 / 1+ , n.fftpts 2/ ]
0 -1 z=xtiy «
t1 sw[n.fftpts 2 / 1+ , nfftpts 2/] =

t1 ifft
zreal
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Point series Point series
3.1 BEAERAMNTEE - REE B SR U R - Rttt

FHEAEE » M IEAR YV ERARE L RER B R ot R — SRS R R — R
B2 Wl (dF[E) HJmaREmoR - Ha g IR EEBIRS 2° > BIBOR R RS
(2°,2'2,2"%) (a~b~cFfE) o MESZIESSFBH TSR RE F RIS 4 {1 >
BRI R > HREGERAR T HEMG B EC 25K - atEs » Ham k7
FERTHCBEAE BUER T S AAR T o MR LRSS 150 ©
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32 HEREITRREATRAERS 28 0 HEDAURRERACE Z VIEEAREE o IR H 3B RIS RHT I
ERIE RSP S IEPERATRTZE Z PEIR o BRI 50— SRS R L R — U
RIS AR (AT ERR SR ) - HIR RGBS 2° > AR
FREERERS (2°,212,2"%) (a~b~cFlE) o MSZIESF R H TSR RE B (R I 1Y
20 %’ FHET I 5 > BRI L R R T o VAR IR o AHBREE JgbEerh
OGRS 256 o
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° db Below Peak [CW T Amplitude 40|

[Adapted CWT, x—lines2.dat (9.50,8.00)N] (2005/9/7—20:59:36)

100 jF‘ " : T ' ' ; 1
80 . . .
= L
= 60 |
§ L
=]
= a0
D
& [
20 r
o
(o] 1 2 3 4 5
Time (sec)
SPBi Radian [CWT Phase] o I
[Adapted CWT ,x—lines2.dat (9.50,8.00)N] (2005/9/7—20:59:36)
100 [ | r 1 1 7 I'
[ ||II
80 L
= [
g 6o | IR | el ]
z : S .'.'||_|FF i“. I'|1'_ e LA u||r ,“
= [ i |'| i i i T ]
Z 40 _4 fofedh L% . ] IM!IJ‘"'I"'H '““ "f 1L |.I
& - A ' : ats I-E |"||"|"""| 1
20 Pl 1.:. A Jl-ql II """|-'|-|' ,1
A
o ' Hial “'h'i.lrl.fi l' “J 'l'” e
(o] 1 2 5

Time (sec)
Signal (CPU=0:1:2) |

[c:/per/mat/O—cwt/data/x—lines2] (2005/9/7—20:59:36)

Acqueous flow (cm/sec)
o)

(o] i 2 3 4 5

Time (sec)

3.3 WEURHBARS 2.5 278 v HaE DT BUCRREE - ETIEDR (F (1), Aly]) 8
(f@), y) FSRERB L MM o P BN (f (), Aly] — w) FTSARRL M o
N TRERIRSATAT AR > AR R R TS RT SR XA &R ©
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Wavelet Variant a=1, =0.5x, £=5, (0-7n), =01 05/11/09@16:29:51
04 Ambiguity Effects: Leakage OUT from a wave packet
8
g
= 03 ¢
£
8
= 0.2
3]
9]
= 0.1 t
©
®
2
S 0
g
(=]
& -01+
-0.2 [ ‘
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Scale

34 PR HSRIR R INERR D Ml - TRsREE BT R R A R
LI o H w0 = 5 IS LEHIRRZ ARMERISS 1.0313 o b — 3l S HoAe 4 2 e 55
MLl SEBURSE S i b BRI SEER 2 05 (a0 ©

Morlet Wavelet: a=1, f=0.x, £=5, (0-7n), 6=0. 05/11/09@16:29:51
biguity Effects: Leakage OUT from a wave packet
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Scale
3.5 FHMAMT R HARBL R M INE o Midhag - TRERETE H BT R A A

FUEZ865% o H—HIRRAE w0 = 5 HIBMEFERS UL 0.9622 o HfS IR/
ATHAH A SRR EL]N > ORI FMBRESEER 2 05 (a1 o
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Wavelet Variant: a=1, 5=0.57, £=5, (0-7r), =01 05/11/09@16:29:51
% > [ Ambiguity Effésts : Leakage IN from different wave packets
7]
S 15|
%
= 1
D
2
% 05 r
8
=
e 0
9
Z
5 _os !
2
o
T
0 1 2 3 4 5
Scale

3.6 RAfFBH FAGI A [ U AT A SN R ol - IR sREUE A R
PRI UERR L GE o H wo = 5 IR ARAERI1550.9696

Morlet Wavelet: a=1, f=0.x, ¢£=5, (0-7n), §=0. 05/11/09@16:29:51
%; Ambiguity Effects: Leakage IN from different wave packets
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RS
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5 3
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o 2|
IS
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2 1
i=l
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[
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0 1 2 3 4 5
Scale

3.7 ZE AR H AR R N AR T AR SR R S5 Mg - TRkt Al
IR LR o th—HIRRAE o = 5 HIREZEEASE1.0393 o
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Wavelet Variant @=0.96962, =0.57, £=5, (0 7n), =0.1 05/11/09@16:29:51
5 [ Phase Noise | Related to differnet locations of awave packet

= 1t
: A A
RS
%
e 0
=
Iz
i)
3 -1
i<}
T

-2

—-20 -10 0 10 20
Phase

il 3.8 RAMF IR ARG B BRI R A8 (7 i REORHTSOONE 2t o REAHERE B )45 R {lEAH ]
JUE (BB SN EALE LB o BT AT AR B AR ARG b st S AR -
5y HETE AR B EY N o 55— R R Rt R HR RO B AR ahIE: o

Morlet Wavelet: a=1, f=0.x, ¢£=5, (0-7n), 6=0.7 05/11/09@16:29:51
4 + Phase Noise: Related to differnet locations of a wave packet
= 2
5
R
%
g 0
2
i)
8
k=) -2t
x
_4 ‘ ‘ ) )
-20 -10 0 10 20
Phase

[l 3.9 2 AL R HAHRDRE B SIS B (7 . RORI SRS 55 M SR o R BB T RO 9z i
HIFRRARA L B KA o AH B RS A B AR BT R — AR o [RIAR
Wb > HA AR S EUE A R R AR ES 5 R o
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4.

BBUIE R AR L

4.1 A B EABR /K B
B e 1 — 2 SRR VB B R K M AR A VT B T H2 48 2 £
B o UBBCRF RS ST et o Heh R BRER B 0T P

o —{H = FITHTESH (parabolic chirp) ik » HAASSHIEFIELUSIE SIS

(Nyquist rate ) 100 Hz ©

o —fEFHRIER I HRMEMBESE (linear chirps ) STEHITRRAT X BUFE o LERIER ST
Mg JE SE A% 100 Hz > HAHSZRS S0 Hz o S5k 7 Z HRIEAHSE > BTk
77 Re S HHE A8 o

o HitZ X BUGHAR » MEH R 2 RERIEMESS 0.01 o

o —lEFH R A 20 S HRIE 2R T 0 Mk s AT S Rl 2 aNak » HBEES IR R
fELLZIE w3 100 Hz o

il

o HUMLZPITaNAR » MEHRRER LSS 0.04

AT AR = N RSB AN B0 > A R IR LA B
o — i EE AV AEZKEE > HAHRE FIRAHASK) 2.0 Hz o
o FHEFFMIEJRA N2 A bs - HAERE FIRPhaasH 2.6 Hz o

o DIBEHRATIE Z — {5t 5e =] (Stokes) 3¢



4.2

At A AL i

o [ 4.1 R Z07 i e FL o B iR IRy U By FORH AL 2 filE] o R

JAUK 8 Bt S AEHEIE] FH 20 LIS 57.5 Hz o H ERg T [@l S HHIERS LRI
BRLIGEAE 2.5 £3Z o N Rl A DU RIS fL il BUBEAL 5 (X
24} 27) o {KAARAND > PRER XA AN A DARE B B B AR - HOE o
FUEHIE ~ R FIRE o sAES WIS » SR RAVBEERA T B ERS R
MY ERLE o BRSNS SR RS R E R R R R - (BXE
Y FAENE 52 S i E SRR 55 M A EC L i EL RS B EL T e [ B ~ —
BRI

4.2 2 FSARE AR » (LA RIS EE S A Al FER A E (B wo 28K
WEANE ) AR R fitsiiE (shoiE ) AGE (B~ NFE >
THFHIERS X 2.4 20 2.6) o EESRILER AT A ROEE SR fE AT Bk - {EL IR
A AR 2 5B I AT T e o RrAllBse o BISTARE FORHAE 50 HL A5 g Bt g
M EE ARV RERE RIS AEES I > (1S DAEURTEIT S #Lil - HEE 2 B
HirlE o 59 wo 2HBH LTS SEE NI - E—BAE S N IEE o0 B
{ELASHEAEERER A o

4.3 FtHIRENOL e 2 U o Ho b 7B (R b T E AR T 5 e o
it — el B AT SO SERTE R R o 55 b 1 (81 8 Y S B A KB M
TR SN IR R IR A ©

4.4 JH KI5 s R N bR GEFELLE) e s
100 Hz ) ZAfE SRR il o 59 B REFrff L ST HERETS ©

4.5 Jh 207 i e AN OGRS B bk L AR AR A7 55 [ o
5 F et HOR e R (B SRR - DARIRG 2 o AHIUARAE 5531 » AR
JUE (BIMEHERSE ) 18 BRI ) o

o [ 4.6 ;R EH A EFHSZ S 2 S5 RE AR BB SRR FTHE AR L X FRBE IR AR -

38



AN BROK o b lEl AR iE i - N IERARAL i o ZEfllE RIS F
P » ATIE AR RE I o Eamfs i sRARAL - HAE#S5H) o

A7 (3T — [ X AT L S B b o W AR i AR T 555 o L e {0 ] 7 SR
e > ATIERRAFEE o HaNWEs X EETESRE o 55 B e
mE o HRNUE (AMESHE ) B/ NUEAEEAVSER > HUsSHE Z SURA
Bl > 53 HARGLIHRR DDA E ST - (EM (SR T 5 K& R

o

= o
e

4.8 71— XFRBRAERA TR T HARNL e 2 S5 - R SR
SERTESZ o il (P e ) o 5 b EDIER B AEES o fiik
A ERERRAE L [ o

4.9 AT HENIRIREE — S5 RE = 2 A TR S AE S kAR - HLRIRR I 248
R0 — JER AR (Nyquistrate) » B[l 10 Hz o phElREHEFI{F
FIT PSRRI oo > HLATHR AL SHUE AR B8 P oe i » SRR o

410 SR AHIF HAET— R 2P TaREE T HAAF R AT o - i fl AT DA
G| H SN B E0 S $ 99 R TR ©

4.11 BT AR R — SR SRR R P ATHRR I S S RN - HL AR
[l ZBEES ZE RS+ 70 L — JE ST AR (Nyquist rate ) > {HRIR 70 aMat L BE
HIER 0.04 o fth—REE 2 BAEAIREEIR N - HAKAEE IR 939 Bets R e Fr
Wi DIBUEGE PR o EstEFRInS » HERE RIS o K
BIERIrRE - RERRNERGUERR - me/NUERE (Sl ) 5
72 o JRENEEGRARE B A AR B T34 ©

4.12 7R AEFRE R ST SUZ AR = S S kX BN a AL Ml > HORg
RGN L BERLLERS 0.01 o b F BRI EFIFEATS > 7 & BRI
o B PR RN EE BRI UG 99RERR S aNAE - (EDPRE I8 & LR (RS
i 1 EFZHIENE,
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o [ 4.13 AT opAT .2 il R RS RABR = /K A L B A6 > LGS L I(E S 2.0 Hz o

AR ] B SR RS A SR 5 o A {300 5~ el HU RS R 1382
o MEmERMESARNL S L » AP BEI SRR DY I BT AUE B
FEIE » B RRARNL i Kk I 22 B EK o

414 R Sy — M A B (JHRE LB S 2.0 Hz) (2 JE {7 5 I A {1 B A
253 el abb— Ja A= 9 Bl iy — ] o Ja A 9z P e 2 g S 1 AE 3 e
Bt > JRBIRGR AR ET A (less developed ) > JRERARME AU/ NEGA ©
ot S AT G CE RSB SRAHAL 5 b HRUR BB B H MR - K
sk AN S 2 RS B AR B 2 ST IR » R SRR K O 3 A
(wave modulation ) F2HI#EARFEEL 4 (Benjamin-Feir side band instability )
[1,2,9,10, 11, 12, 17, 19, 20, 23, 24, 27, 29] ©

4.15 At o AT Rk (R DABSAR AT i i SE I 5 ) AR g8 > stk — Sk o ) 9 L ik
Wt F04E77 (fundamental harmonic ) b (#9 1.15 Hz) Z PR RRENE
0.06 o H 7 {7 el £ S I TR i AT 15 2 R Al BRI - - A= 180 il E) S5 6 £ 1
Wt o MEmAEAEAEBAHAL M b o BRI Z - I HBE YN
B o QA 2 F| 3 He ] H B B sg AU IRk > 597K v S Rt FAE
i LA R WTHATEEARIM R - MBI SRS o it
FAFF RO E L E R AR IR BV RER > FRAMATDAGR » ZE/KpeWEl ERE &1t
BHTHS (recurrence phenomenon ) JRERMSEAFIELGANSE L > HIRIFREAAER
RAIKRE > ERTEAE SARA A RE VS HE B A AR R o
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o db Belovww Peak [CWT Amplitude] a0 I

[Adapted CWWT, chirp—nNn2.dat (6.58,5.83)N] (2005/7/1—23:18:29)

S~ frequencyinHo)
A
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35
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o a =2 3 a (=3
Time (sec)
>Pi Radian [CWT Phasel o I
[Adapted CWT,chirp—n2Z.dat (6.58,5.83)N] (2005/7/1—23:18:29)
55

m
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>
0

il

i I i

o a =2 3
Time (sec)
o db Belowvw Peak [CWT Amplitudeg] a0 I
[Adapted CWT, chirp—nZ.dat (6.58,5.83)R] (2005/7/1—22:8:23)
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[Adapted CWT,chirp—nZ2Z.dat (6.58,5.83)R] (2005/7/1—22:8:23)
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4.1 s — i = 207 S N A L [ B A s U AL SRR AL S5l o itk AR
BEASEREIELS 0 DISfE seliias (Nyquistrate ) 100 Hz o bR /S LABSFIIT .2
EMI 2.5 Bz o PRTERIDOEFBORE (24 & 2.7) o RUIREHL > A5
DIfE S gAR RGPS - UERIR A E T A S ©
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Radian [CWT Phase] P |

2Pi
[Adapted CWT,.chirp—n2.dat (6.56,5.83)0] (2005/7/1—22:55:29)
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50 F
=~y F
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25 [
20 G
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o db Below Peak [CWT Amplitude] 40 I
[Adapted CWT, chirp—n2.dat (9.56,8.83)R] (2005/7/1—23:3:25)
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[Adapted CWT,chirp—n2.dat (9.56,8.83)R] (2005/7/1—23:3:25)
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& 4.2 FEEFAEGEENGE o (LU EIRRAT R A R E R A8 (BRI oo Z8EE )

TS LI sl (rth1°E ) MARRL (b~ ST ) 55 o BEZACLEEFT I
FEATRIPRECK » (HEBHRSAAS LA TR E0E o JLHIE - BIsEIRE FUHALS S Hi
H AR AR B HERERIEISEA L > (S DA TSI S5
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Py Radian [CWT Phasa P |

[Adapted CWT,chirp—n2.dat (6.58,5.83)0] (2005/7/1—22:36:33)
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o db Below Peak [CWT Amplitudg 4OI
[Adapted CWT, chirp—n2.dat (6.58,5.83)X] (2005/7/1—23:38:39)
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[Adapted CWT,chirp—n2.dat (6.58,5.83)X] (2005/7/1—23:38:39)
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db Below Peak [CWT Amplitudel 20 |

o
[Adapted CWT, chirp—n2.dat (9.82,8.15)N] (2005/7/1—17:6:2)
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[Adapted CWT,chirp—n2.dat (9.82,8.15)N] (2005/7/1—17:6:2)
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P db Below Peak [CW T Amplitude 20 |

[Adapted CWT, chirp—n2.dat (9.82,8.15)R] (2005/7/1—18:26:37)

100
80 b
~ r
-
= r
= 60 r 4
5 L
=
=3
= 40 | ]
&
20 r b
[© N 4
(o] a1 2 3 4 5
Time (seoc)
SpPi Radian [CWT Phase] o I
[Adapted CWT,chirp—n2.dat (9.82,8.15)R] (2005/7/1—18:26:37)
100 r LIL B
80 b
~
-
=
= 60 r 4
o
=
=3
= a0 ¢ i
g
20 r b
|
-
O r i
o a1 2 3 4 5
Time (sec)
~Modulus [Adapted CWT,chirp—n2.dat (9.82,8.15)R] (2005/7/1—18:9:23) I

0.00 0.00

4.5 thlE )y 205 i SR H AR R N S ARG BAT (L oA o 5537 A
e EME RIS > DIFIRG 2 o
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0 doBelow Peck [CWT Amplitude] w0l o doBefow Pesk [CWT Amplituce] 0

[Adapted CWT, x-lines2.dat (9.73,9.22)N] (2005/7/1-17:36:32) [Adapted CWT, x-lines2.dat (9.73,9.22)R] (2005/7/1-17:46:57)

Q0 40

% K
N N
I I
£ £
Iy oy
& &
5’; % § %
B 3
§ 20 § 20

15 15

10 b ; 10 b

0 1 2 3 4 5 0 1 2 3 4 5
Time (sec) Time(sec)

‘ZH' Radian [CWT Pha%] 0 ‘29‘ Radian [CWT Pha%] 0
[ [

Q0F Q0F
% 3%
N N
I I
£ e
Iy Iy
5 5
gr 5 § 5
0 T
) e
@ )
15 15
10t 10 |
0 1 2 3 4 5 0 1 2 3 4 5
Time (s0) Time (sec)

4.6 hE E RS AR S U2 S RE B AR PRI AR I AT Ik X BRI HE RS R o -
THEISEME S M > N TERAEA S M o BRI AR R » AHlE
HIFHBRISHAF 3 ©
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o db Below Peak [CWT Amplitudel 40| ‘0 db Below Peak [CWT Amplitude] 20
[Adapted CWT, x-lines2.dat (9.82,8.15)N] (2005/7/1-18:36:3) [Adapted CWT, x-lines2.dat (9.82,8.15)R] (2005/7/1-18:48:53)
100 100
80 80
N N
T I "
£ £ it i
g 60 g 60 i
| L it
g g SULE f e
o o N
é § Ty
20 20
0 0
0 1 2 3 4 5 0 1 2 3 4 5
Time (sec) Time (sec)
[Adapted CWT x-lines2.dat (9.82,8.15)N] (2005/7/1-18:36:3) [Adapted CWT x-lines2.dat (9.82,8.15)R] (2005/7/1-18:48:53)
100 100
80 80
= =
I I
< <
3 60 L 3 6
g N A g
g 8
7 w0 ] I { 740 ,
5 |I -- ﬂ' 5
i 1 I
20 IIILIIIIL iﬁlf.t IIIIIIII “” iﬁ | 0 MII|I:IEI|IIIIFI"| 20 III I
il 'H-MWW"
J sl Muhi U :
0 0 -
0 1 4 5 0 1 2 3 4 5
Time (sec) Time (sec)
‘ ~Modulus [Adapted CWT x-lines2.dat (9.82,8.15)N] (2005/7/1-18:36:3) I ‘ ~Modulus [Adapted CWT x-lines2.dat (9.82,8.15)R] (2005/7/1-18:57:35) |

& 4.7

Scadle(~Hz) !

o~
|
|

000 000 000 000

bR AT — @ X A e A R AR B AT S0 o HL/e (il 55 25 AU T
W ARIESRTRE o SRR RRET S - HRRUE (BIMESARE ) B/
FER BRI SIRTE R > MUSSE R R E RS - 55 HARROHRR VA B
W - (ERR (RS h 25 R B 58 FSUE -
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P db Below Peak [CW T Amplitude 20 I

[Adapted CWT, x—lines2.dat (9.82,8.15)X] (2005/7/1—19:9:12)

100 r
. 80 L ¥
= i
— L
é 60 |
g
= 4o
D
&

20

(o]

2P

100 r -
= [
= [
& 60 | I ”| ||
- o ...|| |u| |
5 ||II [
< i

i |
8 2°.m| %HMFJ‘J .Hlm
L -l u Illlll-l- }ll l. l-. .l oI ' I
o ' e "h_-' 'L

o a1 2 3 4 5
Time (sec)

’ ~Modulus [Adapted CWT,x—lines2.dat (9.82,8.15)X] (2005/7/1—19:9:12) I

50.0
Scale (~H2)

1.00

[ 4.8 blE Vs X-aHaR e R g~ HARG el S8UE > HR SR A ST
Qe o iitels (hrE) o 5 b EDIOREURBHEISES 52 S S RefbiE
L[ o
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1 Normalized Magnitude [CWT Amplitude] o

[Adapted CWT, p—lines3.dat (9.72,8.15)N] (2005/7/1—20:27:45)

100 | |

80 r
= |
o
= b
& 60 r
8 L
=
o)
% 40
5

20 r

(0] ‘
0 1 2 3 4 5
Time (sec)

~Modulus [Adapted CWT,p—lines3.dat (9.72,8.15)N] (2005/7/1—-19:48:52)

T~

§ — 1
0.75

\\ 0.5
0.25

55.0 200  Time(sec

Scale(~H2z)

10.0 ©0.00

[l 4.9 sl AT AR (R EH — B S AR R P TR MR S Sk - U RIRRE I SRS 2
S50 —JESLTAs (Nyquistrate) o (HhlEH RS 25 XA R AT 1SS 5514 »
HFTRALZ NG AR e s > A HIERR I
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Scale (~ frequency in Hz)

100 | |
80 r

60 r

20 |

Normalized Magnitude [CWT Amplitude] o

[Adapted CWT, p—lines3.dat (9.72,8.15)R] (2005/7/1—20:8:25)

0] 1 2 3 4 5

Time (sec)

~Modulus [Adapted CWT,p—lines3.dat (9.72,8.15)R] (2005/7/1—20:8:25)

& 4.10

Time (sec)

Scale (~Hz)

10.0 ©0.00

?FEﬁ]?ﬁﬁ*IEIZ@ﬁéﬂ?ﬁ%?ﬁﬁ@?ﬂiﬁﬁ%ﬁﬁﬁﬁﬁ > philiEl T DARE 23 A1) HH R 2R
IR ©
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NormalizedMagnitude [CWT Amplitude) 0

1

[Adapted CWT, p-linesA.dat (9.72,8.15)R] (2005/7/1-21:7:49)

%)

(

Time
~Modulus [Adapted CWT,p-linesA.dat (9.72,8.15)R] (2005/

0

NormalizedMagnitude [CWT Amplitudg

1

T1-21749)

100 000

[Adapted CWT, p-linesA.dat (9.72,8.15)N] (2005/7/1-20:44:34)

Time (sec)
linesA.dat (9.72,815)N] (2005/

100 |

60

(ZH Ul Aouanbauy ~) aeos

2054:56)

1-

1l

~Modulus [Adapted CWTp

100 000

PlREE AN AR

W HHR L
i

IESERTHER - DAEL
[ 5 e - U

JIRE]

ik

PaN
=
’

S
B ©
U EL 5

—'%"‘
) o (HRIR e BEE ELES

)

Kai]

REE LT ZAR
fy#s (Nyquist rate
=Ml
H

J

HAKRE R R s
b

(

> 15k H ERE

xR
=

s
5
S R T
> AN

— ¥
T

ZIN

AL IET

H i
aNeE L
LRI
::m_o._:ﬁ
EEEEE
B, R
H s
HE S EK
<t

|

JREETTHE 0
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[Adapted CWT x—lines3.dat (9.82,8.50)N] (2005/7/5—19:45:27)

100 f‘ T r ! i
80
- I
T
= —
& 60 r
S L
=
5]
2 40
5
20 ¢t I
I II II IIllllllIl I:llllllI I
WY
0 ;
0] 1 2 3 4 5
Time (sec)
‘Zpi Radian [CWT Phase] 0
[Adapted CWT x—lines3.dat (9.82,8.50)R] (2005/7/5—19:35:53)
100 [ pE W ‘ | ‘
80
- I
I
= a
& 60
S L
=
5]
2 40
5
20
o] ;
0 1 2 3 4 5
Time (sec)

[l 4.12 (AR 55 T FH R R W S5 e Bl S8 SR = B SRR > Rk
5T RER LR 0.01 o b FEREE MRS - F FEHI R o
HA |- A L S g9hE Rk s alat » (BIPRETE FT A2 HINE » Fil
SEAE R o
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0 dbBelow Pesk [CWT Amplituce wllo dbBelow Pesk [CWT Amplituc 1

[Adapted CWT, b0w6020.4 (9.82,8 50)N] (2005/7/5-15:31.53) [Adapted CWT, b0w6020.4 (9.82,8. 50)R2005/7/5-17:39:55)

0 5 0 5 ) 5 0 5 10 5 0 5
Time (sec) Time (sec)
i Ratian [CWT Phese 0| bn Radiian [CWT Phesg 0

[Adapted CWT,h0wB020.4 (9.82,8: 50)N] (200577 /5 15:31:53) [Adaoled CWT,bOw6020 49828, 50)]?(2005/ /5 17:39:5)

Time (s0) Time (sec)
[l 4.13  EI AT AT 2 AR 0 1 i 2 /KA 2 SRR o L 7 {155 25 T B P AT A5

ZNRAEEERL S o A TIEIRI AR o Mam R ESAENL oM L » KR
SRR AR ITEIRTAVE, - FRRRARRL i HaRAIME L 2B EL K o
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db Below Peak [CWT Amplitude] 40

‘ 0
[Adapted CWT, bOw4020.4 (9.82,8.50)R] (2005/7/6—21:8:42)
5
~N
T
o
% 4
)
=
2]
L 3
[«5)
™
195}
2
(0] 5 10 15 20 25
Time (sec)
P Radian [CWT Phase] o
[Adapted CWT,b0w4020.4 (9.82,8. 50)R] (2005/7/6 21:8:42)
5
~
T
[
£ 4
&
=
5]
< 3

(0} 5 15 20 25

Time (sec)

414 PR R BORRSE ff BELARHSE 2 e AT FH AL IR RS At e S /R R S IR > ELtE—

JE\PVR 3552 B i — [l o2 VR 8¢ HE s b A 2 S A AE S R RE B > IR B AR A e
72 (less developed ) Z IR » TRERAHFE AL/ INEGE o & 7E ABUE BAE AL -
F o MERELESSAHIHELR PZJZ&I?E(F/Z%%F\'F%E*BEF?ZEH:H
B o IRERERBH K38 A’E  (wave modulation ) KIS FEHL S (side band

instability ) o
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‘0 db Below Peck [CWT Amplitud] 0 ‘0 db Below Pesk [CWT Amplituc] 10

[Adapted CWT, 20m1020.4 (9.82,8 50)N] (2005/7/6-22:50:39) [Adapted CWT, 20m1020.4 (9.82,8.50)R] (2005/7/6-23:23.15)

Scale (~ frequency in Hz)
w

Scale (~ frequency in Hz)
w

2 bl I | |
III e I T IIIIII R II

1t 1r,
0 5 10 15 20 2% 0 5 10 15 20 2%
Time (sec) Time (sec)
‘zﬂ- Radian [CWT Phase] 0 ‘ZH- Radian [CWT Phase] 0

[Adapted CWT,a0m1020.4 (9.82,8. 50)N] (2005/7/6-22:50:39) [Adapted CWT,a0m1020.4 (9.82.8.50)R] (2005/7/6-23:23:15)

Scale (~ frequency in Hz)
wW

Scale (~ frequency in Hz)
wW

0 5 10 15 20 5 0 5 10 15 20 %5
Time (sec) Time (seo)

415 BRIE T AT ARAR R ARSI 2 2 SR v F] KR ik SR o w8 L R AR
7% (fundamental harmonic ) B& (#J 1.15 Hz ) ZJERERERIE 0.06 o H /-]
[ £ 25 T AU R iR T 1S AL BELAE A 20 M o A5 (BT I S Pk & o Mam
REE SARNL M o RPN EaERT - IR HZHINE o 2005 2 2 3
HzR H 2 5 U 2RIk - BRI ERR & Y B EE o
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L

14

iy
2

51 5|8

FERUTHAIFEET A - PRATE XA AR SR A TR R B I - = SR B 2K
TEG TR RASEE ARG R - AEE— TR ML OGE DB - PREIRfE 7 B
FRAL i e A S ARI - RSN » IRFIEATLAZA ©

5.2 BEERGY

FOSRELAIUIN S 2 &5 7 SR ( OGS T B ) R R (A SR ey
B BERRCI T3 - AT

w(t) = [sgn(r)sinnt —icosnt]g(r) (5.1)

= —i[cosnt + isgn(r) sinnt] g(r) (5.2)

Ay SEFEIRTE T wo > 10 g(r) BEiTikdy

1 2
g(n) = Te’ (5.3)

(o0°7)

N

Pt o SRS (time support) FEEZ 2 > ARRIIBIRS b &
#EFE (frequency support ) ©



HFS I — RO ~ RS BN RE - RIEMEKRIA X (Euler’s

equation ) AUERHEE LT EMEEE R » RS

w(t) = —i [h(t)g(t)eiﬂl_|_h(_t)g(_t)e—i17t]

= —i[h()g)e™ + h(—1)g(t)e "]

At h () BTN ERME IR (Heaviside step function)

ift <0

h(t) = ifr=0

—_ = O

ifr >0

AR BRI 5 T
1
h() = 5(1 + sgn(1)

U sgn(?) BAFAREKEL ( signum function or sign function )

—1 ift <0
sgn(t) =17 0 ifr=0
1 iftr>0

(5.4)

(5.5)

(5.6)

5.7

(5.8)

LA IR > 8 3 BEEHCE I SR RO — BT ~ ASAER (unitary,

angular frequency ) FAHMECUATT -

1 o0 .
FW)=;5;/:,ﬂﬂf”ﬂt

f) = F(n)e'"dn

IR

(5.9)

(5.10)
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EAIAFRHRGEAL (u) Bl (s)

AT

‘//u,s(t) = \/Lgl// (t_Tu)

= F [0 (5 8 (51T +h (-5 g (<51 ]

EeE<PAGIHEY U

f (1) = a(t) cos (1)

S HRE R RS

Wiu,s) = (t) Wu,s (1))

S
/_ ~rom (-5

r— . t—u
S S
e (-
g —
S

— U - t—u
e de
S

e L (5 ()

e /_ Z FOh (—

t—u)g (_t _u)eigtdti|
s s

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

TRl b — RS A R RSB - ZEFIFIZA N 'S 37 R A T sk

R\

f(@)
g(?)
h(t)
h(t —u)

o9
oY
-~
v ||
N
v

=
oy
-~
v ||
N
v

rr1t1u11ur1

=
N
|N
v ||
<
N—

F(n)
G(n)
H (1)
e """ H ()

e s|G (sn)
e~ |s|H (sn)

e~ M s|H (—s1)

(5.19)
(5.20)
(5.21)
(5.22)

(5.23)

(5.24)

(5.25)
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1
h(t)g(t) —=H () *xG(n) (5.26)

—
2z

f() BHiEE <= F(y) 5 Hermitian ¥ (5.27)

f@) BEMBMER < F@) N ERa e (5.28)

() BEBMER < F() B TNRE (5.29)

P > AREEAERERRSI A () = 3(1 + sgn(r)) Z & T HEEIRASS .

H(p) = %(«/ﬂé(n)—l—\/g;p.v.%) (5.30)

= \/g(é(n)—ip.v.l) (5.3D
T

e b > 6(n) BikiT o sk # ( Dirac delta distribution function) » " % | 5
fief3kta (convolution ) 4% » 1 p.v. RIEFMTEEMEEE » HARE iz
HEELIT N AR

400 _ _
p. V. (1) ) = lim o) 4 = / o) —ol=x) 4 (5.32)
X e 0 JR\[—ese] X 0 X

FELLNRG R BRI LL p. v. ARRCAENE ©

IR A A S R A TR B RRE > B o1 =15 HI

deel i [ FOh (54) g (5) e dr (5.33)

= Dz gt [ L [ Fh (5) g ((54) et ] (5.34)

= Lo [F(a)l) x == (emir|s|H (seon) *e‘iw”‘lslG(sa)l))] (5.35)
= A F (D) + (e—i?"|s|H(;7)*e—i?"|s|G(;7))] (5.36)

FERIHPG o =—1 Hl

deeT N [ FOh (=154) g (54 el dr (5.37)
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= BB L [ FOh (<15) g (152) e (5:38)

— i_gionu [F(a)z) = (7T 5| H (—sa) * e—iw2"|s|G(sw2))] (5.39)

g NGr
= Ll [F (=1) x (ei?“|s|H(;7) *eig"lslG(n))} (5.40)
= Ll [F (Z) * (e"?"|s|H(;7) *ei?"|s|G(n))] (5.41)

)+ (7 H st H () * e HsIG()) | +
it [F (?) N (ei?“|s|H(;7) *ei?”|s|G(;7))“ (5.42)

il

Wf.s) =55 (eigu [F (2)*e‘i?”lslG(n)*e—i?“|s|(i5(;7)+ﬂin)} +

.5 -1 1
) e sHs|G () x e s |0 (n) + n—ﬂ)“ (5.43)

HEE» RN DR RERREAN » — S s iR E > i il
R > E— ARG AN E LT R BT L SRR ¢ i R2
80 A s AR R 5 BRSE R AT 2B T 2 o E TR
HIR #0111 () = 0 » K15

1 | | o
Wfy(u, 5) = Es—% [el?“ [F (g) e 151G () *e—’?“|s|ﬂ—ﬂ] +

o [r )

1 _1G : : :
— —S_% (’/’) {el;’?u [F (ﬁ) *e—lgu|s|*e—lgu|s|] +
N

el [F (ﬁ) wel s *ei3"|s|“ (5.45)
N

. . 1
*e’?"|s|G(;7)*e’?“|s|—“ (5.44)
T
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HREEE L EET > BIfE

_j1

3 1 i1 1
Wi,n) =352 [6“‘” [F(E)*e S“G(n)*e“s“(ié(n)Jrﬂ—n)]Jr

S

e—uu[F(ﬁ)*eﬂ“GOﬂ*eﬂ“aaon+—fgﬁ] (5:46)

& B
e—i?uG(n) *e_igué(ﬂ)
_ / eI G (@) S (n — E)dE (5.47)
:/ eTHGE)OE — e (5.48)
— ¢ UG (O) (5.49)
=n
— ¢ NG (n) (5.50)
Gy e i)
n
— / e—iguc(g)e—i”%g’”Ldf (5.5D
o n—¢
— emiiu / G(g)Ldf (5.52)
—00 n-— 5
— eiu [G(n) * ﬂ (5.53)
— ¢ty G (n)Erfi (%) (5.54)
S

[ST[S%}

Wfs(ua ;7) = %S

“ |3

[eii’" [F ( ) xe UG () [i + Erfi (%)H +
it [F (E) w e PG ) [i + Erfi (%)H} (5.55)

H AT SN e B 35 VR A2 (analytic signal procedure ) FRAM 4138 A SEZS n JAE KPR

=
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BEMLLE (BIARER/N » SEBERAE > ifi o> > 1) > HEBx > 15
erfi(x) > 1> HIXAREERZ M2/ MO EEZ A o 5 DL—RREN AT Baal H i (AR
M BN o BRI

f(t) =cosit = % (e77¢" 4 €¢") (5.56)

Hi|
F(5)=£[5(5+C)+5(5—5)] (5.57)

1]

n

elst [F (E) *e‘ig”G(n)] +

s
—i?u E igu
e |:F (S)*e G(I’])]
= eiZ”/ F (g) e_in%iuG(ﬂ —&)d¢ +
—ily o ¢ =<,
e 's / F (;)e s "G(np— &)d¢ (5.58)
=/ F (g) eG(y — E)dE +
/ Y F (ij)e_i SG (g — E)de (5.59)

e [r (@) ramen ()]
o itu [?g) * eiguG(ﬂ)Erﬁ (%)}

ity > ¢ —il=<y 77_6)
—=e's Fl= s "G(p—&Erfi | — ) d
‘ /_oo (s)e (=B ( i)t

—ily > é in;étu 77_5)
; F(2)e5 G — o)Eehi (== ) a 5.60
‘ /_oo (s)e ('7 5“(\@ : >0
(&N i 77—5)
— [ F(2)e G- oEh (1T=5)a
[P (5)evom-om (1) a+
/OO F (é)e_iqu(n _ O)Erfi (ﬁ) dé (5.61)
o\ V2
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SH F© (3F (5)  BURELs = 1ERRS) ALK

Wi, ¢) =
[T VEOCE =0 +0E +0)) (5 + ) Ge - 9)ds +
S VEOC =0+ 0 +0) (¢ +e7) Ge - OBrfi () de | (5.62)
= /53 { [F (e rei) G -o]|,_ +

|
o [a o) o -ama ()]

[ (5o r) ot e <%)]L=_C] 6
= JEA e G 0) + G200 +

[G(O)Erﬁ(o) + G(—ZC)Erﬁ(—ﬁC)]} (5.64)

=

¢+ o), |+

= VEsieosG [1GO) + G201+ [0+ G(-20)Brti(—v20) |} (569)

= \/gs% cos(£u) [0+ G(0)i] (5.66)

5.3 RrphELiscH
DU SR PR 15 DUSRAL e T T RS BEBAR » SR ERIMBE — 25 T Mtk a7 H
FRATEAHALA S MR o DA ST EICRR L S B AT » 3

o FHALE LI A

o FRUETRGR I MEDR 531

o FHALMOIREER (LA

FHE\ 5.45 A HTRAL T IR0 g L A5k PR RSt o JRR A AU S E (R B thmT vl
A RRIER S NE RIS o HAE A AR & T AR 2 5.46
HAHHFES/NE (AEHMEZRIE) INERILHE >, HAA A ERUAFEE
B > HOREEAE B PS E AR AT R o i — E WMt o RIS AE AL
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16 L T R 8 Lt > IHLO > G 5 L 5T 2 2 B 0 D R
( imaginary error function) 2 KZ 5> (i HERRSE » A15K 5.5 122 Exfi JRRF 11 17§
R 562 LEMMAIAR L BRI © T4 » 18 RS S > LavER
STHESIHT BT BB RS AT A IR R PR o T 4 Mk I 53 5
B YL o AR & T3S » AR IPBHNL (stationary
phase) » BV 55 (5 HUK SIS BAENE (B £ (1) = a(0) cos (1) TS » AIfS
MELGRITS ¢ () — nr > BRRISRASTEAENGH ¢/() — n = 0 ) BRITHMIRA T
T > RS RETAF A MR B - RS e M 2 72 Bt A3
% (B £(0) = a@) cosp(0) T » LA MILRIET $(1) » WHEVBES LRI
=) o FEGERIE BRI I LSS R
o BB EE 2 A B B PR o SO IE AT
T ARSNGB P95 - WA o] AR BT LA B
HIPSE o SANRRIBIIR SO DI - RIS AL R
FHOTB: » TR MR - DA R NE B TR -
B (thresholding ) ©

AEBIHTHS L » WM SIS D MU » B 8 B
ST > SEAE 5.62 AERIAGE H PR T > TAEREIT IR 5.4 551 > R
AR5 RO E RS L = "$mn = 0, 1,2, . o 530 > u SBUCE R S8
BRI HEMRIMBLIIRI (Bxp) ZRATTE o B » (R —
KIEREE RIEEIIR S - HEBIGH S — TR IR
e Lo o SERIME RN T SIS o JESEREPEAAC L LIS
2 o A DU IR 55 1 L T Y RO PR » 3 RS0 » 4
REA— BSOS AEAREN T L » % BURBEE (53K Dawson B
o HODBIES 5.54 2 GONEf () ) {EWHEAUAE L2 S5 > ok
PSR (HIE 3.4) Fm2 BT R R B 715 » BRI
AT I B LB

D250 T SR R 22— S B » B T
P JGREBES SR IR L > S8BT
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0.

g ZA
T i
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(* A Quasi Wavelet Basis Function
for Refined Ridge Extraction*)

(* by Ron Lee *)

= Files and Parameters Fie ‘ Macro ‘ LeakOut ‘ Leakin ‘ PhaseNoise ‘ Root ‘ Others ‘%

<<"c: /lee /mat/Initial_SetNotebook.M" (+ Set notebook options *)
<<"c: /lee /mat/Initial_Forms.M";

<< "c: /lee /mat/Initial_Frames.M";

<< "c: /lee /mat/Initial_Words.M";

myfont = "Times";

$TextStyle = {FontFamily -> "Times", FontSize -> myfontsize };
timeflag  ="Y";

dynamictimeflag ="N"

flabelflag ="Y";

flabelflag2 ="Y"

abcdflag = "N";

llabelflag ="y

gridlineflag ="YY"
xyaxisflag "LL"
stringposflag =d;
xshiftflag =0;
forcedstringaryflag ="n"
forcedflabelflag
stringindexmul
stringindexsin =
abcdlabel = "a";
timeflag = "Y"; tlabel = tlabelv;

n;

3
1

m  Macros File ‘ Macro ‘ LeakOut ‘ Leakln ‘ PhaseNoise ‘ Root ‘Others ‘%

doshowxy :={
moutt[flabel];
moultt[flabel2];
myplot=ListPlot[ dataxy
, PlotJoined->True
, PlotRange->All
, PlotStyle->{Thickness[0.0008] (* , Hue[0.0] *) }
, Frame->True
, DisplayFunction->Identity
I
myshow;
(* Run["mmawav.bat"]; *)
<<"c:/lee/mat/000-p2_nb-m.m"
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flabel2 := typestr<>" o="<>StringTake[ToString[N[scap1l,
9]],If[StringLength[ToString[N[scapl, 9]]]>=7, 7, 1] ]<>", B="<>ToString[N[
peakshiftpl,2]]<>" n, &="<>StringTake[

ToString[N[xi,2]],1]<>", (0 &"<>StringTake[ToString[N[xlimitp1, 2]],1]<>"
o="<>ToString[N[phap1,3]]<>" "

),

m  Leakage Out File ‘ Macro ‘ LeakOut ‘ Leakin ‘ PhaseNoise ‘ Root ‘ Others ‘ End ‘

m Leakage out (Wavelet variant)

(* ------ Frequency Leakage Out (Variant) --------- *)
typestr="Wavelet Variant: ";
xlabel="Scale";

ylabel="Projections at different wavelet scales";
flabel="Ambiguity Effects : Leakage OUT from a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
frelkgout [peakshiftv_, scav_, xlimitv_, phav_, xiv_] :=

1/ (scav) * NIntegrate[Cos[xiv*x]*Sin[xiv*x/scav]*

Exp[-((x - peakshiftv/xiv)"2/scav”2 + (x)"2)/(2)],
{x, 0, xlimitv}
, MinRecursion->3, MaxRecursion->10
(* 1/scav * NIntegrate[Cos[x]*Sin[xiv * x/scav]* (* a=sca/xi *)
Exp[-((x/scav - peakshiftv/xiv )2 + (x)*2)/(2)],
*
)

peakshiftp1=0.5;peakshift= peakshiftpl * Pi;
Xlimitp1=7;xlimit=xlimitp1 * Pi;
phap1=0;pha=phapl * Pi;
Xi=5;
scapl=1,;
datax=Table[ ni, {ni, 0.025, 5, 0.025}];
datay= Table[ frelkgout [peakshift, sca, xlimit, pha, xi], {sca, 0.025 ,
5,0.025}];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Ambiguity Effects : Leakage OUT from a wave packet

Wavelet Variant: o=1, B=05xr ¢&=5(0 <71, 6=0.rx
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07)

[~ Waveler Variant a=1, p=0.57, £=3, (0 171), =01 US/T2/23@ 1029701

04 Ambiguity Effects : Leakage OUT from a wave packet

0.3

0.2

0.1

Projections at different waveletscales

-0.1

-0.2

Scale

{2005, 12, 23, 10, 29, 1} CPU:(00, 00,0.937);  Time:(00, 00,

m Leakage out (Morlet)

(* ---mmmm- Frequency Leakage Out (Morlet) ---------- *)
typestr="Morlet Wavelet: *;
xlabel="Scale";
ylabel="Projections at different wavelet scales";
flabel="Ambiguity Effects : Leakage OUT from a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
(*
frelkginM[peakshiftv_, scav_, xlimitv_, phav_, xiv_] :=
NIntegrate[Cos[u/scav]*Cos[(u)]*

Exp[-((u - peakshiftv)*2+ (u/scav)"2)/(2*xiv/2)],

{u, 0, xlimitv}

, MinRecursion->3, MaxRecursion->10

1:

(* There exists analytical form *)
frelkgoutM [peakshiftv_, scav_, xlimitv_, phav_, xiv_] :=
2* 1/ (scav) * Integrate[Cos[xiv*x]*Cos[xiv*x/scav]*
Exp[-((x - peakshiftv/xiv)*2/scav”2 + (x)"2)/(2)],
{X, 0, Infinity}

I

peakshiftp1=0; peakshift= peakshiftpl * Pi;

xlimitp1=7; xlimit=xlimitp1 * Pi;

phap1=0; pha=phapl * Pi;

Xi=5;

scapl=1,;

dofrelkgoutM=frelkgoutM [peakshift, sca, xlimit, pha, xi] (*analytical form*)

datax= Table[ ni, {ni, 0.000, 5, 0.025}];

datay= Table[ N[dofrelkgoutM], {sca, 0.000, 5, 0.025}];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;
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1 1
—— [2If [Im[ =] ==08&&Re[ =] > -1,
sca sca sca
25 (-1+sca)2 25 (1isca )2
e 2 (1+sca?) +e? (1+sca?2) ] i
2 5x

Ly
, Je’f\ sa?| Cos[5x] Cos|[ ——] dx]
o sca

25 1
2e® 1+ <@r

Ambiguity Effects : Leakage OUT from a wave packet

Morlet Wavelet: o=1, B=0.7m ¢&=5,(0 o7n), 6=0.rn
[ Morlet Wavelet a=1, B=0.7, &=, (0 171), =071 U5/T2/23@10:29°01

mbiguity Effects : Leakage OUT from a wave packet

0.8

0.6

04

02 r

Projections at different wavelet scales

(U . . ; ; :
0 1 2 3 4 5
Scale
{2005, 12, 23, 10, 29, 8} CPU:(00, 00, 0.344); Time:(00, 00,
04)
B << "c:\\lee\\'mat\\000 -pl.m"

FindMinimum [-1« 1 /sca «

_ 25 (-l4sca)? _ 25 (lasca)? P 1
E 2w 4 E 2 (sa?) — i1+ sca? /(2 (L+sca?)), {sca, 0.97 }]
2 sca?

<<"c: /lee /mat/000-p2_nb -m.m"

{-0.447397, {sca - 0.962224 }}

I R ST
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{2005, 12, 23, 10, 29, 12} CPU:(00, 00, 0.015);  Time:(00, 00,
00)

m  LeakageIn Fie ‘ Macro ‘ LeakOut ‘ Leakin ‘ PhaseNoise ‘ Root ‘ Others ‘%

= Leakage in (Wavelet variant)

(* - Frequency Leakage In (Variant) -------- *)
typestr="Wavelet Variant: ";
xlabel="Scale";

ylabel="Projections from wave packets of different scales";
flabel="Ambiguity Effects : Leakage IN from different wave packets";
<<"c:/lee/mat/000-p1_nb-m.m";
frelkgin[peakshiftv_, scav_, xlimitv_, phav_, xiv_] :=
Nintegrate[Cos[u/scav]*Sin[(u)]*

Exp[-((u - peakshiftv)*2+ (u/scav)"2)/(2*xiv/2)],

{u, 0, xlimitv}

, MinRecursion->3, MaxRecursion->10
I;
(*gscalb_, a_, s_] := Nintegrate[Cos[u/a]*Sin[(u)]*

Exp[-((u-Pif2.)~2.+(u/a)"2.)/(2*s"2)], {u, 0, b} ] *)

peakshiftp1=0.5;peakshift= peakshiftpl * Pi;
xlimitp1=7;xlimit=xlimitp1 * Pi;
phap1=0;pha=phapl * Pi;
Xi=5;
scapl=1;
datax= Table[ ni, {ni, 0.025, 5, 0.025}];
datay= Table[ frelkgin [peakshift, sca, xlimit, pha, xi], {sca, 0.025 ,

5,0.025}];
dataxy=Table[ {datax[[ i ]], datay([[i]]}, {i,1 ,Length[datax]}];
doshowxy;
Ambiguity Effects : Leakage IN from different wave packets
Wavelet Variant: o=1, B=0.5rxr ¢&=5(0 <71, 6=0.r
[ Wavelet variant. a=1, p=U.57, £=9, (0 171), =071 05/12723@10: 2901
,LE 2 Ambiguity Effests : Leakage IN from different wave packets
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{2005, 12, 23, 10, 29, 12} CPU:(00, 00, 0.313);  Time:(00, 00,
01)

m Leakage in (Morlet)

(* --m-m-- Frequency Leakage In (Morlet) --------- *)
typestr="Morlet Wavelet: ";
xlabel="Scale";

ylabel="Projections from wave packets of different scales";
flabel="Ambiguity Effects : Leakage IN from different wave packets";
<<"c:/lee/mat/000-p1_nb-m.m";
(* There exists closed analytical form *)
frelkginM[peakshiftv_, scav_, xlimitv_, phav_, xiv_] :=
2 * Integrate[Cos[u/scav]*Cos[(u)]*
Exp[-((u - peakshiftv)"2+ (u/scav)"2)/(2*xiv"2)],
{u, 0, Infinity}

I

peakshiftp1=0; peakshift= peakshiftpl * Pi;

xlimitp1=7; xlimit=xlimitp1 * Pi;

phap1=0; pha=phapl * Pi;

Xi=5;

scapl=1;

dofrelkginM=frelkginM [peakshift, sca, xlimit, pha, xi] (*analytical form*)

datax= Table[ ni, {ni, 0.000, 5, 0.025}];
datay= Table[ N[dofrelkginM], {sca, 0.000, 5, 0.025 } ];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];

doshowxy;
1 1
21f [Im[ -] ==08&&Re[ =+ | > -1,
sca sca
25 (~1+sca)? 25 (1+sca)?
5ile 2 (1+sca?) +e? (1+scaZ) i
2 @1 [-u2- u? ) u
L] e Y ez Cos[u]Cos[ﬁ]dlu]
25 1
2 ¢ 1+ a7 ]
Ambiguity Effects : Leakage IN from different wave packets
Morlet Wavelet: o=1, B=0.x €&£=5(0 <71, 6=0.rn
[ Morlet Wavelet a=1, B=0.7, &=, (0 111), =071 U5/12/23@ 1029701
Lz Ambigyity Effects : Leakage IN from different wave packets
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{2005, 12, 23, 10, 29, 13}
03)

B <<'"c: /lee /mat/000-pl_nb-m.m"

_ 25 (-l4sca)? _ 25 (l4sca)? bis 1
FindMinimum [-1+ 10 [E 2(Wsca?) 4 E 2 (Tsea?) ) > 1+ > sca? /(2 (1+sca?)),
sca

{sca, 1.01 }]
<<"c: /lee /mat/000-p2_nb -m.m"

(-4.47397, {sca - 1.03926 1}

CPU:(00, 00, 0.187);  Time:(00, 00,

{2005, 12, 23, 10, 29, 16} CPU:(00,00,0.); Time:(00, 00, 00)

= Phase noise Fie ‘ Macro ‘ LeakOut ‘ Leakin ‘ PhaseNoise ‘ Root ‘ Others

= Phase noise (Wavelet variant)

(* - Phase Noise ~ --------------- *)
typestr="Wavelet Variant: ",
xlabel="Phase";
ylabel="Projections from different phases";
flabel="Phase Noise : Related to differnet locations of a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
integright[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] :=
Nintegrate[Cos[u/scaadjv-phav]*Sin[u]*
Exp[-((u -peakshiftv )*2. + (u/scaadjv-phav)"2.)/(2*xiv"2)],
{u, 0, xlimitv}
, MinRecursion->3, MaxRecursion->10 J;
integleft[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] :=
Nintegrate[Cos[u/scaadjv-phav]*Sin[-u]*
Exp[-((u + peakshiftv )*2. + (u/scaadjv-phav)"2.)/(2*xiv2)],
{u, -1.*xlimitv, 0}
, MinRecursion->3, MaxRecursion->10 ];
peakshiftp1=0.5; peakshift= peakshiftpl * Pi;
xlimitp1=7; xlimit=xlimitp1 * Pi;
phap1=0; pha=phap1l * Pi;
Xi=5;
scaadj= 0.969621557058245997; scapl=scaad;
phaintpl=Table[ integright[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.05 Pi, 6.5 Pi, 0.05Pi}];
phaintp2=Table[ integleft[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.05 Pi, 6.5 Pi, 0.05Pi}];
phaintmid=2 * Table[ integleft[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.00 Pi, 0.00 Pi, 0.05Pi}];
posshiftsum=phaintpl+phaintp2;
midintsum=phaintmid;
datax=Join[ -1* Reverse[Table[ ni * Pi, {ni, 0.05, 6.5, 0.05}]], {0},
Table[ ni * Pi, {ni, 0.05, 6.5, 0.05}] ];
datay=Join[ Reverse[posshiftsum], midintsum, posshiftsum];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Phase Noise : Related to differnet locations of a w

ave packet
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Wavelet Variant: 0=0.96962, 3=0.5, ¢&=5,(0

o7n), 6=0.

[Wavelet Variant @=0.96962, B=U.57, £=>, (05 77), 0=0.1

U5/TZ2723@TU2901
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{2005, 12, 23, 10, 29, 17} CPU:(00, 00, 0.454);  Time:(00, 00,
00)

= Phase noise (Morlet)

(* ---mm- Phase Noise (Morlet) ~ ----------- *)

typestr="Morlet Wavelet: ;
xlabel="Phase";
ylabel="Projections from different phases";
flabel="Phase Noise : Related to differnet locations of a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
integrightM[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] :=
Nintegrate[Cos[u/scaadjv-phav]*Cos[u]*
Exp[-((u -peakshiftv )*2. + (u/scaadjv-phav)"2.)/(2*xiv"2)],
{u, 0, xlimitv}
, MinRecursion->3, MaxRecursion->10 ];
integleftM[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] :=
Nintegrate[Cos[u/scaadjv-phav]*Cos[-u]*
Exp[-((u + peakshiftv )*2. + (u/scaadjv-phav)"2.)/(2*xiv"2)],
{u, -1.*xlimitv, 0}
, MinRecursion->3, MaxRecursion->10 J;
peakshiftp1=0.0; peakshift= peakshiftpl * Pi;
xlimitp1=7; xlimit=xlimitp1 * Pi;
phap1=0; pha=phapl * Pi;
Xi=5;
scaadj=1;
scapl=scaadij;
phaintpl=Table[ integrightM[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.05 Pi, 6.50 Pi, 0.05Pi}];
phaintp2=Table[ integleftM[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.05 Pi, 6.50 Pi, 0.05Pi}];
phaintmid=2 * Table[ integleftM[peakshift, scaadj, xlimit, phav, xi],
{phav, 0.00 Pi, 0.00 Pi, 0.05Pi}];
posshiftsum=phaintp1+phaintp2;
midintsum=phaintmid;
datax=Join[ -1* Reverse[Table[ ni * Pi, {ni, 0.05, 6.50, 0.05}]], {0},
Table[ ni * Pi, {ni, 0.05, 6.50, 0.05}] J;
datay=Join[ Reverse[posshiftsum], phaintmid, posshiftsum];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];

doshowxy;
Phase Noise : Related to differnet locations of a w ave packet
Morlet Wavelet: o=1, B=0.7m ¢&=5,(0 <71, 6=0.rn
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[ Morlet Wavelet a=1, p=0.7, &=, (0 171), =071 U5/T2/23@ 1029701
4 Phase Noise : Related to diffgmet locations of a wave packet
5
: A\
E 0
% ol
~
,4 t ) ) )
-20 -10 0 10 20
Phase
{2005, 12, 23, 10, 29, 17} CPU:(00, 00, 0.468); Time:(00, 00, 7
02) J
m Roots Fie ‘ Macro ‘LeakOut ‘Leakln ‘ PhaseNoise ‘ Root ‘Others ‘End ‘
<<"c: /lee /mat/000-pl_nb-m.m" b
g[lb_, a, s_ 1 :=Integrate [Cos[u/a] *Sin [(u)]*
EXp[-((u-Pi /2.)"2. +u”2. )/ (2%s72)], {u, 0, b }]
FindRoot [g[5. *Pi, a, 5 1 ==0, {a, 0.95, 0.7, 1.2 }1
<< "c: /lee /mat/000-p2_nb -m.m"
{a > 0.970672 }
{1998, 7, 27, 2, 18, 16 } CPU: (00, 00, 44.27 ); Time: (00, 00, 44 37
<<"c: /lee /mat/000-pl_nb-m.m"
glb_, a, s_ 1 :=Integrate [Cos[u/a]*Sin [(u)] *
Exp[-((u=-Pi /2. )"2. +u™2. )/ (2%s"2)], {u, 0, b }]
FindRoot [g[7. *xPi, a, 5 ] ==0, {a, 0.9696, 0.7, 1.2 }1
<< "c: /lee /mat/000-p2_nb -m.m"
{a > 0.970672 }
{1998, 7, 27, 2, 19, 0 } CPU: (00, 00, 44.71 ); Time: (00, 00, 45 37
<<"c: /lee /mat/000-pl_nb-m.m" Yl
glb_, a, s_ 1 :=Integrate [Cos[u/a]*Sin [(u)] *
Exp[-((u-Pi /2.)72. + (u/a)"2. )/ (2*s"2)], {u, 0, b }]
FindRoot [g[5. *Pi, a, 5 1 ==0, {a, 097, 0.7, 1.2 }
<< "c: /lee /mat/000-p2_nb-m.m"
(* Run["'mmawav.bat" 1; =*)
{a - 0.969622 } 3
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Prn_TFC-QWBF.nb (12/23/2005 - 11:16:30) 11

{1998, 7, 27, 2, 19, 46 } CPU: (00, 01, 17.17 ); Time: (00, 01, 17 ) }J

m | Others File ‘ Macro ‘ LeakOut ‘ LeakIn ‘ PhaseNoise ‘ Root ‘ Others ‘ End ‘ }
m Close form integrations j
(u 2.2 ;

- 4
g2(b_,a_,s_ ) =J cos (i) sin (u) e~ 252 du
0 a

<<"c: /lee /mat/000-pl_nb -m.m"
g2[b_, a, s_ ] = Integrate [Cos[u/a] *Sin [(u)] *

Exp[-((u)"2. + (u/a)”2. )/ (2+«s"2)], {u, 0, Infinity }1]
<<"c: /lee /mat/000-p2_nb -m.m"

142 1,2 1.2

ARG 1+1) 2 1+4) s

(")2+ >0, 71 o5 0.5 ( +2“) ’ v 1,;3;—% Sgn(l+l)+
s ((%)yl ) ' (3 +1 22+ a

(%)

-1y 3 -1’5 1 o g
% 1F1{1.;~2~;H]sgn(l~a~) ’fo e 22 cos(g—)sin(u)du]

If[lm(%) ==0/\R¢

(L +1)e L +1)
(1998, 1, 10, 0, 15, 19 }  CPU:(00, 00, 15.22 ); Time: (00, 00, 15 ) 3
1 1+(4)% b
If [im[ =] ==0&&Re[ — 2] >0,
(-1+a)?s2 ) 3 (-1+a)?s? . 1
0.5 ——= 2> HypergeometriclF1 [1., 5, -————>">]sign [1- =]+
(1+(1)%) a2 20 21+ a
1+ 4 242 1,242
% HypergeometriclF1  [1., g 7%} Sign [1+ 2] /
1+ (3)* 20 21+ (H”
1+ (l)z' 05 o 42 (42
{75] , J E 2s? Cos[g] Sin [u] du]
s b a
{1998, 7, 26, 17, 28, 31 } CPU: (00, 00, 5.05 ); Time: (00, 00, 05 ) 37
<<"c: /lee /mat/000-pl_nb-m.m" N
g3[b_, a_, s_ ] = Integrate [Cos[u/a] *Sin [(u)] *
Exp[-((u-Pi /2.)"2. +(u/a)"2.)/(2%*s"2)]1, {u, O, Infinity 13
<<"c: /lee /mat/000-p2_nb -m.m" |
@ (15708 +u)2 - (4)2 Y
J E 252 Cos[g] Sin [u] du
o a i

{1998, 7, 27, 2, 21, 8 } CPU: (00, 00, 8.79 ); Time: (00, 00, 09 ) Y ]
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A Wavelet Variant and Its Characterization
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The Wavelet Variant

The devising

The wavelet variant:

2

—t

w(t) = [sgn(t) sin wgt — i cos coor] ez,

The scaled and translated versions of the wavelet variant:

1 - t—b ) t—>b
Wa,p(1) = - | sgn(r) sinwy | —— ) — i cosay
a ,

am4

3/35

The rendering

The modulus:
Wf(a,b) = (f(t), yas(t)),
or
Wf(a,b) = (f ), Imyan()) +iH [(f(f)7 Im l/’a,b“))] )
or
Wf(a,b) = (f(t), Rewap(t)) +iH [(f(t), Re%b(ﬂ)] .

The phase:
-1 Le(f (1), wa,p())

R (f (1), wa,n(1)) ’

Rm(f(f), l//(ub(f)) 2 '

¢(a, b) = tan

¢(a,b) = tan

4/35
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The wavelet variant'
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Figure 1: The real and imaginary parts of the wavelet variant for the renditions of modulus and phase as defined by equations
4,5,6 and 7. The wavelet variant is poorly analytic.

Time-Scale Characterizations

A few topics

7/35

e The admissibility condition and the completeness and redundancy
e Analytic versus complete oscillation and total positivity

e Instantaneous frequency, stationary phase, power ridge

e The analytic signal procedure and the Hilbert transform

e Time-frequency resolution, frequency leakage, and phase ambiguity

o Power ridge vs. trough

e}
J




Analytic vs Non-analytic (BO350)'
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Point Series Point series

Figure 4: Wavelets with fancy analytical properties are often of peculiar wave forms and are not of our choice for studying
water-wave related physics — Either judging from their entropy results or form their stability conditions shown here. Here the
blow-ups of bi-orthogonal wavelets BO350 are shown — different curve inclinations.

The frequency leakage-out distribution curves'

Wavelet Variant a—1, S—0.5x, £—5, (O<> 771, O—O.or O05/11/09@16:29:51

o Ambiguity Effects : L eakage OUT from a wave packet

o.= | 3
o.z | 3

o.1 | 3

—o.1 [ E|

Poeorsat e vardetscdes

Figure 5: The frequency leakage-out distribution curve for the proposed wavelet variant. The frequency leakage-out is the
projection of the unit scale basis function into its neighboring scales. For wp = 5 the curve has a root at scale 1.0313. This
zero value and the sharp steep slopes at both sides of the root make possible the easy identification of energy ridges.

Morlet Wavelet: a=1, =0, £=5, (O<>77), =0 ©5/11/09@16:29:51

biguity Effects : L eakage OUT from a wave packet

Pojesonsa dfaentnarde s

o a 2 3 a4 =1
Scale

Figure 6: The frequency leakage-out distribution curve for the simplified Morlet wavelet. Again the frequency leakage-out is

the projection of the unit scale basis function into its neighboring scales. The curve has a peak at scale close to 0.9622. The

weight centers around the peak and contributes to a relatively broader leakage of energy.

98




The phase noise distribution curves'
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Phase

Figure 9: Phase noise or time smearing effects associated with the proposed wavelet variant. The phase noise is caused by
the phase mismatch between two identical but translated basis functions. That is to say, it is calculated by projecting a unit
scale basis function into its various time-translated versions. There is a root at the zero phase point. Again, this zero value and
smallness around it provide the reasons for the proposed basis’ successful applications using the phase plane information.
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Figure 10: Phase noise or time smearing effects associated with the simplified Morlet wavelet. The phase noise is calculated
by projecting a unit scale basis function into its various time-translated versions. There is a peak rather than a root at the center.
The large values around the center point indicate that it is hard to get informative features from the phase plane information
using such a basis.

The analytic degree of l//'
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Figure 11: This figure shows the analytic degree of y relat;il ;(Sjjq(usa‘taigﬁ 4. The top sub-figure shows the power (modulus
squared) of the difference between (f(¢), Aly]) and (f(¢), ), where .A means the analytic counterpart. The mid sub-figure
shows the corresponding phase. Here an X-signal composed of two linear chirps (bottom sub-figure, see figure (Fig. 17)) is
used.
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Tests and Applications

Simulated signals

o A parabolic chirp with a frequency range of zero to Nyquist rate of 100 Hz;

o A signal composed of two liner chirps with equal power contents;

o An X-signal with a power ratio 0.01 between the two component signals;

o A signal composed of two liner chirps that are parallel and have the same power contents;

o A signal composed of two liner chirps that are parallel but with a power ratio of 0.04.

Water wave signals in laboratory tank

o Wind waves in oval tank with respective spectral peaks at about 2.0 to 2.6 Hz;

o Stokes waves with different fundamental harmonic frequencies and different wave steep-
ness values.

= == =X K= = T 7T s T ==y |

Figure 12: The time-Frequency zoom-in of a section of a parabolic chirp with frequency range of 0 to 100 Hz Nyquist rate.
The top two sub-figures are related to the definition of equation 4, and it is therefore almost identical to the results of the Morlet
wavelet. The bottom two sub-figures are associated with the proposed wavelet variant (equations 3 and 6). It is obvious that
the proposed function basis provides better and easier identifications of the power ridge or stationary phase points from both
the modulus and phase renditions.

<. ENEEREEZ®

16/35
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= O5 Solow Peak T[CW T Ampiioad =] [= o5 Eaiow Peak TOW T Ampiioa Za |

[Adapted CWT, chirp—n2.dat (9.52.5.15)R] (2005/7/1 - 18:26:37)

[Adapted CWT, chirp—n2.dat (9.82.8.15)N| (2005/7/1-17:6:2)

Stde(~ feencyinky)
8

Time (e Time (e
B Radan TOWT Phessl 51 = adan TOW T PhessT =1

[Adapted CWT.chirp—n2.dat (9.82,8.15)N1 (2005/7/1-17:6:2)

|“ VR 1t e
3,%‘” [t i:,ﬂ!"u‘!,‘h "'ll“ g ‘ mmlﬂml l[i||||[|l ""”

“Modulus [Adepted CWT chiTp N2 da (0525 15)M] (2005/7/1_17:672)

Figure 15: This figure Showsoﬁleur:odulus and phase planes for the full extend of the samzwpa;;i)olic chirp using both the
simplified Morlet wavelet (the left sub-figures) and the wavelet variant (the right sub-figures). The phase plane associated with
the simplified Morlet wavelet tells little in practical significance. Note that there is a slight up-shift of instantaneous frequency

for the wavelet variant, and it is about W larger than that for the simplified Morlet wavelet.

o db B el ovw Pealk [TSWVWVWVT AAmplitude] a0 I

[Adapted CWT, bOWAOZ20.4 (9.82,.8.500R] (2005/7/6—21:8:42)>

- R

o a1s =20

Time (sec)
Figure 23: The modulus and phase planes for a lesser developed water wave signal (when compared to the previous figure, and
it is due to a smaller wind speed in the tank) using the wavelet variant. The phase plane shows a very distinguish feature of
multiple interfacing points along the time line. It reflects the existence of multiple scale components and the mutual interactions
among them, and it also serves as the indication of instability or rapid wave modulation.
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[Adapted CWT, aOm1020.4 (9.82,8.50)N| (2005/7/6—22:50:39) [Adapted CWT, aOm1020.4 (9.82,8.50)R] (2005/7/6—23:23:15)
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Figure 24: This figure compares the modulus (top sub-figures) and phase (bottom sub-figures) planes of a mechanically gen-
erated Stokes wave for both the simplified Morlet wavelet (left sub-figures) and function (right sub-figures). Here the Stokes
wave has a wave steepness value of about 0.06 at its fundamental harmonic band. Again, the wavelet variant shows off more
interesting physics either from its modulus or phase rendition: for examples, the multi-troughs around frequency 2 to 3 Hz
from both the modulus and phase renditions, the feature of rapidly oscillating (or up-and-down) interfacial points for the
above troughs, and the evolution of the first fundamental harmonic. All these may serve as evidences of the energy recurrence
phenomenon among wave components and the Benjamin-Feir side-band instability.

mﬁ'
4

Mathematical relevance

Main matters

29/35

e Instantaneous frequency and phase interfacial pattern
e Instantaneous frequency and modulus minima

e Phase striping pattern

The formulation

w(t) = [sgn(t) sin gt — i cos i]t]g(t)
—i [cos nt + isgn(t) sin r]t] g(t)
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n

Wfu,s) = 21‘ {ei?" F(%) —ig ”|s|G(77)*e i “|s|(15(i])-|-—)}

Ty

e F ()« 151G 0 e isl00) + 1))

Ty

(17)
Wavelet style:

n

elst [F (L) *e 151G ( n)xe” ”|s|ﬂ1’]]
eivu [F(7) xe s”|s|G(i7)*e’v”|s|7ﬂl]}
_{el\]u [F (")*e il ”|S|*€ i zl|sl]
e—i;]ll I:F(l)*e V“|S|‘k€ Yll|s|i|}

(18)

Windowed Fourier transform style:

Wh,n) =15t fet[F (1) xe G0 [i +Bifi ()] +

i1

e [F ) e i+ e ()]

Conclusions

1. A wavelet variant

2. Modulus and phase renditions

3. Numerical characterizations

4. Comparisons with the Morlet wavelet
5. Tests and applications

6. Mathematical verifications
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