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ABSTRACT

A complex wavelet variant for time-frequency analysis based on the continuous wavelet

transform is proposed. And the associate numerical processes and characterizations are

provided. The time-frequency plane renditions of transform coefficient, both modulus

and phase, are facilitated and compared to those relevant to the Morlet wavelet. The fa-

cilitation of the extraction of instantaneous frequencies or power ridges of a signal is not

completely in accord with the traditional method. But we show a few superior perfor-

mances over the conventional ones. Both simulated and experimental signals are used

to validate its serviceability and possible applications. Numerical aspects of the wavelet

variant, such as basis fulfillment, frequency leakage-in or leakage-out, ambiguity effect,

phase noise, and the ridge criteria, are also studied and compared to the corresponding

counterparts of the Morlet wavelet. Furthermore, mathematical analyses for a few prop-

erties of the modulus and phase distributions of the variant wavelet are provided.
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Ï 1a

G��@~eÿ

1.1 SSS���

3À.r½�T8né���î�Í�9Å	æ\*°3zZîÙÌ
 Imaging

modalities �A�X-ray plain film, Fluoroscopy, Angiography, Computed tomography,

Ultrasound, Magnetic resonance, Positron emission tomography , Radioisotopic nuclear

medicine ��� Í�X|§ Modality 	Q×�b¸Ý¼§� 9°¼§ôµDTG

r5�ÝÞß� Í×� *°Î8E�&�EÝ� ô8{�íÌÝ� ÍÞ� Ìb

��P���P����ï�P� Íë� 8�!D��×����!]°bÍ�

!Ý�� Í°� Îß.Ý�8�Ý�W°Ý��IlVÝ��öQÎó.îÝ�

Í"� 8! ÝBÃP�&4¸P� Í0� 4P0·�� ¬�k�Í¯)Ä�

¿Í � �!½Ï!�!�]� ¨�ÄPTà� °�!@~ýÝT"D/��

�Î´��«E5�]°�Cã� áî����� �¡Î3.§Í�T*°©P

î�XÛ×�Êà���â�����*°Î�D3Ý� ¬µ×Í©�Î§"D

®Þ� Ø°*°Ìb��©�� #�D3;CP� ôÎ	QÝ�

�ï� óA5�ÝÍ²ÃÍîÎ©mó.��mÎ§� .Í�|�à���

¢Î§�� �ÎTàîT��î� ßÆX�ÝÎ@²D3ÝÎ§�� ô.h�

¢5�Ý¥��Þ� P�3y«�5��i�TªÊÝÎ§�1� ®ß)yÌß

§F� ùT5{�ìÝ��Â����� h�D3Ý×ÍÄPÿW2ñÎ� &

Æ�|3ó.î�*°î���!ÝJ¥gf� fA��ó.îÝ�ÛPy¸à



�-P�T&9ôµÎh�5v6~®�wavelet variant�Ýú(×4æã�

1.2 @@@~~~���ÞÞÞ

i®`�T`M�time frequency or time scale� 5��êÝ3yà�GràWW5

Í®HTM�HÝ�;Ïµ� |ó.�Ì"�Î§¨é� 5�ÝËÍmT@~E

éÎ 5� �£�instantaneous frequency �6� 5��Û�5µ�energy density

distribution�6� �Î&ÆXÍÂÕÝÃÍ®Þ� ôÎtæW�tÌÃ;PÝ®

Þ� µÎ9ËÍ@~Eé�*)Q^b�@T°×Ý�L]P� µÏ×Eé�

�� 5� 6�5�£6ÍÎËËÁ�8�Ý-ô� .
XÛ5�£6ÎÙ�y

Ñ<�õ<Ðó� ¸ÆÝßú�ÎPMÝ� &Æ��©3{¸Ý5� 6P�

{Î.9ËËÁÐÝ��/3×R� �Qºb����ÝÏµ� ùTë;¨é�

h�X�ñÇÝ��ãJ� ùT`�5�Ã.� �Ãµ©�à 5�¢¡��

PæJ�Heisenberg uncertainty principle�6 �|à�� µÏÞEé��� 5Û

�6Ýó.ÞßÍ@ôÎ8!y`èîÝ5� 6� Î×Í�5�� À���ß

�Ü�XbÝ	I5µ�I5�6536ÀW5�56���� �ô.
ÍÃÍ

�ôîÝ5� �£6K^b×ÙÝ1°�X�ßÝ��Û�5µ�Qºb&�

Ý��� °h��&Ë��XñÇÝ��ãJ� ùT��Û�5�Ã.� ¨*

XáJ/ñÒ�Ý 5�}û-�§5µ�Wigner-Ville distribution�6�

�1/¼� 4QbAîÝÃÍ®Þ� ¬ô.hÿ|¯�!*°"¨��!

ÝÚM�ÌF�T&�Ê��T²�O!�T!�O²� ¨*f´
��X

á�CTàÝ=�l`�5�°x�bËË� ×ï
y`°ñf5�� TÌ


�I��°ñf»ð�ùT�}»ð �short time Fourier transform, windowed

Fourier transform, Gabor transform�� ×ï
~®`M»ð� GïXÿ���Û

�5µÌ
®H�H�spectrogram�� ¡ïXÿ���Û�5µJÌ
M��H

�scalogram�� �3¡ï	�t
��XSàyÎ§"DÝ	ò=�~®»ð�

�¿~®�Morlet wavelet�T�}l~®�Gabor wavelet�� A�Þ»ð"Dq

§y®H�HC�¿~®�H9Ël� J¸Æb&ð�«ÝÃÍó§� �39Ë
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v5�� Í§¡C8þFíb8	�Jùv8Ey�Ý¡�� .�ÍTàù´


ð��

jEh�Xè�v~®� �Q�Q2Î�|G�Ël5�®
¢�ýZ��

¯Íó§�Î§!²PCTà��PC-²8�P� ùTÎÍ�!ÚM�ÌF�

ôAÎ{� 9�X8nÝ�ÞbAì�

• ~®á.f��wavelet admissibility condition��L�� CÍ8n�t��

JP�completeness�� ³õP�redundancy��óÂ%�P� ¬Cy8T

Î§P�

• ��Gr°�analytic signal procedure�X�� �£�&��1� .
@

óGrÝ�}»ðC�¿~®»ðKn=yGrXETÝ�ó��Gr�

• G�ËË»ð��Ç��a�h�v~®XETÝ�Çb¢-²�

• G�ËË»ðÍ��a�»ð;ó8�5µn;�1� ¨�h�v~®X

ÿ8�5µ�f´
¢�

• OÕh�v~®�ÿW[T�ambiguity effect�� CÍ�G�ËË»ðìÝ

©Çb¢�!�

• »ðÍ`�Mr½î�l��filter window��ETIÉ¶��convolution�

�ó§D¡�

• v~®ÿÂC8�`M5µ©�X�ó.�

• 3Í ×�$Î�¯� ��ºÎ¼
×M"DÝA� v~®��Û�

5µ�ÊT`���Ê��P� ÎÍD3����}û–�§`�Ãm

�Wigner-Ville time-frequency kernel�TÍ»;��P��� v
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Ï 2a

v~®

2.1 SSS���

	&Æ��Tà~®ÐÃ�wavelet basis�– ùTÎ�¢vl�ÐÃ�function

basis� – ¼@~ØËÎ§¨é`� Ít
ÃÍ� ôt
æWÝ®Þ� µ3yt

ÊÐóÝóã� 9	�Ý×Í¥�n"Ç3yA¢Þó.�L�Î§"´®t�

���t)� ó.Ùy�L� ×Fô�âW� �ÎÎ§Ãy�1� ��1µß

�¡� �1�X|Wñ� Í§ÿ|#å�� ÄQÎßÆx��ÌX-�� .x

Ìt�;��Ìt�;� Î
I.ÝÃÍÞß� 3�GÝ@~� [16] � 
Ý´

ãi®ÿaT5�Tà�tÊ~®� &Æ�Ù��ó§Ô]«�
��¯�ÿa

lmdã� �|@j���£]�|9]«Ì��ß� �1�ñ¡tÊ~®ÐÃ

Î
�ÑøüF5Ê~®�semi-orthogonal cardinal spline wavelet��

G�üF5Ê~®8Tyi®©PX�¨Ý8²P� &Æô�¼�Ín"ó

§.� [16]� ôµÎ9×ÐÃX©½ÌbÝÞÍ��©P� Ç5�MP6�5�

ÑP6 [3]�XÛÝ5�MP6Î¼Ò~®ÐÃÐóÌb�JÝY�P� �^b

×°^Ä�Ý� R�®��Tï1ÎXb®�KÎ÷ë���JP®�� �

XÛÝ5�ÑP6� JÎ¼ÐÃl~®�TfM��Ðó scaling function��Y

âîÝ`a5µKÎÑÂ�^�Ý� ¨9ËÍ©Pù8nyó§îÝaP8�l

®�linear phase filtering�� �9ËË©P� 3Î§L��@jTàî� 33�

�� ��i®Í`�PE��9ó�~®��� KÎ8E&ð×5�cX��



Ý� h²� î�©Pô��ì«ËË�é� Í×� Ê	Yâ���TïÎÊ	

ßú��ÝÐÃÐó� Îf´��®ßbL;�Î§�1� ÍÞ� 	íáGr

b°&-²`�í��»ð���lyF-2G�º��;� .
°bAh�

@¾î�´|§��ï� ¢ó�Ïµ�n=f´�|ï�C¾\� .�Î§�1

P´{ [14, 15, 18]�

¨�G@~�&Æù�î� �5º2� jEXdãÿtÊÒ÷r½~®� &

Æÿ|3=�~®r½�0Õ×Í�Q�QÝET~®� �9×=�~®µÎ�

¿~®� ÍX|Ì5ºÎ�b`ã� .
=�Ý�¿~®�Ò÷Ý�ÑøüF5

Ê~®3ó.§¡îÝqÃ�1mP�Ù� �Î� ô.
9×PÏETn;�

&Æÿ|®�ÄhéÝM�� ��
áÌ��bÎ§nÐÝ�£8nM�� |C

!øÌ�£nÐÝ~®É���� h�£nÐÛÎ� &Æÿ|Þ�¿Ò~®Ý®

�<3¢óÂ�M���Â;Wµ�� ��Sá·°�Î§"DP�

|îÝ1�Î��1� !ø2� A�h�v~®�Ìb5µ�69×Î§8

nP� £&Æ�Ã�à��9×v~®� 3i®5�Tàîºb%�©½Ý�

­� ¨×]«� 9×v~®CÍóÂW°	QôÎ×Íòyöó.Ý�Ì� �

Î×��àyi®�

2.2 vvv~~~®®®

3&9~®»ðTà�� ÍX�~®ÐóTÐÃÎG
@Ðó� 9ô�æ½3

×°Tà�8�G>à������ ùT�î�ÆÝGrÍ²«®H��£X�

�¨Ý©²b#�-²� �ÎEi®��� �£�1ÎmTEé�>>8ny

XbÝÎ§� ô.h&ÆEi®�@~�Ì¹�Ý���Õ8�� ×Í@óG

r4Q�|;W@óM»C@ó8�5µ�¶�� ¬9Ë»ð]PÌbPMà

)�X|×���� �|bËË�§]P� ×Î.@óGrºà��Grø�

�analytic signal procedure�;
°×lÝ�ó��Gr�analytic signal�� ¨×

Î2àÌb��GrlV��ó»ðÐó�

�¿~®Î×Ìb��GrlV��ó»ðÐó� �h�Xè�v~®�1
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�|y�¿~®� h²×°"DýÝù�C��Grø�º®� ��S���W

�� ¨Cy��Grø��º®� &Æ	|�¿~®
ÃãEf4ê� |ì1

�hv~®��LCÍ�"�lP�

v~®ÍÌbÒ~®�mother wavelet�L�ÝÙ�Ðó ψ(t)�L


ψ(t) =
1

π
1
4

[
sgn(t) sinω0t − i cosω0t

]
e

−t2
2 . (2.1)

P� ω0 Û8ny�}»ð����£�modulation frequency�¢ó� sgn(t)


ÐrÐó�sign function�� �`�¼ó5µÎ×{ú5µI��Gaussian

envelope�� ¨P��ð;óÎ
g)�¿~®ð!;�unit norm���ð;

ó� ��¿~®Î


ψ(t) =
1
π1/4 (e

−iω0t
− e−ω2

0/2)e−t2/2. (2.2)

îËP�x�-²3yÐrÐó�D3� CE¯Ý�¿~®Ý��;C4� %

2.1 îh�v~®�@I�ÌI5µ`a� % 2.2 Jî�¿~®ï� ¨hv~®

�¹wCÉ�ÌÍÎ


ψa,b(t) =
1

√
aπ

1
4

[
sgn(t) sinω0

(
t − b

a

)
− i cosω0

(
t − b

a

)]
e

−( t−b
a )2

2 , (2.3)

P� a 
M��ó� b 
É��ó� � ω0
a Î
DTM��µ�Î§�� ùvÎ

�Z�mT"DEé� ÍZ�XbÝ%� ÍX�¨�5M�6T5�£6KÎ¼

9×µ�Î§�� 3ì×a�� &ÆÞE ω0 �µ�®
×M1��

2.3 vvv~~~®®®ÿÿÿÂÂÂ���888���

Ò÷~®»ðTà�� »A3é���î&9Å	�§� Í»ðÐÃËv�

l��ì�¿v� Ñø�øÑø��Ñø�C~®� �orthogonal, bi-orthogonal,

semi-orthogonal, wavelet packets [3, 5, 21, 25, 26]�� �9�9Ò÷»ðTà��
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ÃÍîK©b»ðÿÂ������»ð8�� ùÇKÎà@óÐÃ� P�ÌI

G>� �Ç¸Î|�ó�¿~®XOãÿ�»ð8�� ù#K�Í½�ï� �

Í5à#6à�#p�|ïI� °h�Xè�v~®� �¬ÍÿÂÌ"D�Â�

Í8�ô!Ì²°G>��|ïI� h²9×v~®ÍÿÂ�8�$����!

lP� ®��!G>�

'u f (t) 
Xk5��Gr� J»ðÿÂ |W f (a, b)| µAbAì�¿Ë]

P�

W f (a, b) = 〈 f (t), ψa,b(t)〉, (2.4)

T

W f (a, b) = 〈 f (t), Imψa,b(t)〉 + iH
[
〈 f (t), Imψa,b(t)〉

]
, (2.5)

T

W f (a, b) = 〈 f (t),Reψa,b(t)〉 + iH
[
〈 f (t),Reψa,b(t)〉

]
. (2.6)

P� Re � Im 5½�@I�ÌI� 〈, 〉 �/�� H J��ã�°»ð�Hilbert

transform�� P 2.4 
ð!»ð]P� ùÎhv~®´
M�ÝÿÂ��Û�5

µlP� P 2.5 �!�}vl~®»ðùT�!�;lV��¿~®»ð� �P

2.6 J�ÚÆî®��«P 2.5ÝÛ�5µlV�.

¨v~®»ð�8�`M5µ φ(a, b) 
�

φ(a, b) = tan−1 Ie〈 f (t), ψa,b(t)〉
Rm〈 f (t), ψa,b(t)〉

, (2.7)

T

φ(a, b) = tan−1 Ie〈 f (t), ψa,b(t)〉
Rm〈 f (t), ψa,b(t)〉

+
π

2
. (2.8)

P 2.7 
ð!�LP� ùÎhv~®�8�`M5µx�Ó¨]P� P 2.8 ÛÞ

P 2.7 ®× 90 ��I»� Í®àÞyóÂ���1�� x�Î�R���-Õ

8



5µ� ¨P 2.6 ù�èº×8�Ó¨]PAì

φ(a, b) = tan−1 〈 f (t),Reψa,b(t)〉
H
[
〈 f (t),Reψa,b(t)〉

] . (2.9)

ã|î�Lÿá� h��x�óÂ]°ÃÍî8!y=�~®»ð� ¨I5

�LX��°»ð� Þyì×a�1�� v
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Re-R.epsPsi-Re(c)
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% 2.1� ÍZXèv~®Í@I�ÌI�Ðó5µ%� Í@I�ÌIí
�Ðó� ¨h

×Ðó¬&��Ðó�analytic signal��
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Re-N.epsPsi-Re(a)

RE-N
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Fu
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Im-N.epsPsi-Im(b)

IM-N

% 2.2� �}vl~®�Gabor wavelet� ùTÎ�;l��¿~®�Morlet wavelet� Í

@I�ÌI�Ðó5µ%� �@I�ÌI5½
�Ðó��Ðó� h×~®b

ÞÍ8�©F� Í×� ÇÍ#
�«��Ðó�analytic signal�� 'uÍµ�

�Î�±� ÍÞ� Í`��«�#�y�¢¡��P�Á§Â�
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Ï 3a

`M5�©P

3.1 SSS���

3Ï×a�&ÆèÕ� �¢×Ë`�T`M��Û�5µK8ny�}û–

�§5µ�Wigner-Ville distribution�� ùÇN×Ë5µKETy×Í©�Ãm

�kernel�� �3ËËÃm�� bËËÃm� Í`�T`M�î]P©½zü

�|�°âÎ§�1� ô´Ì�Jó§� 9ËËÃmX�WÝ5µ� ×Î®

H��Û��spectrogram�� ¨×Î`M��Û�5µ�scalogram�� GïÎ


�I��°ñf»ð� �¡ïÎ.Gï�I�C���£���|¹wCÉ

��=�~®»ð� Ãy9×-á� 9ËË»ðôµW
Í@~Ý¢�Ãã�

h�1�Í`M5�©P� ¬Cyv~®ÍX���8T��� 8n"D4ê

b� ~®á.f��admissibility condition�� »ð�JP�completeness�� ~

®�MP�complete oscillation�� ��Grø��analytic signal procedure�� �

°»ð�Hilbert transform�� ��a�power ridge�� � �£�instantaneous

frequency�� ÿW[T�ambiguity effects� ��

3.2 ~~~®®®ááá...fff���CCC»»»ððð���JJJPPP

Í;Ý/�8ny5v~®6�Ì�ã¼� ùÇC§¡�TàîÝ�!ÌFCm

O� 9°x�Î�C=�~®»ð�~®á.f��admissibility condition��



u×Ðó ψ(t) �|Ð)=�~®»ðXÌÝ=�~®� £¸Ý°×�OµÎ

ψ(t) Ð)5á.f�6�

2π
∫

∞

−∞

|ψ̂(ω)|2

|ω|
dω = Cψ , (3.1)

P� Cψ Î
ðó� ¬ã ψ ��X�� � ψ̂(ω) Î
 ψ(t)Ý°ñf»ð� ¨°

ñfÑ�D»ðETr½ Ýn;P�Lã


ψ̂(ω) =
1

√
2π

∫
∞

−∞

ψ(t)e−iωtdt (3.2)

ψ(t) =
1

√
2π

∫
∞

−∞

ψ̂(ω)eiωtdω. (3.3)

h×á.f�ÎJ¥ìÝ�H)�� ¸Þ�H�|J¥� �hJ¥Î
�£ÝÅ

ó� .h�£÷{J¥÷±� �£÷±J¥÷{� ¨²)�ÄmÎ��� ô.

h� há.f���½� ~®ÍW5M�3±� Ý���!ðù� ùT`a

Ê	3<[e� |lPë�£�W5� 9×^bë�£W5Ý��ó.�O�

Î1~®®�`a�;EU���5
ë� ÇÍ¿íÂÄm
ë� á)9°�

é� ×Í¥�-á�ÿAì� ~®ÝÃÍmTÌFµÎ~®Äm)§<3� Í

5µYâ��t?Îb)§Ý§�� Ç¸ó.îô&P§�� ¬�K¸ÎÁ��

½� ��!�E¯�T[e� AÎ� ~®ÝÌF���35��6]«� �Î

31¸Ý5b§ßú65µ�5h×èÝÎ� Í@©��ÎP§� �§��K

Îb§�X|. wavelet Ì
5�®6� �G´Ë� ?´� wavelet Ýb(ÞÝ

���

u. ψ(t) Ú
Ò~®� £¸Ý�ß~®Î
 ψa,b(t) =
1

√
aψ(

t−b
a )� P� a Î

M�¢ó� ��M�¨¹�i¿]'w�¹�� b ÎÉ��;¢ó� ���ß~

®Ísß�H� � a > 0� a ∈ R� b ∈ R� ¨P�Ý 1
√

a ÎjE L2-norm "DP

�ìÝð!;�l;ó� ��kà�]'�w�¹�� 	Q ψa,b ôÐ)á.f

�� ¨ðó Cψ Î�ß9~®»ðÌbt�C¥�5�JP�completeness�6X

�Q�ßÝ×ðóÂ� ôµÎ3Þg]è �L2-space�ì� ËÍÐó g � h Ì
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bAìÝÝ��t�2P�resolution of identity�

〈g, h〉 =
1

cψ

∫
∞

0

1
a2

∫
∞

−∞

〈g, ψa,b〉〈h, ψa,b〉dbda. (3.4)

á.f��1ÎÁÍ´ê� 9´êDT�=�~®»ðÄQÎ³õÝ� Ç¸

Í»ðEéÎ×Í&Ò÷lÝÐó5µ� ��ÿ|D|Ý�h³õP� &Æ�|

J×B�ÿÝó�Gr
�»ð� ãÑøÒ÷�Ù|�=��Ù�¯�1Aì�

ãy�¢Ò÷»ðÝ~® �A�¢òyÑø�øÑø��ÑøÐÃvò

�~®� ÄQÐ)=�~®Ýá.f�� .hu.×ÍÒ÷~®ày=�

»ð� Ãy&ÆEÒ÷~®ÐÃ»ð�JP�completeness��@ñ� &Æµ

�|Ý�&Ò÷»ðÝ³õP� h`m1�Ò÷~®ÝoÚP ψa0,b0; j,k(t) =

a0
− j/2ψ(a− j

0 t − kb0)� �G��Ý a �WP�ÝÒ÷¨¹M� a j
0 � � b �WP�

ÝÒ÷É��� a j
0 kb0� ¨ j, k ∈ Z� a0 6= 1� b0 > 0� î��&Æ�.à¼ÿ

aÝ~®æ��wavelet atoms�q§yJó8nM�� �Ä� ×ÍÒ÷~®Ý�

oÚÄmÜ²Ð)ì×5%�f�6�stability condition�

b0 A ≤ 2π
∑
j∈Z

|ψ̂(a0
jω)|

2
≤ b0 B. (3.5)

P� A � B 
ÑÂðó� � 0 < A ≤ B < ∞� hPÝ b0 � 2π ðóÂ;Æ�1

º� ×]«g)~®ÐÃð!;��L� ¨×]«ô¯ A « B ÂÝ���|]

-X�³õP� h×Ò÷»ð%�f�Ï«hé� ¬Í@jâLQ#���¯

1�Aì� 
Ý¸×Í»ðÄ��Y;� &Æm�ÝÎ×ÍÌb[ePÝóÂÄ

�� 9×Ä�Î1� 	&Æ.¸Ý&ÍW5®TW5M����À`¸Ìb[e

Ý�
� ôAh� &ÍW5M�Ý���)W�ÿ
ë� ù��P§� u)W

Â
ë� J%�K�D3� u)WÂ
P§� J�9°W5M�Í`��5µ

PÏ�¥PPÄy�¥� ¸Æ�ÎH8µ� µÎH��3×R� ÑA'�¿¢

�� ËÍ¿{¿�Ý'��ÎÞî¿«î�?Ý'�Ã�vector basis�� ¨²�

�1�ÝÎ� á.f�GjEÒ~®� ¬%�f�J�mjE�ß~®'§�
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�Õã~®»ð;ó¼¥�×ÍÐó� £ÄQº�¨×Í<g~®�µÑø

~®ÐÃ��� Í<g~®!yæ~®� Ç�<g�� ¨�¢5��¥�Ä�

Í~®�<g~®Ý��Î�!ðÝ� .hî�³õPÝW�ù;ày<g~

®� ©Îh`ÝÚoÁ§ÂTb-²�

A�ÞÃmÐóð!;�normalization�� ¬Þ%�f��îì  �|Á§

;� ÇÞ A � B �
�

A = inf

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (3.6)

B = sup

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (3.7)

u A � B 8��J³õPÝ��ÂÎ
 A � B Ý¿íÂ� Ç A+B
2 � �y=�~

®»ð�³õP�|Aì�1� 'u×à8TyÒ÷¨¹M�CÉ�¢óÃÍÙ

��;�
 (a0, b0)Ý~®ÐÃÍÚoÁ§Â
 A � B� Ju&Æ.Ò÷¨¹M

�CÉ�¢óÃÍÙ��;�;
 (a0/2, b0/2) � JÍÚoÁ§ÂÄÞâ��Ý

ÚoÁ§Â� �vh�;¨®àÎ
=�»ð���� 9×Ïµù1�=�~®

»ð¬PD»ð��Â�

¨×Í8	|yÝ�Ýà#�ÕÎ� 	.=�~®»ðTàyX[/B�Ý

Ò÷£]`� EN×ÍM���� ¸Ý»ð;ó�Î!yóAFó� �Î&Æ

�|óC����M�� ô.h&ÆÃÍîÎbP§9Ý=�~®»ð;ó� .

�uP��Û�5µÃFÝSá� &ÆT��p�	� 9°;ó���Ý)�Î

�|A¢ÿ�� ¬¨×]«� Gr��ÄQÎ×�Â� �ï� A�ËÍ8ÏM

�#Î#�� ���á� Í»ð;ó5µùÞ8�� ôAÎ¡�=�»ð�³

õP®Þ�

³õP3×°TàîüQbÍ��þF� Í)ÊA� �P�xp|�� ÑD

»ðÆ�[£� Gr¥��J�8�P�� ¬@~�î³õPùbÍà�� A

ì«ÝËË¥�©P�
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Í×� ³õP���3�D»ð¥�`� &ÆÄm¸à&ð9Ý»ð;ó

|�ãæGr��?�%`� ôµÎ1� 8´yåÛoÚ� ùTÎ�9åÛo

Ú� &Æ)ÿ|8E�KÝ;ó�¼¥¨æ�Gr� 9×µ»�| Mallat and

Zhong [22] C Froment and Mallat [6]Ý@~@ß� 3Ï×ÍÝ@~n� �ÆÎã

àÞg]P�quadratic�5ÊÐó	
~®|@~Þî%	�¥�� ��ÆXã

àÝ»ð;óÎKó ½îXsßÝ	It�Â;ó� ?b#ï� �ÆXãàÝ

~®G�1Î×Ëê÷�Î�Þ@��Ý~®� ¬Ç¸Î��QÝ~®� ô©ã

K�Ý	IÁ§Â� Í~®°¥�Å	ÝÚÆ�¨J#Î8��

ÍÞ� ³õP�î2�y/�£]�Ý�Q·¯�TÎ.
óÂÄ��XS

áÝ&v0-�A��¨é�� �|¢ã��Ý»ð;ó�Ù��|�tTª

3� ¨²m�1�ÝÎ� ³õP9>3TàîÝ[ÇTbÍ§�� ÍàH�¨

ô&ÑA×Í{úÐó�á�5µ`a� 3Ø×$ð|¡µ¾Õ÷õ���¦

��

=�~®»ð�á.f��Ò÷~®»ð�%�f�D3¥�ÄP-²� %

�f�ÎÄ�f�� ¬&��Cã×à (ψ, a0, b0) µ��W~®oÚ� �ï%�

f�4Q3§¡îÎÄQ�¥¨�¢Ðó� ¬@jîÍóÂ�
ÎÄ�P�)Ê

��� �9×)Êb`Ñ�|�îÑø�&Ñø� ùT³õP�bP� ÍX�

�®ßÝ[T�

h�v~®Í@I�ÌI��5K�
ë� .�ÍÐó¬�Ð)~®á.f

�� Q.h�XbÝóÂ5�ÃF�*°�1��!y~®W°� ôAÎ� &

ÆÌÍ
v~®� ¨²1�×FÝÎ� hv~®Í`½îÝ<3©P�!�¿~

®�

�yÎÍbÄ�.9×v~®�|~®;� 9µ�!y"D»ð�JP�®

Þ� ÃÍî�1©�Ð)~®`a5µ�5
ë� Ç¾yá.f���O� ¬

!`Ìb»ð�JP� ôµÎÌb��t�ùT�����resolution of identity�

���� .h&ÆÎ�|5½Ev~®�@I�ÌI
��l� �¸ÍÐ)á.

f�� 9×�lÎtÝSá3�¿~®XbÝ�l4²� �Sá×{ú5µÝÌ

ó�l4� 9×±SáÝÌó4�C×´�Ýðó� Q�9×�l��º¸Í@
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~Xk��ÝóÂ©P
�33T÷´� .�&Æ9§¡�µ@à� �D¡»ð

�JP�®Þ� �Gµ`M� �£5µd½Ý[T½��

3.3 ~~~®®®���MMMPPP���������GGGrrrøøø������nnn===

�óÐóÿ|èºM»C8�£]� �ã8�
�ºT� �£G>� ¬3Î§

îÝ×Í)ÊÎ��£Ý®ß� �¹��£Ý®ß�DÄ��Grø��analytic

signal procedure�� h�&Æ1�~®Í�MP�complete oscillation� ���G

rø��n=� ��èî�¿~®XM�Ý� �£� ùÇhv~®Ýf´ý

Ý� �h��n=��Õ°F��.§�

Í×� °ñf»ðÍETr½îD39ËÔ'Ì��»ðn; �duality

properties�� Í�×ËÎËÐó8¶��multiplication�Ý»ðÎ¨×r½îË

Ðó»ð¡ÝIÉ¶��convolution�� .���Grø��!×Ël®�
�

.
'u&Æ�|'�×Í©3Ñ�£bX5µÝl®I�� £Þ9×I�¶|

æ�Gr��£5µ� Ç�ÿ�ÎÑ�£Ý��Gr�

ÍÞ� î�¨×ËÔ'Ì��»ðn;Î1� ×r½îÝ��ÎETy¨×

r½îÝÉ�� .�Ãã`½����|.I�?Ñ�£É��

Íë� �£I�u�|��Q2ÉÕÑ�£�� JÍ�ñî`a5µÄ6Ê

	T"><3� 'uh�£I�ÌEÌP� JÎ1^b{�W5� �Í`½`

a5µJ8T!J��� ��P{�

Í°� æ�Gr�B��Grø��»ð�!y�»ð�B��Grø��

�uà#ãà×Ð)��GrÝ~®¼»ð� 9øÝ���QÎÑ�£5µÝ�

�Gr�

á)î��F&Æ�|¡�Õ~®�MP���Grø�ÝETÍ²� ��

�º�}»ðùT�¿~®X=bÝóÍ©PÎ
� {ú5µI��	IP� °

ñfÐóSáÝ���P� !J��J5oÝM�P�à#ãæ�Gr»ðÝ-

|P� ¨×]«� ¢ã��GrÝSá� ù�ÿ|"Dì×;X�1�Ý��

a�� �£ETn;�
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� �£Îã8�Xÿ� �Î#KbóÂ5�Îà#|8��`M5µ¼R

�� �£Ý� 9x�Îø.y8�5µÝEfP� µ��Gr�� �£��

¬&Îà#n"�ô� ¨8�5µÃÍî| 0 Õ 2π �î� vP¡ÿÂ�9>�

Ç¸Î·¯T-ÕT0-� ô×�D3b8�Â� .
Í8�Îµ@ÌI8E�

��&�E����� ôµÎ1� Ç¸ÎÿÂ#�Ý&Ë@5µ � ôb8�

5µ� ��`Mr½¿{ª�� |îÎµ�¿~®��� Qµv~®Ý8��

�� h�Ý���î¸©M���Grø�îÝ��a�

�yh�v~®���GrÐ)P� ãySá×���¬)
=��F� .

�Í�H5µ¬�¿y��Grø�� °h�Ü²Ý�§]PÎ|@ÌI5½�

§� DÄ�°»ð|èº×°�!óÂ��� µP 2.5 ��� Í
��Gr��

!�;lÝÝ�¿~®� µP 2.6 ��� Í»ð��4²y�¿~®� ¬ÿÂ8

E���5µ�¨J8«y�¿~®� ¨8�5µEf©PJ¿{!yP 2.4�

3.4 ���   ���£££���������ÛÛÛ���555µµµ

� �£���Û�5µ� Ýn;Îµ`�5�Ãm��� �!ÃmbÍ�

!ET5µlV� 9�9lV	�� ×Ít�Q� ùT1ÎtÐ)ßÆàÆ�

ôt�n=îÎ§� ¬Ì�9@jTà��1��ÝÃm� 	ò�}»ðT�

��°ñf»ð� �3~®r½��� =�lÝ�¿~®�1Î�}»ð�~

®;� ¨3~®Ò÷r½� �ÑøüF5Ê~®�semi-orthogonal cardinal spline

wavelet� JÎETy�¿~®ÝÒ÷@Ðó~®� 9°»ðÝ¥�P���.�

bAì¿F�

• 3i®Grÿaî� &Æã�GEÂ½~®vò�dã@~ [16]� �¡�

9°ÐóTÐÃ
Í&�r½îÝi®ÿaTàtÊËv�

• Í��Û�5µÎ�
Ñó5µ� �Í¸ÃmXÿ���Û�5µ�9K

b���Ý®ß� ùTÎ�)àÆÝ��Û�5µ�

• Íà#»ð���|�Q28	Ð)��Grø��
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• ãy¸ÆÝ»ðK8ny��Grø�� 3Ê	f�ì� Í� �£��

�Û�5µîÝ��a �power ridge�b�?ETn;�

• h°»ð�K�Q28ny5µ�6�carrier frequency�� µ���¨��

è>ÍÎ§îÝàH� ��9ó~®»ð�¸àÝÎP.gÝM��ó�

9×&Î§��ó#pn=î@jTàTÎ§�1�

• 8´yÍ¸Ãm� ÍX�ó§¼ÿ�Jv��|�� .��1Pú�Tà

P{�

¨% 3.1 � 3.2 à|EfCR�h�~®�MPùT��Grø�X�Î§¸

àP� 9ËÍ%Î8nyøÑøÒ÷~®� .Íþzî��4©P� ÆbÍ�

9)Ê� &Æ©|`a�"óÂ��¼1�� ÍÛ¢ã~®`a	IîÝ=�w

�¼l?~®Í²CóÂ�¨�
� AÍ[eP�%�P� CÍÎ§�àP�

%�&ÆEËÍøÑø~®Í3Ø×M��®�ÝØ×F�|	I=�w�� Í

#æ�"f»
 26� Çw�M�$
 (26, 212, 218)� % 3.1 �øÑø~®ÍX�

®lJ¥;ó�
 4 Í� �% 3.2X�®lJ¥;ó�
 20 Í� ¸à 4 ÍJ¥

;óï� Í�"Ä�´�ÝÍæ�óÂ­���O� ôµÎ1� §¡îD3Ý

[eP3óÂ�Õ��´Ý� ¸à 20 ÍJ¥;óï� Í�"Ä��Ý[ePô

�Î�§�� �vÍ`aHE]'Pô¼���� �ã9 4 Í� 20 ÍJ¥;ó

�ÝEï� &Æ�|�ºÕÞ��[£X��}�Ý��� ��ã9×F�|.

Â� &ÆTô�|�åÑø�&Ñøp³õPX
¢3�

h�v~®�LP�YYÝ�¿~®Ýµ���� |ì¯�hµ�Î§�

�¿~®��óÐó


ψ(t) =
1
π1/4 (e

−iω0t
− e−ω2

0/2)e−t2/2, (3.8)

îP� ω0 
×�Âðó� � e−ω2
0/2 4Îày¯�PÐ)~®á.f�Ý�J
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4� ��¿~®Ý°ñf»ðP


ψ̂(ω) =
1
π1/4 [e−(ω−ω0)

2/2
− e−ω2/2e−ω2

0/2]. (3.9)

î×»ðPÃÍîù¿{Î×ÍÉ�Ý{ú5µ�shifted Gaussian�� 9	�Ý

¢ó ω0 ����¢ó� ¸tÝà¼É��£I�� ¨²Ý@jÎ§Î�î ψ(t)

®»M�îÏÞ�Â�J)t�ÂÝf² r �

r = ψ(t2)/ψ(0), (3.10)

P� t2 
ÏÞ�)ÂsßF� t2 Ý@Â�|ãÍø÷]�P �transcendent

equation�óÂOÕ� �Ä×Í8	Þ@Ý�P£�Â�|àìPOÿ�

ω0 ≈
2π
t2

≈ π

(
−

2
ln r

)1/2

. (3.11)

hÛ.
µ&ÆXnTÝM�P�ùT����î� �¿~®Ý�l4�x4Í

ÂbóÍùû�-� ãîP�� ω0 ÷�J r ²÷�� u ω0 
ðó� JE�¢

¹wT�!M��~®Í r Âí8!� Ç�!M��®{<35µ�Ïí8«�

�ï� ¢ó ω0 3BM� s �¹w¡Í8ETÝµ�Ç
 ω0/s� ÍZ�IXb%

î�� ñXýî
M�T�£ïKÎ�îh×Î§�� ¨²1�ÝÎ�E¯Ý

P 3.8 �Ý�J4� J ψ(t) ��Ð~®á.f�� �Í²î�Tó§îµÎ×

ÍBÄ¹wÝ���°ñf»ð� ¬&Æ)ÿ|ÌÍ
�;lÝ�¿~®� �.

�J4×�#���|6¯�

|ì&Æ1�G����4�� � �£X8nÝÎ��t�Â���a�

�Ä� �¼�ÝÎ� h��v~®ÍETyî�� �£ÝJÎÛ�5µÝ�9

�HF�

' g(t) 
×I�Ðó� vÌð!;Â�unit norm�� ¨ÍYâ5µÊ	<3

¬| t = 0 
5µ�T� ùÇ ĝ(0) =
∫

∞

−∞
g(t)dt� � ĝ(0) Î
 ĝ(ω) �t�Â�

¨Íùó��order�
 1� h`�á9×I��°ñf»ð�»ðæ��Fourier
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atom�Î


gξ (t) = g(t)eiξ t
= g(t)eiθ . (3.12)

hæ��I�|M� s ¹wCÉ� u ���ÌÍJ


gs,u,ξ (t) =
1

√
s

g(
t − u

s
)eiξ t

= gs(t − u)eiθ , (3.13)

P� ξ 
���£� gs(t) =
1

√
s g( t

s ) 
 g(t) �¹w� ùÌð!;Â� ¨G��

��£4A�ô�
�¹wCÉ�� JXÿÝ»ðæ�ÇÎ~®æ��wavelet

atom��

*|°ñf»ðæ�P 3.13 Þ×@Ðó f (t)
�»ð�Ç

〈 f, gs,u,ξ 〉 =

∫
∞

−∞

f (t)gs(t − u)e−iξ tdt. (3.14)

h`uÞ f (t)�
��Grø�Xÿ¬Ì°×P�@I4� Ç f = a(t) cosφ(t)�

�|ÿß [21, 28] Aìn;P�

〈 f, gs,u,ξ 〉 =

√
s

2
a(u)ei(φ(u)−ξu)

(
ĝ
(

s[ξ − φ
′

(u)]
)

+ ε(u, ξ)
)
, (3.15)

Í�

|ε(u, ξ)| ≤ εa,1 + εa,2 + εφ,2 + εg. (3.16)

h�� ε 
J�lÑ4�Í&ËlÑb°vAì�

• �FM»óÂ�8EP�;£� εa,1 ≤
s|a

′
(u)|

|a(u)| ;

• �ÍM»`�X�Sl�8EP�;£� εa,2 ≤ sup|t−u|≤
s
2

s2
|a

′′
(t)|

|a(u)| ;

• �Í�£�;£X�Sl�0-� εφ,2 ≤ sup|t−u|≤
s
2

[
s2

|φ
′′

(t)|
]
;

• I�Í�£5µ ĝ(ω) �8E{� Xñ¼0-� εg = sup
|ω|≥sφ′

(u)||̂g(ω)|.
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'u ε �¯� JîP»ðÿÂ��5µ�t�ÂÎsß3 ĝ(0) �� Çh�

ξ − φ′(u) = 0, (3.17)

.�

φ(u)− ξu = Const. (3.18)

�ãî«»ðP 3.13 �&Æá�ÍÿÂ5µ�8�G>Î
 φ(u)− ξu� ôA

Î{� &ÆÿÕ� �£���a� C�÷8�T�V8��stationary phase�

9ëïÝn;� Ç3��Grø�8n»ðì� u0-f�&�� Gr�� 

�£sß�HÎ8Ty��aC�÷8��

�yu¸à~®»ðæ�� v«Ý.0� ùÿÍÿÂ��5µ�t�ÂÎs

ß3 ĝ(0) �� Ç ξ − φ′(u) = 0� °h`ÍÿÂ`M5µ�8�G>Î
 φ(u) �

& φ(u) − ξu� .��÷8�¬�Êà� ���asß3X3FÝ�£8�yX

3F8�5µ�`0ó� ôµÎ� �£Îsß3�£2ý�y�Fî8�5µ

�`0ó�

ãî�Ý.�&Æÿ|�ç� P¡�}»ð�ùT�¿~®»ð� Í`M2

ýîÝ8�5µ� ÃÍîKP°à#:�� �£�sß�H� 8E2� h�

v~®»ð8�5µ�óÂ��Ìb&ð�@züÝà#G>� �ã5µ%îy

î¾��

% 3.3 �ßP 2.5 ÍÐ)��Grø����� %�XOÕGr
× X lGr

f (t)� �/�
 〈 f (t),A[ψ] − ψ〉� P� A �Oã8T��Gr� ãÍ��5µ

ÿáÍ
8	�?Ý��Gr� �ãÍ8�5µ%ùÿ|1�� 8�5µÎ�«

PÝ� �¡ÿÂ���
¢KÌ5µ� ôµÎ1� Ç¸Î&GrË@5µ �

ùTP���±�� � ôKb.0-T-Õ�¼Ý8�5µ� ÆÍ8�`M5

µ� ÎBGHC¡H�§¬P°à#ãà�
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3.5 ������GGGrrr������°°°»»»ððð

3�G&Æ�1�Ý��Grø���}»ðC�¿~®»ðÝn=� ¬CyÍ

X���TàH� �39×;�&Æ"D��Gr��°»ð�n;� ��ÿ|


×MÝ���Gr�
©P�TÍq§�

×@óGrB
 f (t) = fr (t)� u�|0Õ×ÍÊ	ÝÌóETÐó fi (t)�

JÞËïà)W�óÐó z(t)� �ÿÍM»Ðó a(t) C8�Ðó φ(t)� �ã φ(t)

�0óÿÍ� �£ ωi (t)� Ín;Aì�

z(t) = fr (t)+ I fi (t) = a(t)eiφ(t), (3.19)

ωi (t) = φ′(t). (3.20)

uµîPJ�Q2�|.@Gr�
�

fr (t) = a(t) cosφ(t), (3.21)

�Î� u@I�ÌI fr (t) C fi (t) ��^bn=� ùT1Î fi (t) ����� £

&Æá¼ a(t) C φ(t) bPM9��� .�9�Ý®ÞÎ� ¢ÛÊ	ÝETÌ

I� �9×®ÞµÎ1¢Û� �£� ùT1ÎA¢'�� �£� ×Í fi (t)

µb×Í©½lPÝ� �£� ôAÎ{� � �£Ý�L�*)Î×Í�wÝ

®Þ�open question��

Q��}�Gabor�31946 [7]� ��£r½D»ðÝÌF�s� è�×Í�

óGrAì�

z(t) = 2
1

√
2π

∫
∞

0
Fr (ω)eiωtdω, (3.22)

P� Fr (ω) 
 fr (t)Ý°ñf»ð� &Æÿ|ãîP:�� ¸Î. Fr (ω) 3��

£Ý5µKã
ëÂ� �Ñ�£Ý5µJ��� Ëïà)��°ñfD»ð�

ÎÆ� Þ z(t) �°ñf»ðXÿ-©bÑ�£�D3� ôAÎ{� z(t) Î×Í
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){àÆ��Î§��ÝGr� ¨²P�X�¨Ýðó 2� Îÿ|.9×@I�

��!æGr f (t) = fr (t)� ¨ã°ñf»ðÝÃÍ©Pá z(t) ÄQÎ�óô°

×�

�y��Gr��°»ðÝn=� JÄ6"Dì×�Pn; [4]�

z(t) = fr (t)+ i
1
π
P
∫

∞

−∞

fr (τ )

t − τ
dτ, (3.23)

�P�ÝÌó4Ç
�°»ð�LP

H[ fr (t)] = f̃r (t) =
1
π
P
∫

∞

−∞

fr (τ )

t − τ
dτ. (3.24)

¨P�ÝÐr P Î�{�x²�5�Cauchy principal value�� Ç

P
∫

= lim
ε1=ε2→0

(∫ t−ε1

−∞

+

∫
∞

t+ε2

)
. (3.25)

P 3.24 �Ý�5Î×IÉ¶��lP� ôµÎu�

g(t) =
1
t
, (3.26)

J�Pµ�!ì×P

f̃r (t) =
1
π
( fr ? g)(t). (3.27)

�ã°ñf»ð�WEÔ'��©P�Fourier duality properties�� ÿhIÉ¶

��°ñf»ð��°»ð�°ñf»ðbAìn;�

F[ f̃r (t)] = Ĥ(ω) =
1
π

Fr (ω)G(ω). (3.28)

h` Fr (ω) � G(ω) �5�¼� �{�xÂ�5h`©8ny g(t)� � g(t) �°
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ñf»ð


F[g(t)] = G(ω) = P
∫

∞

−∞

e−iωt

t
dt =

P
∫

∞

−∞

cos(ωt)
t

dt − i
∫

∞

−∞

sin(ωt)
t

dt. (3.29)

ãyî×PÍ@I��5Eé
DEÌ�antisymmetry�ÆÍ�5
ë� �yÌ

I��5Eé
sin(ωx)

x J.�Yâ� �â x = 0 ��� K
�ÂÆ�6��{�x

Â�5� ¨9×ÌI�5Eé
EÌlV� Æ©�ÊÍ×���5� ¬ã�ó

»;�change of variable�ÿ

∫
∞

0

sinωx
x

dx = sgn(ω)
∫

∞

0

sin u
u

du. (3.30)

9�&Æÿá G(ω) � ω Ý���;^bn=� �©«ÍÐrbn� ¨Í�

5P4Ï«��� ¬¬�Î×ÍP�D¥Ý�R¿Ä�� ¸Äm|�ó�5

° �complex integral calculus��Ýyõ�§ �residue theorem�Oã� A¢�

GreenbergX½{��ó>I?h [8]� Í��Aì

G(ω) =

 −iπsgn(ω) ω 6= 0

0 ω = 0.
(3.31)

�hÿ��GrÝ°ñf»ð A[ fr (t)] 


F[A[ f (t)]] = Fr (ω)+ iF[H[ fr (t)]](ω) =

 2Fr (ω) ω > 0

0 ω ≤ 0.
(3.32)

î×P!`��<gP 3.22 �P 3.23� ôµÎ@²î�ßÝP9ËÍP�Î!×

*r� �h� &ÆÿGrÍ�°»ð�°ñf»ð


Ĥ(ω) = F[H[ f (t)]](ω) =

 −i F(ω) ω > 0

i F(ω) ω ≤ 0.
(3.33)
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¸à9×]�P� &Æá¼� �°»ðGÎ.æGrÝ°ñf»ð��®×°�

��;��°ñfD»ðÇÿ� Í�PGm��ó�Çÿ� A� 3.1 �| ASYST

+�Xã¶Ý×Í5C6�word� my.hilbert �

ãî�X�ø�CÍtâ��� Äm¼�ÝÎ� �°»ðº.°ñf»ðX

ÌbÝ©P�5DT�¼� 9	�D3bx�ÝæWT�ß)Ê� A®H�ã�

�degree of freedom�T�²��PX�®Þ� ¨²&Æ�GÝ@~� [13]� ù

"DÄ| Parks-McClellan minimax algorithm 3`r½îÝ�!�Ê�§°� CÍ

y�°»ðîÝ�!¨éC8�¬D�trade off��
� ����� ��Grø

�X�� �£3GróB�´�ì� bÍp|ï��
ùTë;¨é� A�

4Q��GrÍ�ñÄQÎ3Ñ� � ¬� �£�|
�Â�

|îÝ1���W�� µ�}»ðC�¿~®»ð��� Í� �£���

aÍn;�D3bÍ×�§×� ×Í�læJÎ�OGrTW5Grc�� �9

×¨éÍ@�!ì«Ý��ÌF�

u.»ð�/�PÚ
×aPºÕ� L �×ÍâÉ�Ý/�P� AP 3.15�

�|»ðW×ÍIÉ¶�P� �IÉ¶�
×aPl®ºÕ�� J L ÄmÌb

3=/P�weak continuity�� ùÇ	 f (t) ©}�;�`� L f (t) ôµ©�b}

�Ý�;� h×3=/P×]«JDT�=�»ðCÍ³õPÝ�Â� ×]«ô

DT�Ò÷r½îÝÑø� øÑø&v~®p|èºbàÎ§G>ùT1Îp|

¨éæ\� �9°Ò÷»ð�Ì3=/P� A% 3.1 � 3.2X�ÐÃCÍ8T¨

é�

3.6 vvv~~~®®®»»»ððð`̀̀MMMddd½½½©©©PPP

9×;ÝÍ²¯@îµÎ.³õP�|Ì�;� �XÛ³õPôµ�!ÿW[

T� Ý�ÿW[Tô�ÿá�`Md½©P�

I�ÝóCDT�`���æ��transform atoms�ÝPÏ� �`���æ�

ÝÃÍ�O3y�¢¡��Pæ§� 3×Íb§Ý`�2ý ½/� �¡Î=�

TÒ÷»ð� Í��^b�öÝa5µ� ?���bF5µ� ¸ÄQÎ s5
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µ� GrAh� »ðæ�ùAh� ¨G� sî�5µ=/P��;PTÛ�

J¥P� #�Kb��Î�!JÝPÏ� �XÛ»ðÝÑø&Ñø�³õ&³

õ� ÑÎDTÍ»ðæ�3`�5µî�¥P&¥P� ¨C¥P�¥P� ãh

×ÌF:� =��`M»ðÄQÎ³õÝ� �×�Ò÷»ðX�ÝÑÎ� Í»

ðæ�`��K©8Ï��¥PXñ¼Ý»ð[£� ¨²Äm1�ÝÎ�`��

T»ðæ�3`���Û�%î� ×�ôG�1Î��PÝ���îW°� ¬

P°DT@6Ë@5µ� ©Î1� Í�T2ý�9����5µ¥T� �ÍX

ª sô�9��Í�5Ý�ÂP�� .��b`����ÝÌF�`���

TÙ� f´�|�ºÝ� µÎ�§zÿW[T�ambiguity effects�� 39×;

�� &Æ�ÿW[TÝÌF¼"D�¿~®�h�v~®Ý©P-²� ¬
�1

�v~®G>èºPÝ�W.�� ÇÍ��¨é�8�·¯X��©P�

.
³õñ¼ÝTÙÝÿW� ×Í�£�TM���Í�ÍÝ�£�TM

��!
-Õ� N×ÍM�Çã/'²7 � ô#åÍ¸M�ã²�áÝ7 �

h²!M� ùÌ-Õ� GïÎ×ËÝ��7 � ¡ïÎ×Ë8�·¯7 �

|ì&ÆàóÂOÕ��¼"DÍ5µ©P�

• % 3.4 îhv~®�'²��©P5µ`a� h'²��Û��M�»ð

æ�EÍ8ÏM���Græ�Ý7 -Õ� 9�Ý¥�©PµÎqÂs

ßF�qÂË�`a���Çh�qÂ�^\óÂÝEfP�� pÍË�

�×Ñ×�5µ� hë©Pèºv~®� �£d½��|P� µ¢ó

ω0 = 5 ��� `aqÂsßF
M� 1.0313�

• % 3.5 î�¿~®�'²��©P5µ`a� 9�Ý©PµÎ��`a��

Ñ5µ���qÂ� C#�M� 1Ý)ÂF�ùÇ�ßG;���a��

 �£Ýn;�� h×)ÂFµ ω0 = 5 ��� Îsß3M� 0.9622�ù�

ßG;�XD30-�� ãy)ÂF¼�Ï�Ý8!Ef-#�� Æ�¿

y� �£�]-I½� ¨µ���îÝ`��5µ��º��� ãh%

�v~®ï� &ÆT�f´��åÕI�5µ8nÝ�ÓP� ô�º|�

�¼"DÝy�|��
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• % 3.6 îv~®Íã²�/Ý��©P5µ`a� h²¼-ÕÛ8ÏM��

�Græ�E��M�»ðæ�Ý7 � 9×`aÃÍîEïy% 3.4� Í

f´M���� )Î8«� ÇqÂFsßF�`a�qÂV
 0.9696��

qÂË�`a���qÂ�Í¸óÂÝEf� pÍË��×Ñ×�5µ�

¨�:��M�E�M��-Õ8E�¥�

• % 3.7 î�¿~®�ã²�/Ý��5µ`a� 9×`aÃÍîEïy%

3.5� Í©P)Î��`a��Ñ5µ���qÂ� C#�M� 1Ý)ÂF

�sß3M�1.0393��h�Ý���Ef�

• % 3.8 îv~®Í8�·¯©P5µ`a� h8�·¯ÛãËÍ8!M�

¬�!8�Ý»ðæ����Gr- Ý/�7 � ùÇÞ×É�Ý��

M�Gr7ÅyÎÉ�Ý»ðæ�� 9�Ý¥�©PÛÎë8�îÝqÂ

F� pÍÏ��·¯Efyì×%�¿~®ïÎ8E´�� ¨²1�Ý

Î� hqÂF¼�Ë�`aÍ��a&bÍ)� ÇJ�`a
Ë)5µ�

• % 3.9 î�¿~®�8�·¯©P5µ`a� Í©P)Î`a�5µë8�

¬��qÂ�Î×Ít{Ý)ÂF� ¨ÍJ�`a��a��)©P�

áîCG°;�X�� &ÆÝ�Õ`M��Û�5µp»ð8�5µ3ËË

»ðìÍ� �£Ýd½]PÎ^Q�!2� E�¿~®��� � �£sßy

×ÍEf#-Ý)c�a�H� �µv~®��� JÎETy���9� ¨8

�`M5µî� ËïÝd½�ô^Q�!� E�¿~®���`M8�5µP

°à#:�� �£sß�H� Q�µv~®��� ¸sß3ë8�Ñ�»ð

F� ¸ÆÝEfPÁÍú¦� v
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� 3.1� h× ASYST +��PÛàyOã×@Gr��°»ð� ã9×���P���
�°»ðÛíáGr��� FFT C IFFTº®�4�à)� �Ãy FFT ��ã�

X�ß�®ÞùTÎ®H��P®Þ� &Æ�|�ºh×»ðXÿ��Gr�

� �£�²�
��p|Rc� LÍÎ		IM»T�£�8E��£´�

`ÍXñ¼ÝM²¨é� �hù8ny�¿~®Í��a��V8��stationary
phase� � n;�D3��P�

\ ---------------------------------------------------------------------------
\ A small program piece which finds the imaginary part of a real signal
\ based on the analytic signal procedure.
\ The computation makes use of the final results of complex calculus based
\ on Cauchy principal value integration.
\ The length of the input array will be automatically truncated to the
\ maximum allowable power of 2.
\ ---------------------------------------------------------------------------
: my.hilbert
fft []size n.fft.pts :=
dup becomes> t1

dup sub[ 1 , n.fft.pts 2 / ]
0 +1 z=x+iy *
t1 sub[ 1 , n.fft.pts 2 / ] :=

sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ]
0 -1 z=x+iy *
t1 sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ] :=

t1 ifft
zreal

;
\ ---------------------------------------------------------------------------
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Ï 4a

óÂ"Dpÿa�Tà

4.1 ÿÿÿaaaGGGrrr���������iii®®®

ha�&Æà×°óÂÿaGrC���iþ®�¼l?v~®X�èº�*

>� ¬��¿~®Xÿ��8!f´� Í�óÂÿaGrbAìóË�

• ×ÍÞg]�{��parabolic chirp�Gr� Í�£ã�ëÂ|�¹¸ú£

�Nyquist rate� 100 Hz�

• ×ÍãËW5aP����linear chirps�øý�WÝ X lGr� hËW5

Gr�¹¸ú£
 100 Hz� v8øy 50 Hz� ¨ËW5�M»8�� ÇW

5���Â���

• G�� X lGr� °ÍËW5���fÂ
 0.01�

• ×ÍãËW5�M»¿�5µaP���X)W�Gr� Í�£ùã�ë

Â|�¹¸ú£ 100 Hz�

• G��¿�Gr� °ÍW5��f
 0.04�

�yXà���GrJÎÇ�iþ�®�� b±ß®�^_®Aì�

• ×´{±>ìÝ±ßi®� Í�Hx)ñ�£V 2.0 Hz�

• 8Ey´±±>ì�±ß®� Í�Hx)ñ�£V 2.6 Hz�

• |^_XC�×Íªñ¸¥�Stokes�®�



4.2 ���������DDD¡¡¡

• % 4.1 
Þg]�{�GrÍ ðw��`MÿÂ�`M8�5µ%�Xî

w� ð�µ�P�ã 20 |� 57.5 Hz� ÍîË�%Û8Ty�¿~®ï�

Ç|�«P 2.5 
�� ìË�%JÎ|v~®Oÿ�ÿÂ�8�5µ �P

2.4 C 2.7�� ���2� h�v~®�¡|��T8�ÌFlÚ� KÌú

¦Ef��|¾\� µÿÂ5µ��� �¿~®Ý��aÎETyv~®

Ý�9�H� µ8�5µ�� �¿~®ÎP°à#èºG>Ý� ¬v~®

Ýë8�ø&�HJ�ÿÂ5µ�9�H!
ET� v�1!øzü�×

:Çá�

• % 4.2 �Gr8!yG%� ¬|�!���C�!�Ê`���Ç ω0 ¢ó

P��!�Xÿ�v~®»ð5µÿÂ���%� C8��î�ì�%�

5½8TyP 2.4 P 2.6�� 4Qh�XàM�óÂ�� â´�� ¬Í�

 �£�I½J!ø&ðz��©½ÝÎ� Ç¸`M8�5µÍ&`��

�FÎay@@Ý� �£î� )ÿ|�îzüÝø&«� hT1ÎÌb

�0P� ¨ ω0 ¢ó�;XCW;����� 9×FÝI5.ôTÎ ω0 �

;yµ��ó/�

• % 4.3 1�8�I»�[T� Ítì�%;tî�%�8�9Ý
π
2 ÝI»�

h×I»ÌbDT��-ÕP��©P� ¨î�%Açøýñ�9DT�

�F��GrÎ®)ùT®��

• % 4.4 ÛÞg]�{�GrÍ�¿~®»ðì��½ ��ëÂ|�¹¸ú£

100 Hz��ÿÂ�8�5µ%� ¨C��a�ñ��î�
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@Adapted CWT, chirp-n2.dat H6.58,5.83LND H2005ê7ê1-23:18:29L
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@Adapted CWT,chirp-n2.dat H6.58,5.83LND H2005ê7ê1-23:18:29L
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@Adapted CWT,chirp-n2.dat H6.56,5.83LOD H2005ê7ê1-22:55:29L
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@Adapted CWT,chirp-n2.dat H6.58,5.83LOD H2005ê7ê1-22:36:33L
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@Adapted CWT, chirp-n2.dat H9.82,8.15LND H2005ê7ê1-17:6:2L
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@Adapted CWT, x-lines2.dat H9.73,9.22LND H2005ê7ê1-17:36:32L

0 40db Below Peak @CWT AmplitudeD

0 1 2 3 4 5

Time HsecL

10

15

20

25

30

35

40

S
c
a
le
H
~

fr
e
q

u
e
n

c
y

in
H

z
L

@Adapted CWT,x-lines2.dat H9.73,9.22LND H2005ê7ê1-17:36:32L

2Pi 0Radian @CWT PhaseD

0 1 2 3 4 5

Time HsecL

10

15

20

25

30

35

40

S
c
a
le
H
~

fr
e
q

u
e
n

c
y

in
H

z
L

@Adapted CWT, x-lines2.dat H9.73,9.22LRD H2005ê7ê1-17:46:57L
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@Adapted CWT,x-lines3.dat H9.82,8.50LND H2005ê7ê5-19:45:27L
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@Adapted CWT, b0w6020.4 H9.82,8.50LND H2005ê7ê5-15:31:53L
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@Adapted CWT,b0w6020.4 H9.82,8.50LND H2005ê7ê5-15:31:53L
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���iþ�±Ø®� ¬h×

±Ø®�G×%�±Ø®f´R¼Îòy)3¦�$ð� ùÇW!�8E´
-�less developed��®�� ùT8Ty´�±>� P¡3ÿÂT8�5µ

î� K�îb9¥ø&«�¨é� ÍT��®�9M�pÍ8! �P;�


� ùT1�i®��Í²�wave modulation� C���%¨é�side band
instability��
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�}l~®»ðXÿ�ÿÂ�8�5µ� ��%J
v~®ï� P¡3

ÿÂT8�5µî� v~®í"î´zü� ùv´9ÝG>� A+y 2 Õ 3
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Ï 5a

ó.�ß

5.1 SSS���

3G«Ýa;�� &ÆEhv~®Ý©PTÍ�
�¨�¡�� x�K¼�yó

Â�ÕCÿa���� 39×a�&Æèº
×MÝó.��� "DÿÂ5µ�

8�5µ&Ë©P�Ã�qÙ� ö¿áÍQ� ùáÍX|Q�

5.2 óóó..."""DDD


O�G��I��°ñf»ð�Ty`°ñf»ð� C�;l�¿~®»ðb

´×l�ó.B�]P� h�v~®BAìP�

ψ(t) =
[
sgn(t) sin ηt − i cos ηt

]
g(t) (5.1)

= −i
[
cos ηt + isgn(t) sin ηt

]
g(t) (5.2)

P� η �!G«�Ý ω0� � g(t) 
{úÐó�

g(t) =
1(

σ 2π
) 1

4
e

−t2

2σ2 (5.3)

P� σ ¢ó
Í`Yâ�time support�����Ç¢ó� ùD'EïyÍ�£Y

â���frequency support��



Ãyh×v~®Í@�ÌI/Ì�EÌ�©P� 
Tà�Z2P�Euler’s

equation�yó..0�]-PR�� Þv~®�
�

ψ(t) = −i
[
h(t)g(t)eiηt

+ h(−t)g(−t)e−iηt] (5.4)

= −i
[
h(t)g(t)eiηt

+ h(−t)g(t)e−iηt] (5.5)

P� h(t) 
Aì�L�>­j$VÐó�Heaviside step function��

h(t) =


0 if t < 0

1
2 if t = 0

1 if t > 0

(5.6)

¨>­j$VÐó��
ìP�

h(t) =
1
2
(1 + sgn(t)) (5.7)

P� sgn(t) 
ÐrÐó�signum function or sign function��

sgn(t) =


−1 if t < 0

0 if t = 0

1 if t > 0

(5.8)

¨|ìÝ.0�� °ñf»ðET2P�Ù)ã×l�-���£�unitary,

angular frequency��ÙB�Aì�

F(η) =
1

√
2π

∫
∞

−∞

f (t)e−iηtdt (5.9)

f (t) =
1

√
2π

∫
∞

−∞

F(η)eiηtdη (5.10)
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îPv~®ÍBÉ��u�C¹w�s��P�
�

ψu,s(t) =
1

√
sψ

( t−u
s

)
(5.11)

=
−i
√

s

[
h
( t−u

s

)
g
( t−u

s

)
eiη t−u

s + h
(
−

t−u
s

)
g
(
−

t−u
s

)
e−iη t−u

s

]
(5.12)

'uGrÐó


f (t) = a(t) cosφ(t) (5.13)

JÍv~®»ð
�

W f (u, s) =
〈
f (t), ψu,s(t)

〉
(5.14)

=
i

√
s

[∫
∞

−∞

f (t)h
(

t − u
s

)
g
(

t − u
s

)
e−iη t−u

s dt + (5.15)∫
∞

−∞

f (t)h
(

−
t − u

s

)
g
(

−
t − u

s

)
eiη t−u

s dt
]

(5.16)

=
i

√
s

[
ei ηs u

∫
∞

−∞

f (t)h
(

t − u
s

)
g
(

t − u
s

)
e−i ηs tdt + (5.17)

e−i ηs u
∫

∞

−∞

f (t)h
(

−
t − u

s

)
g
(

−
t − u

s

)
ei ηs tdt

]
(5.18)

*
Þî×»ðP�r��Ë45½"��¯¿àAìÝ°ñf»ðETr½n

;P�

f (t) ⇐⇒ F(η) (5.19)

g(t) ⇐⇒ G(η) (5.20)

h(t) ⇐⇒ H(η) (5.21)

h(t − u) ⇐⇒ e−iηu H(η) (5.22)

g
(

t − u
s

)
⇐⇒ e−iηu

|s|G(sη) (5.23)

h
(

t − u
s

)
⇐⇒ e−iηu

|s|H(sη) (5.24)

h
(

−
t − u

s

)
⇐⇒ e−iηu

|s|H(−sη) (5.25)
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h(t)g(t) ⇐⇒
1

√
2π

H(η) ? G(η) (5.26)

f (t)
ö@ó ⇐⇒ F(η)
 Hermitian EÌ (5.27)

f (t)
�EÌö@ó ⇐⇒ F(η)ù
�EÌö@ó (5.28)

f (t)
DEÌö@ó ⇐⇒ F(η)
DEÌöÌó (5.29)

�ï� >­j$VÐó h(t) =
1
2(1 + sgn(t)) �°ñf»ðP
�

H(η) =
1
2

(
√

2πδ(η)+

√
2
π

1
i

p.v.
1
η

)
(5.30)

=

√
π

2

(
δ(η)−

i
π

p.v.
1
η

)
(5.31)

î°P�� δ(η) 
qZ¸5µÐó�Dirac delta distribution function�� 5 ? 6 


IÉ¶��convolution�Ðr� � p.v. �TàÞ�xÂ�§� Í;¼5µÐó�

º®|Aì2P
��

p. v.
(

1
x

)
(v) = lim

ε→0+

∫
R\[−ε;ε]

v(x)
x

dx =

∫
+∞

0

v(x)− v(−x)
x

dx (5.32)

3|ìÝ]�P�&ÆÞh p. v. ýB6¯�

*Þî×v~®»ðP�r��Ë45½"�� 3Ï×4�� ω1 =
η
s � J

i
√

s ei ηs u ∫∞

−∞
f (t)h

( t−u
s

)
g
( t−u

s

)
e−i ηs tdt (5.33)

=
i
√

2π
√

s eiω1u
[

1
√

2π

∫
∞

−∞
f (t)h

( t−u
s

)
g
( t−u

s

)
e−iω1tdt

]
(5.34)

=
i

√
s eiω1u

[
F(ω1) ?

1
√

2π

(
e−iω1u

|s|H(sω1) ? e−iω1u
|s|G(sω1)

)]
(5.35)

=
i

√
s

1
√

2π
ei ηs u

[
F
(η

s

)
?
(

e−i ηs u
|s|H(η) ? e−i ηs u

|s|G(η)
)]

(5.36)

3ÏÞ4�� ω1 = −
η
s � J

i
√

s e−i ηs u ∫∞

−∞
f (t)h

(
−

t−u
s

)
g
( t−u

s

)
ei ηs tdt (5.37)
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=
i
√

2π
√

s eiω2u 1
√

2π

∫
∞

−∞
f (t)h

(
−

t−u
s

)
g
( t−u

s

)
e−iω2tdt (5.38)

=
i

√
s eiω2u

[
F(ω2) ?

1
√

2π

(
e−iω2u

|s|H(−sω2) ? e−iω2u
|s|G(sω2)

)]
(5.39)

=
i

√
s

1
√

2π
e−i ηs u

[
F
(
−
η
s

)
?
(

ei ηs u
|s|H(η) ? ei ηs u

|s|G(η)
)]

(5.40)

=
i

√
s

1
√

2π
e−i ηs u

[
F
(η

s

)
?
(

ei ηs u
|s|H(η) ? ei ηs u

|s|G(η)
)]

(5.41)

Æÿ

W f (u, s) =
i

√
s

1
√

2π

{
ei ηs u

[
F
(η

s

)
?
(

e−i ηs u
|s|H(η) ? e−i ηs u

|s|G(η)
)]

+

e−i ηs u
[

F
(η

s

)
?
(

ei ηs u
|s|H(η) ? ei ηs u

|s|G(η)
)]}

(5.42)

Ç

W f (u, s) =
1

2
√

s

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s|G(η) ? e−i ηs u
|s|(iδ(η)+

1
πη
)

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s|G(η) ? ei ηs u
|s|(iδ(η)+

1
πη
)

]}
(5.43)

¯@î� î×"�P�|��ËË"DÿP� ×ËÎ. s Ú
¢ó� �. η Ú


�ó� 9×¤�ÿP�!y`°ñf5���§W°� ¨×ËJÎ. η Ú
¢

ó� �. s Ú
�ó� 9×ÿP�!~®5���§]P� u¸à~®W°�

J. η 6= 0 � δ(η) = 0� Æÿ

W fη(u, s) =
1
2

s−
1
2

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s|G(η) ? e−i ηs u
|s|

1
πη

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s|G(η) ? ei ηs u
|s|

1
πη

]}
(5.44)

=
1
2

s−
1
2

G(η)
πη

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s| ? e−i ηs u
|s|
]

+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s| ? ei ηs u
|s|
]}

(5.45)
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u¸ày`°ñfW°� Jÿ

W fs(u, η) =
1
2s

3
2

{
ei ηs u

[
F
(η

s

)
? e−i ηs uG(η) ? e−i ηs u(iδ(η)+

1
πη
)

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs uG(η) ? ei ηs u(iδ(η)+

1
πη
)

]}
(5.46)

�ï� îP�

e−i ηs uG(η) ? e−i ηs uδ(η)

=

∫
∞

−∞

e−i ξs uG(ξ)e−i η−ξs uδ(η − ξ)dξ (5.47)

=

∫
∞

−∞

e−i ηs uG(ξ)δ(ξ − η)dξ (5.48)

= e−i ηs uG(ξ)
∣∣∣
ξ=η

(5.49)

= e−i ηs uG(η) (5.50)

e−i ηs uG(η) ? e−i ηs u 1
η

=

∫
∞

−∞

e−i ξs uG(ξ)e−i η−ξs u 1
η − ξ

dξ (5.51)

= e−i ηs u
∫

∞

−∞

G(ξ)
1

η − ξ
dξ (5.52)

= e−i ηs u
[

G(η) ?
1
η

]
(5.53)

= e−i ηs uπG(η)Erfi
(
η

√
2

)
(5.54)

Æÿ

W fs(u, η) =
1
2s

3
2

{
ei ηs u

[
F
(η

s

)
? e−i ηs uG(η)

[
i + Erfi

(
η

√
2

)]]
+

e−i ηs u
[

F
(η

s

)
? ei ηs uG(η)

[
i + Erfi

(
η

√
2

)]]}
(5.55)

ã��Gr§¡ø��analytic signal procedure� &Æá¼��£ η Ä6�y
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Ê	Â|î �Ç��H�� GÒëÂ� � (ση)2 � 1 �� v.
 x � 1 `

erfi(x) � 1� ÇP�ÌI�ÂG�y@I�Â� *|×ÿaGr�ßÍt±ÿÂ

F�sß�� '@Gr


f (t) = cos ζ t =
1
2

(
e−iζ t

+ eiζ t) (5.56)

J

F(ξ) =

√
π

2
[δ(ξ + ζ )+ δ(ξ − ζ )] (5.57)

�

ei ηs u
[

F
(η

s

)
? e−i ηs uG(η)

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs uG(η)

]
= ei ηs u

∫
∞

−∞

F
(
ξ

s

)
e−i η−ξs uG(η − ξ)dξ +

e−i ηs u
∫

∞

−∞

F
(
ξ

s

)
ei η−ξs uG(η − ξ)dξ (5.58)

=

∫
∞

−∞

F
(
ξ

s

)
ei ξs uG(η − ξ)dξ +∫

∞

−∞

F
(
ξ

s

)
e−i ξs uG(η − ξ)dξ (5.59)

ei ηs u
[

F
(η

s

)
? e−i ηs uG(η)Erfi

(
η

√
2

)]
+

e−i ηs u
[

F
(η

s

)
? ei ηs uG(η)Erfi

(
η

√
2

)]
= ei ηs u

∫
∞

−∞

F
(
ξ

s

)
e−i η−ξs uG(η − ξ)Erfi

(
η − ξ
√

2

)
dξ +

e−i ηs u
∫

∞

−∞

F
(
ξ

s

)
ei η−ξs uG(η − ξ)Erfi

(
η − ξ
√

2

)
dξ (5.60)

=

∫
∞

−∞

F
(
ξ

s

)
ei ξs uG(η − ξ)Erfi

(
η − ξ
√

2

)
dξ +∫

∞

−∞

F
(
ξ

s

)
e−i ξs uG(η − ξ)Erfi

(
η − ξ
√

2

)
dξ (5.61)
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*Þ F(ξ) �T F
(
ξ
s

)
� ã�ã s = 1 ¬�¥�� �áîPÿ

W fs(u, ζ ) =

1
2s

3
2

{
i
∫

∞

−∞

√
π
2 (δ(ξ − ζ )+ δ(ξ + ζ ))

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)dξ +∫
∞

−∞

√
π
2 (δ(ξ − ζ )+ δ(ξ + ζ ))

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)Erfi
(
ζ−ξ
√

2

)
dξ
}

(5.62)

=
√
π
2 s

3
2 i
{[

1
2

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)
]∣∣∣
ξ=ζ

+[
1
2

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)
]∣∣∣
ξ=−ζ

}
+

√
π
2 s

3
2

{[
1
2

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)Erfi
(
ζ−ξ
√

2

)]∣∣∣
ξ=ζ

+[
1
2

(
ei ξs u

+ e−i ξs u
)

G(ζ − ξ)Erfi
(
ζ−ξ
√

2

)]∣∣∣
ξ=−ζ

}
(5.63)

=
√
π
2 s

3
2 ei ζs u

+e−i ζs u

2 {i [G(0)+ G(−2ζ )] +[
G(0)Erfi(0)+ G(−2ζ )Erfi(−

√
2ζ )

]}
(5.64)

=
√
π
2 s

3
2 cos( ζs u)

{
i [G(0)+ G(−2ζ )] +

[
0 + G(−2ζ )Erfi(−

√
2ζ )

]}
(5.65)

.
=
√
π
2 s

3
2 cos( ζs u) [0 + G(0)i] (5.66)

5.3 ©©©PPP���óóó§§§

|îÝó."Dÿ|�ßóÂ�
ÝÃ�qÙ� ¯&Æ?
×MÝ�hv~®Í

ÿÂ�8�Ý5µ©P� |ìEóF¥�©Ç®��� x�b�

• 8�Efø&«

• ÿÂÁ�ÂF5µ

• 8�fÏ�;©P

ãP 5.45 �áv~®»ðÍ¸à~®ÿP�"�PÍÿÂË
@ó� h�ã

P�Ë�4Ý&�4!
�7ÿá� �Í¸ày`°ñfÿPì�»ðP 5.46�

Í8ET&�4���>­j4�ù!
�7� vÃÍîô©b@ó4D3¥

�P� ÍÌIÂ8Ey@IÂÎ�E¯� 9×@ó5µ©P� ¸ÿ8�5µ
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%ÿ|©��ËËÁÐEf�� h²� ÁÐEf&«sß��|Ì0-Ðó

� imaginary error function��DEÌ5µP�1� AP 5.55 � Erfi C©»]�

P 5.62 3� �£�ëÂ��� �ï� 9×Ë�ÁÐEf©P� ô�y`°

ñf5�C~®»ðXÿ8�5µ©P�
�!� hËï/P°ã8�5µà

#5ï�� �£� µy`°ñf5���� ¸ÄmOÕ�÷8��stationary

phase�� Ç8�5µÍ`0ó
ëÂ��µ f (t) = a(t) cosφ(t) ��� 8�5

µ§¡Â
 φ(t) − ηt � � �£sßFÍ φ′(t) − η = 0 �� µ~®»ð5�

��� JùÄmOÕ8�5µÝ`0ó� �¾��0óÂÎÍ�!2ýîÝ�

£�µ f (t) = a(t) cosφ(t) ���8�5µ§¡Â
 φ(t) � � �£sßFÍ

η = φ′(t) �� ÎÆ9ËïÝ� �£38�5µ%î�æ�GrÝ8�bÛ6n

=� ¬QP°ã»ð�8�5µ%à#¾\�Gr�H� DÌh�v~®Í8�
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ù�¾�ÍëÂFETy η
s u =
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2 π, n = 0, 1, 2, ... � ¨²� u �ó¬�¢�I
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η

√
2

)
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� ��������	�
�����
����� File Macro LeakOut LeakIn PhaseNoise Root Others End

�� "c: �lee �mat�Initial_SetNotebook.M" �� Set notebook options ��
�� "c: �lee �mat�Initial_Forms.M";

�� "c: �lee �mat�Initial_Frames.M";

�� "c: �lee �mat�Initial_Words.M";

myfont � "Times";

$TextStyle � �FontFamily �� "Times", FontSize �� myfontsize �;

timeflag � "Y";

dynamictimeflag � "N";

flabelflag � "Y";

flabelflag2 � "Y";

abcdflag � "N";

llabelflag � "y";

gridlineflag � "YY";

xyaxisflag � "LL";

stringposflag � 1 ;

xshiftflag � 0;

forcedstringaryflag � "n";

forcedflabelflag � "n" ;

stringindexmul � 3;

stringindexsin � 1;

abcdlabel � "a";

timeflag � "Y"; tlabel � tlabelv;

� ��������� File Macro LeakOut LeakIn PhaseNoise Root Others End

doshowxy := {
  moutt[flabel];
  moutt[flabel2];
  myplot=ListPlot[ dataxy
    , PlotJoined->True
    , PlotRange->All
    , PlotStyle->{Thickness[0.0008] (* , Hue[0.0] *) }
    , Frame->True
    , DisplayFunction->Identity
  ];
  myshow;
  (* Run["mmawav.bat"]; *)
  <<"c:/lee/mat/000-p2_nb-m.m"
};

��������	
����
��������������������������� �

75



flabel2 := typestr<>" �="<>StringTake[ToString[N[scap1, 
9]],If[StringLength[ToString[N[scap1, 9]]]>=7, 7, 1] ]<>", �="<>ToString[N[
peakshiftp1,2]]<>" �, 	="<>StringTake[
ToString[N[xi,2]],1]<>", (0 
"<>StringTake[ToString[N[xlimitp1, 2]],1]<>" �), 
�="<>ToString[N[phap1,3]]<>" �";

� �����������
�� File Macro LeakOut LeakIn PhaseNoise Root Others End

� ����������	�
����
�	�������	��

(* -------- Frequency Leakage Out (Variant) --------- *)
typestr="Wavelet Variant: ";
xlabel="Scale";
ylabel="Projections at different wavelet scales";
flabel="Ambiguity Effects : Leakage OUT from a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
frelkgout [peakshiftv_, scav_, xlimitv_, phav_, xiv_] := 
  1 / (scav) * NIntegrate[Cos[xiv*x]*Sin[xiv*x/scav]*  
     Exp[-((x - peakshiftv/xiv)^2/scav^2 + (x)^2)/(2)], 
     {x, 0, xlimitv}
  , MinRecursion->3, MaxRecursion->10 
];
  (*  1 / scav * NIntegrate[Cos[x]*Sin[xiv * x/scav]*   (* a=sca/xi *)
       Exp[-((x/scav - peakshiftv/xiv )^2 + (x)^2)/(2)], 
  *)
peakshiftp1=0.5;peakshift= peakshiftp1 * Pi;
xlimitp1=7;xlimit=xlimitp1 * Pi;
phap1=0;pha=phap1 * Pi;
xi=5;
scap1=1;
datax= Table[ ni , {ni, 0.025, 5, 0.025}]; 
datay= Table[ frelkgout [peakshift, sca, xlimit, pha, xi], {sca, 0.025 ,
5 , 0.025 } ];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Ambiguity Effects : Leakage OUT from a wave packet

Wavelet Variant: �=1, �=0.5 �, �=5, (0 �7�), �=0. �
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{2005, 12, 23, 10, 29, 1}     CPU:(00, 00, 0.937);     Time:(00, 00, 

07)

� ����������	�
���
�	�

(* -------- Frequency Leakage Out (Morlet) ---------- *)
typestr="Morlet Wavelet: ";
xlabel="Scale";
ylabel="Projections at different wavelet scales";
flabel="Ambiguity Effects : Leakage OUT from a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
(*
frelkginM[peakshiftv_, scav_, xlimitv_, phav_, xiv_] := 
   NIntegrate[Cos[u/scav]*Cos[(u)]*  
     Exp[-((u - peakshiftv)^2+ (u/scav)^2)/(2*xiv^2)], 
     {u, 0, xlimitv}
     , MinRecursion->3, MaxRecursion->10 
];
*)
(*  There exists analytical form  *)
frelkgoutM [peakshiftv_, scav_, xlimitv_, phav_, xiv_] := 
  2*  1 / (scav) * Integrate[Cos[xiv*x]*Cos[xiv*x/scav]*  
     Exp[-((x - peakshiftv/xiv)^2/scav^2 + (x)^2)/(2)], 
     {x, 0, Infinity}
];
peakshiftp1=0;  peakshift= peakshiftp1 * Pi;
xlimitp1=7;  xlimit=xlimitp1 * Pi;
phap1=0;  pha=phap1 * Pi;
xi=5;
scap1=1;
dofrelkgoutM=frelkgoutM [peakshift, sca, xlimit, pha, xi] (*analytical form*)

datax= Table[ ni , {ni, 0.000, 5, 0.025}];
datay= Table[ N[dofrelkgoutM], {sca, 0.000 , 5 , 0.025 } ];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

��������	
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1����������
sca

�

�
�
������������2 If �Im� 1����������

sca
� �� 0 && Re� 1������������

sca 2
� � �1,

����� 25 ��1�sca �2
����������������������������

2 �1�sca 2� � �
25 �1�sca �2
��������������������������
2 �1�sca 2� ���� 	





�����

2
����������������������������������������������������������������������

2 �25 	



















1 � 1���������
sca 2

, �
0

�

�
1����2 ��x2� x2

�����������
sca 2 �

Cos�5 x
 Cos� 5 x����������
sca

���x���
������������

Ambiguity Effects : Leakage OUT from a wave packet

Morlet Wavelet: �=1, �=0. �, �=5, (0 �7�), �=0. �

� � � � � �

�

���

���

��,

��-

�	
��



�

���
	

��
��

�
�



�

�
��

����
�

�
��

�
�



�



��



	


��������� ����	�
  !�
"
�� #$% ���� 
 �
�� &
	"��

.����� '
����� ���) �����) ���) ���*��) ����� ����������� �+ ��

{2005, 12, 23, 10, 29, 8}     CPU:(00, 00, 0.344);     Time:(00, 00, 

04)

� �� "c:\\lee\\mat\\000 �p1.m";

FindMinimum ��1 � 1 � sca ����������������E
�

25 ��1�sca �2
����������������������������

2 �1�sca 2� � E
�

25 �1�sca �2
��������������������������
2 �1�sca 2� ������ 	






�

�����
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1 �
1

������������
sca 2

sca 2
�������� � �2 �1 � sca 2

, �sca, 0.97 ��

�� "c: �lee �mat�000�p2_nb �m.m"

��0.447397, �sca � 0.962224 ��
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{2005, 12, 23, 10, 29, 12}     CPU:(00, 00, 0.015);     Time:(00, 00, 

00)

� ������������� File Macro LeakOut LeakIn PhaseNoise Root Others End

� �����������
����
�	�������	��

(* -------- Frequency Leakage In (Variant) -------- *)
typestr="Wavelet Variant: ";
xlabel="Scale";
ylabel="Projections from wave packets of different scales";
flabel="Ambiguity Effects : Leakage IN from different wave packets";
<<"c:/lee/mat/000-p1_nb-m.m";
frelkgin[peakshiftv_, scav_, xlimitv_, phav_, xiv_] := 
   NIntegrate[Cos[u/scav]*Sin[(u)]*  
     Exp[-((u - peakshiftv)^2+ (u/scav)^2)/(2*xiv^2)], 
     {u, 0, xlimitv}
     , MinRecursion->3, MaxRecursion->10 
];
(* gsca[b_, a_, s_] := NIntegrate[Cos[u/a]*Sin[(u)]*
                 Exp[-((u-Pi/2.)^2.+(u/a)^2.)/(2*s^2)], {u, 0, b} ] *)
peakshiftp1=0.5;peakshift= peakshiftp1 * Pi;
xlimitp1=7;xlimit=xlimitp1 * Pi;
phap1=0;pha=phap1 * Pi;
xi=5;
scap1=1;
datax= Table[ ni , {ni, 0.025, 5, 0.025}];
datay= Table[ frelkgin [peakshift, sca, xlimit, pha, xi], {sca, 0.025 ,
5 , 0.025 } ];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Ambiguity Effects : Leakage IN from different wave packets

Wavelet Variant: �=1, �=0.5 �, �=5, (0 �7�), �=0. �

� � � � � �

��

����

�

���

�

���

�

�	
��



�

���
	

��
��

�
�

���
�

�



�

�

�
"

	



&
�

�
�

�
��

����
�



��



	


��������� ����	�
  !�
"
�� /0 ���� ��������� �
�� &
	"��


'
����� (
��
�� ���) ������) ���) ���*��) ����� ����������� �+ ��

��������	
����
��������������������������� �

79



{2005, 12, 23, 10, 29, 12}     CPU:(00, 00, 0.313);     Time:(00, 00, 

01)

� �����������
���
�	�

(* --------- Frequency Leakage In (Morlet) --------- *)
typestr="Morlet Wavelet: ";
xlabel="Scale";
ylabel="Projections from wave packets of different scales";
flabel="Ambiguity Effects : Leakage IN from different wave packets";
<<"c:/lee/mat/000-p1_nb-m.m";
(*  There exists closed analytical form  *)
frelkginM[peakshiftv_, scav_, xlimitv_, phav_, xiv_] := 
   2 * Integrate[Cos[u/scav]*Cos[(u)]*  
     Exp[-((u - peakshiftv)^2+ (u/scav)^2)/(2*xiv^2)], 
     {u, 0, Infinity}
];
peakshiftp1=0;  peakshift= peakshiftp1 * Pi;
xlimitp1=7;  xlimit=xlimitp1 * Pi;
phap1=0;  pha=phap1 * Pi;
xi=5;
scap1=1;
dofrelkginM=frelkginM [peakshift, sca, xlimit, pha, xi] (*analytical form*)

datax= Table[ ni , {ni, 0.000, 5, 0.025}];
datay= Table[ N[dofrelkginM], {sca, 0.000 , 5 , 0.025 } ];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

2 If �Im� 1����������
sca

� �� 0 && Re� 1������������
sca 2

� � �1,

5
����� 25 ��1�sca �2
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2 �1�sca 2� � �
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Ambiguity Effects : Leakage IN from different wave packets

Morlet Wavelet: �=1, �=0. �, �=5, (0 �7�), �=0. �
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{2005, 12, 23, 10, 29, 13}     CPU:(00, 00, 0.187);     Time:(00, 00, 

03)

� �� "c: �lee �mat�000�p1_nb �m.m"

FindMinimum ��1 � 10 �
���������������E

�
25 ��1�sca �2
����������������������������

2 �1�sca 2� � E
�

25 �1�sca �2
��������������������������
2 �1�sca 2� ������ 	
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1 �
1

������������
sca 2

sca 2
�������� � �2 �1 � sca 2

,�sca, 1.01 ��

�� "c: �lee �mat�000�p2_nb �m.m"

��4.47397, �sca � 1.03926 ��

{2005, 12, 23, 10, 29, 16}     CPU:(00, 00, 0.);     Time:(00, 00, 00)

� �������������� File Macro LeakOut LeakIn PhaseNoise Root Others End

� ������������
����
�	�������	��

(* -------------     Phase Noise      --------------- *)
typestr="Wavelet Variant: ";
xlabel="Phase";
ylabel="Projections from different phases";
flabel="Phase Noise : Related to differnet locations of a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
integright[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] := 
  NIntegrate[Cos[u/scaadjv-phav]*Sin[u]*
    Exp[-((u -peakshiftv )^2. + (u/scaadjv-phav)^2.)/(2*xiv^2)], 
    {u, 0, xlimitv}
    , MinRecursion->3, MaxRecursion->10 ];
integleft[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] := 
  NIntegrate[Cos[u/scaadjv-phav]*Sin[-u]*
    Exp[-((u + peakshiftv )^2. + (u/scaadjv-phav)^2.)/(2*xiv^2)], 
    {u, -1.*xlimitv, 0}
    , MinRecursion->3, MaxRecursion->10 ];
peakshiftp1=0.5;  peakshift= peakshiftp1 * Pi;
xlimitp1=7;  xlimit=xlimitp1 * Pi;
phap1=0;  pha=phap1 * Pi;
xi=5;
scaadj= 0.969621557058245997;  scap1=scaadj;
phaintp1=Table[  integright[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.05 Pi,  6.5  Pi , 0.05 Pi } ];
phaintp2=Table[  integleft[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.05 Pi,  6.5  Pi , 0.05 Pi } ];
phaintmid=2 * Table[  integleft[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.00 Pi,  0.00 Pi , 0.05 Pi } ];
posshiftsum=phaintp1+phaintp2;
midintsum=phaintmid;
datax=Join[ -1* Reverse[Table[ ni * Pi, {ni, 0.05, 6.5, 0.05}]], {0}, 
Table[ ni * Pi, {ni, 0.05, 6.5, 0.05}] ];
datay=Join[ Reverse[posshiftsum], midintsum, posshiftsum];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Phase Noise : Related to differnet locations of a w ave packet
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Wavelet Variant: �=0.96962, �=0.5 �, �=5, (0 �7�), �=0. �
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{2005, 12, 23, 10, 29, 17}     CPU:(00, 00, 0.454);     Time:(00, 00, 

00)

� ������������
���
�	�

(* ---------     Phase Noise (Morlet)     ----------- *)
typestr="Morlet Wavelet: ";
xlabel="Phase";
ylabel="Projections from different phases";
flabel="Phase Noise : Related to differnet locations of a wave packet";
<<"c:/lee/mat/000-p1_nb-m.m";
integrightM[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] := 
  NIntegrate[Cos[u/scaadjv-phav]*Cos[u]*
    Exp[-((u -peakshiftv )^2. + (u/scaadjv-phav)^2.)/(2*xiv^2)], 
    {u, 0, xlimitv}
    , MinRecursion->3, MaxRecursion->10 ];
integleftM[peakshiftv_, scaadjv_, xlimitv_, phav_, xiv_] := 
  NIntegrate[Cos[u/scaadjv-phav]*Cos[-u]*
    Exp[-((u + peakshiftv )^2. + (u/scaadjv-phav)^2.)/(2*xiv^2)], 
    {u, -1.*xlimitv, 0}
    , MinRecursion->3, MaxRecursion->10 ];
peakshiftp1=0.0;  peakshift= peakshiftp1 * Pi;
xlimitp1=7;  xlimit=xlimitp1 * Pi;
phap1=0;  pha=phap1 * Pi;
xi=5;
scaadj= 1;
scap1=scaadj;
phaintp1=Table[  integrightM[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.05 Pi,  6.50 Pi , 0.05 Pi } ];
phaintp2=Table[  integleftM[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.05 Pi,  6.50 Pi , 0.05 Pi } ];
phaintmid=2 * Table[  integleftM[peakshift, scaadj, xlimit, phav, xi], 
                  {phav, 0.00 Pi,  0.00 Pi , 0.05 Pi } ];
posshiftsum=phaintp1+phaintp2;
midintsum=phaintmid;
datax=Join[ -1* Reverse[Table[ ni * Pi, {ni, 0.05, 6.50, 0.05}]], {0}, 
Table[ ni * Pi, {ni, 0.05, 6.50, 0.05}] ];
datay=Join[ Reverse[posshiftsum], phaintmid, posshiftsum];
dataxy=Table[ {datax[[ i ]], datay[[i]]}, {i,1 ,Length[datax]}];
doshowxy;

Phase Noise : Related to differnet locations of a w ave packet

Morlet Wavelet: �=1, �=0. �, �=5, (0 �7�), �=0. �
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{2005, 12, 23, 10, 29, 17}     CPU:(00, 00, 0.468);     Time:(00, 00, 

02)

� ���	���� File Macro LeakOut LeakIn PhaseNoise Root Others End

�� "c: �lee �mat�000�p1_nb �m.m"

g�b_, a_, s_ � : � Integrate �Cos�u � a��Sin ��u���
Exp����u � Pi � 2. �^2. � u^2. � ��2 � s^2 ��, �u, 0, b ��

FindRoot � g� 5. �Pi, a, 5 � �� 0, �a, 0.95, 0.7, 1.2 ��
�� "c: �lee �mat�000�p2_nb �m.m"

�a � 0.970672 �

�1998, 7, 27, 2, 18, 16 � CPU:�00, 00, 44.27 �; Time: �00, 00, 44 �

�� "c: �lee �mat�000�p1_nb �m.m"

g�b_, a_, s_ � : � Integrate �Cos�u � a��Sin ��u���
Exp����u � Pi � 2. �^2. � u^2. � ��2 � s^2 ��, �u, 0, b ��

FindRoot � g� 7. �Pi, a, 5 � �� 0, �a, 0.9696, 0.7, 1.2 ��
�� "c: �lee �mat�000�p2_nb �m.m"

�a � 0.970672 �

�1998, 7, 27, 2, 19, 0 � CPU:�00, 00, 44.71 �; Time: �00, 00, 45 �

�� "c: �lee �mat�000�p1_nb �m.m"

g�b_, a_, s_ � : � Integrate �Cos�u � a��Sin ��u���
Exp����u � Pi � 2. �^2. � �u � a�^2. ���2 � s^2 ��, �u, 0, b ��

FindRoot � g� 5. �Pi, a, 5 � �� 0, �a, 0.97, 0.7, 1.2 ��
�� "c: �lee �mat�000�p2_nb �m.m"�� Run�"mmawav.bat" �; ��
�a � 0.969622 �
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�1998, 7, 27, 2, 19, 46 � CPU:�00, 01, 17.17 �; Time: �00, 01, 17 �

� �	������� 3��� .
	�� !�
"#�� !�
"/� �1

�0��
� 2��� #�1��
 ���

� �
�����������	����	����

g2�b_, a_, s_ � � �
0

�

cos 	 u
����
a

 sin �u� ��

� u
�����
a
�2.

�u2.
�������������������������

2 s2 �	u

�� "c: �lee �mat�000�p1_nb �m.m"

g2�b_, a_, s_ � � Integrate �Cos�u � a��Sin ��u���
Exp����u�^2. � �u � a�^2. ���2 � s^2 ��, �u, 0, Infinity ��

�� "c: �lee �mat�000�p2_nb �m.m"

/��/�� �
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�1998, 1, 10, 0, 15, 19 � CPU:�00, 00, 15.22 �; Time: �00, 00, 15 �

If �Im� 1����
a
� �� 0 && Re� 1 � � 1����

a
�2.

�������������������������
s2

� � 0,�����������0.5

������������																																						��1 � a�2 s2
�������������������������������������
1 � � 1����

a
�2. � a2

Hypergeometric1F1 �1.,
3����
2

, � ��1 � a�2 s2
�����������������������������������������
2 
1 � � 1����

a
�2. � a2

� Sign �1 � 1����
a
� �

�																															�1 � 1����
a
�2

s2

�����������������������������
1 � � 1����

a
�2.

Hypergeometric1F1 �1.,
3����
2

, �
�1 � 1����

a
�2

s2

����������������������������������
2 
1 � � 1����

a
�2. � � Sign �1 � 1����

a
��
����������
��������� �������� 1 � � 1����

a
�2.

�������������������������
s2

�
�����0.5

, �
0

�

E
�u2. �� u

�����a �2.
���������������������������

2 s 2 Cos� u����
a
� Sin �u���u�

�1998, 7, 26, 17, 28, 31 � CPU:�00, 00, 5.05 �; Time: �00, 00, 05 �

�� "c: �lee �mat�000�p1_nb �m.m"

g3�b_, a_, s_ � � Integrate �Cos�u � a��Sin ��u���

Exp����u � Pi � 2. �^2. � �u � a�^2. ���2 � s^2 ��, �u, 0, Infinity ��
�� "c: �lee �mat�000�p2_nb �m.m"�

0

�

E
���1.5708 �u�2. �� u

�����a �2.

��������������������������������������������������
2 s 2 Cos� u����

a
� Sin �u���u

�1998, 7, 27, 2, 21, 8 � CPU:�00, 00, 8.79 �; Time: �00, 00, 09 �
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!�Þ��¡ wavelet �5~6�5�6

�1����º�����YÎ!°!.�¢�Ý�ÓPX�l��Fù+Z

l��

����º3��ä�é\Þ0 �Ý�óÞbÝ9ËÞ�
�1�5�®6Î

���1. proper noun
���2. common noun
���3. |î/Î

���4. |î/&

���5. �-

�2�5�®6ÝtÊET¯-
Î

���1. small wave
���2. minor wave
���3. trivial wave
���4. little wave
���5. tiny wave
���6. insignificant wave
���7. low wave
���8. wavelet
���9. |î/�

����

����Y3��Ø�é\Þ0 �Ý�óÞbÝ9ËÞ�
�1�5~®6Î

���1. proper noun
���2. common noun
���3. |î/Î

���4. |î/&

���5. �-

�2�5~®6ÝtÊET¯-
Î

���1. small wave
���2. minor wave
���3. trivial wave
���4. little wave
���5. tiny wave
���6. insignificant wave
���7. low wave
���8. wavelet
���9. |î/�
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98�9+���Ç�°����ý�NÍzZC�tÝ wavelet ^.Ä²�?	

89



Kb�é��Ý#9` 39ËÞTZ�C�ê�ËÞnÐP�ì.§ìW�

?�1°î�b!.Î������º���5�6ï&Ì}²�X|µóÝ 2

C 9�

�����YÎf´òy5�ßP�-ÎÆ6Ý�1�(W�Ý���ûû�

ÂÕ9ËÞ�UÝC�9�T�5~®6Î%�%¢��¼ô^WÄ�µvß�

KÎËÍCàW�©b wavelet Î×Í�C��©½�êT��°îb5G6��

�}©�¢�?h5~6�B5G6Î8;�X|�"�µ�-óÝ 1 C 8�

�Õwr�����º.39ËÞ�úH9��5|°�-ûar�¬���

�YQ��Än��Î9°ÞÝ�Þ�/Î!×ß���/E9°��Fô#!

��ÿá��#��²��û0ß���æ¼~®ÞÎ�\�X�Þê�¡¼�

y5�&ô�WÎ6�5Ì�Aß��ö¿P�ý6�êE¡¼Þ0��Þ�è

ºÝ5�®6Þ��ÄQ�Ý.5~®6Þ�ÀÝ�

�hÑF�µ¯&Æ¼D¡×Íf´b¶�ð�®Õ�ôÎtqÍÝ�Þ�£

µÎzZÝwavelet �A¢�ZÌ��ô¢h5-�¯ waveletÝ×°8nÃF�

Wavelet A*«{tð�Ý�ËÎ5�®6��Íßt\�JêY§¸
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3. Time-scale characterizations ò

4. Tests and applications ò
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The Wavelet Variant

The devising

The wavelet variant:

ψ(t) =
1

π
1
4

[
sgn(t) sinω0t − i cosω0t

]
e

−t2
2 . (1)

The scaled and translated versions of the wavelet variant:

ψa,b(t) =
1

√
aπ

1
4

[
sgn(t) sinω0

(
t − b

a

)
− i cosω0

(
t − b

a

)]
e

−( t−b
a )2

2 . (2)
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The rendering
The modulus:

W f (a, b) = 〈 f (t), ψa,b(t)〉, (3)

or
W f (a, b) = 〈 f (t), Imψa,b(t)〉 + iH

[
〈 f (t), Imψa,b(t)〉

]
, (4)

or
W f (a, b) = 〈 f (t),Reψa,b(t)〉 + iH

[
〈 f (t),Reψa,b(t)〉

]
. (5)

The phase:

φ(a, b) = tan−1 Ie〈 f (t), ψa,b(t)〉
Rm〈 f (t), ψa,b(t)〉

, (6)

or
φ(a, b) = tan−1 Ie〈 f (t), ψa,b(t)〉

Rm〈 f (t), ψa,b(t)〉
+
π

2
. (7)
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The wavelet variant
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Figure 1: The real and imaginary parts of the wavelet variant for the renditions of modulus and phase as defined by equations
4, 5, 6 and 7. The wavelet variant is poorly analytic.
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Time-Scale Characterizations

A few topics

• The admissibility condition and the completeness and redundancy

• Analytic versus complete oscillation and total positivity

• Instantaneous frequency, stationary phase, power ridge

• The analytic signal procedure and the Hilbert transform

• Time-frequency resolution, frequency leakage, and phase ambiguity

• Power ridge vs. trough
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Analytic vs Non-analytic (BO35O)
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Figure 4: Wavelets with fancy analytical properties are often of peculiar wave forms and are not of our choice for studying
water-wave related physics — Either judging from their entropy results or form their stability conditions shown here. Here the
blow-ups of bi-orthogonal wavelets BO35O are shown — different curve inclinations.
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The frequency leakage-out distribution curves
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Figure 5: The frequency leakage-out distribution curve for the proposed wavelet variant. The frequency leakage-out is the
projection of the unit scale basis function into its neighboring scales. For ω0 = 5 the curve has a root at scale 1.0313. This
zero value and the sharp steep slopes at both sides of the root make possible the easy identification of energy ridges.
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Figure 6: The frequency leakage-out distribution curve for the simplified Morlet wavelet. Again the frequency leakage-out is
the projection of the unit scale basis function into its neighboring scales. The curve has a peak at scale close to 0.9622. The
weight centers around the peak and contributes to a relatively broader leakage of energy.
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The phase noise distribution curves
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Figure 9: Phase noise or time smearing effects associated with the proposed wavelet variant. The phase noise is caused by
the phase mismatch between two identical but translated basis functions. That is to say, it is calculated by projecting a unit
scale basis function into its various time-translated versions. There is a root at the zero phase point. Again, this zero value and
smallness around it provide the reasons for the proposed basis’ successful applications using the phase plane information.
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Figure 10: Phase noise or time smearing effects associated with the simplified Morlet wavelet. The phase noise is calculated
by projecting a unit scale basis function into its various time-translated versions. There is a peak rather than a root at the center.
The large values around the center point indicate that it is hard to get informative features from the phase plane information
using such a basis.
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The analytic degree of ψ
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Figure 11: This figure shows the analytic degree of ψ related to equation 4. The top sub-figure shows the power (modulus
squared) of the difference between 〈 f (t),A[ψ]〉 and 〈 f (t), ψ〉, where A means the analytic counterpart. The mid sub-figure
shows the corresponding phase. Here an X-signal composed of two linear chirps (bottom sub-figure, see figure (Fig. 17)) is
used.
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Tests and Applications

Simulated signals
• A parabolic chirp with a frequency range of zero to Nyquist rate of 100 Hz;

• A signal composed of two liner chirps with equal power contents;

• An X-signal with a power ratio 0.01 between the two component signals;

• A signal composed of two liner chirps that are parallel and have the same power contents;

• A signal composed of two liner chirps that are parallel but with a power ratio of 0.04.

Water wave signals in laboratory tank
• Wind waves in oval tank with respective spectral peaks at about 2.0 to 2.6 Hz;

• Stokes waves with different fundamental harmonic frequencies and different wave steep-
ness values.
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Figure 12: The time-Frequency zoom-in of a section of a parabolic chirp with frequency range of 0 to 100 Hz Nyquist rate.
The top two sub-figures are related to the definition of equation 4, and it is therefore almost identical to the results of the Morlet
wavelet. The bottom two sub-figures are associated with the proposed wavelet variant (equations 3 and 6). It is obvious that
the proposed function basis provides better and easier identifications of the power ridge or stationary phase points from both
the modulus and phase renditions.
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Figure 15: This figure shows the modulus and phase planes for the full extend of the same parabolic chirp using both the
simplified Morlet wavelet (the left sub-figures) and the wavelet variant (the right sub-figures). The phase plane associated with
the simplified Morlet wavelet tells little in practical significance. Note that there is a slight up-shift of instantaneous frequency
for the wavelet variant, and it is about 1

0.9696 larger than that for the simplified Morlet wavelet.
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Figure 23: The modulus and phase planes for a lesser developed water wave signal (when compared to the previous figure, and
it is due to a smaller wind speed in the tank) using the wavelet variant. The phase plane shows a very distinguish feature of
multiple interfacing points along the time line. It reflects the existence of multiple scale components and the mutual interactions
among them, and it also serves as the indication of instability or rapid wave modulation.
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Figure 24: This figure compares the modulus (top sub-figures) and phase (bottom sub-figures) planes of a mechanically gen-
erated Stokes wave for both the simplified Morlet wavelet (left sub-figures) and function (right sub-figures). Here the Stokes
wave has a wave steepness value of about 0.06 at its fundamental harmonic band. Again, the wavelet variant shows off more
interesting physics either from its modulus or phase rendition: for examples, the multi-troughs around frequency 2 to 3 Hz
from both the modulus and phase renditions, the feature of rapidly oscillating (or up-and-down) interfacial points for the
above troughs, and the evolution of the first fundamental harmonic. All these may serve as evidences of the energy recurrence
phenomenon among wave components and the Benjamin-Feir side-band instability.
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Mathematical relevance

Main matters

• Instantaneous frequency and phase interfacial pattern ò

• Instantaneous frequency and modulus minima ò

• Phase striping pattern ò

The formulation
ψ(t) =

[
sgn(t) sin ηt − i cos ηt

]
g(t)

= −i
[
cos ηt + isgn(t) sin ηt

]
g(t)

(9)

g(t) =
1(

σ 2π
)1

4
e

−t2

2σ2 (10)
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W f (u, s) =
1

2
√

s

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s|G(η) ? e−i ηs u
|s|(iδ(η)+

1
πη)

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s|G(η) ? ei ηs u
|s|(iδ(η)+

1
πη)

]}
(17)

Wavelet style:

W fη(u, s) =
1
2s−

1
2

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s|G(η) ? e−i ηs u
|s| 1

πη

]
+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s|G(η) ? ei ηs u
|s| 1

πη

]}
=

1
2s−

1
2 G(η)
πη

{
ei ηs u

[
F
(η

s

)
? e−i ηs u

|s| ? e−i ηs u
|s|
]

+

e−i ηs u
[

F
(η

s

)
? ei ηs u

|s| ? ei ηs u
|s|
]} (18)

Windowed Fourier transform style:

W fs(u, η) =
1
2s

3
2

{
ei ηs u

[
F
(η

s

)
? e−i ηs uG(η)

[
i + Erfi

(
η

√
2

)]]
+

e−i ηs u
[

F
(η

s

)
? ei ηs uG(η)

[
i + Erfi

(
η

√
2

)]]} (19)

35/35

JJ
II
J
I

/�

/±

p

��

Conclusions
1. A wavelet variant ò

2. Modulus and phase renditions ò

3. Numerical characterizations ò

4. Comparisons with the Morlet wavelet ò

5. Tests and applications ò

6. Mathematical verifications ò
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