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ABSTRACT

Here we provide an optimizing scheme regarding the applications of the best wavelet

basis to water wave signal analyses. We first point out that the best wavelet basis is asso-

ciated with the Morlet wavelet in the continuous domain, and various contributing factors

both in mathematical and physical aspects are outlined in palpable and tangible ways.

Subsequently, based on the viscous damping of water waves, we compare the amplitude

modulation feature of the Morlet wavelet to that of the water wave dynamics. This shows

that the fixed decaying parameter of the Morlet wavelet does not fit the real physics for a

full coverage of all scales. We therefore adapt the time support of the mother wavelet in

accordance with the carrier frequency. Here an intuitive adaptation in association with the

distribution of a dilated and translated complementary error function is adopted. Later on,

a purely numerical chirp signal and a wind wave signal derived from an experimental wave

tank are used to check the validity of the adaptations. Results show better localizations

of time-scale distributions. Most notably, even the time supports of the modified mother

wavelets are greatly increased for those larger scale wave components, the adaption yields

less ambiguity in reference to that of the fixed mother wavelet. Such an optimization is

thus justified for its improved modeling capability.
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• îP®°�significant wave method�

• °ñf®H°�Fourier transform�

• y`° ñ f 5�T� �®H°�short time Fourier transform or windowed

Fourier transform�

• �}��Gr°�Gabor’s analytical signal procedure�

• �°»ð8n5�°�Hilbert transform�

• Ãy&v�!'�Ãm�&Ë`�5�°�time-frequency transforms associ-

ated with various kernels [2]�

• =�~®»ð°�continuous wavelet transform or the integral wavelet trans-

form�

• Ò÷~®»ð°�discrete wavelet transform�
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2P.�ø�ôÃÍî�1Ìb}ñPÝ�ì«EËïÝà�T&�|:�×°

Ð9�

3|ìÝ1���&Æ|×Í×îÝ`��®
1�»����1G�5�]

°ÝàHT×�©PT8!-½�

°ñf5�Þ×`��»ð
×�£���Í»ðÞ×}ñ�ó»
¨×}ñ

�ó��y`°ñf5�JÎkãÿØ×	I`   îÝ�£/��¸8Ey

°ñf5�Ýx�Ü²�®µÎ3`��îIî×Íl���.9I��½` 

�É�µ�|ÿÕ�!`ÑìÝ�!®H/��9Ë»ðÞ×Í`���»ðW

×àâ` ��£ËÍ��óÝ`�®H5µ�

�}��Gr°J�Þ×Í`��Gr�î
×Ë�` 5µÝ�`�£�h

²¸�|!`OÕ�×Í�` ���Ý®�M»��a�h×»ðÍETr½

Ý}ñ��ó©b` �vÍ�`�£�M»��aô&!�8nÝ�

�yÃy&ËÃm�kernel�'��`�»ð�ÍÃFî�y`°ñf5�b

°8«�©Î¸ÆXãàÝ5�ÃmÎ���!y°ñfÐÃ��??ÌbÍ�

�½©P��ÍI�ôÎ�	y`°ñf5�£ø�|D|5��

�yÒ÷~®»ðJ×Í×îÝ`��Þ®ß×Í×îÝ»ð;ó���N×

Í;óJ!`��½ËÍ}ñ�ó�Í×
`�ó�¨×
M��ó�ÃÍîÒ

÷~®»ðÍÐÃ'�ôÎ�|PM9Ý�

�y=�~®»ðJÞ×îÝ`��»ðW×ÍÞîÝ»ð;ó���9Þî

Ý»ð;ó��Í}ñ�ó×
` �×
M��N×Í` KbÍM��T1

Î���£�5µ��N×M�ÂJ�6�Í3N×`Ñ�Í½���h×»ð

Í�§ø�ùv«yy`°ñf5��ÃF�b`Î�ÆÝx�-½�Ú
I�

�;��Ç©mÐ)~®á.f��the admissibility condition��
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1.2 ������TTT&&&%%%������VVV���[[[TTT

°ñf»ðÊy%��V�Gr��E	I9��¨éJbÍ��ÝÅ§P�ì

��1�®
Í©P�Ê�;¨�

• ó.î��¢ÐóKP°!`��5b§`5µ6p5b§�5µ6�u×

Ðó3×r½Í5µÎb§Ý�Ç	ID3�JÍETr½�5µÐóÄQ

ÎP§;¨��3�Q&ÝÏµ�TÎ@jãÿÝGr�ùTÎI5ãày

5��óA�ÄQÎbÍ` Tè Ý	§P�h²�#åGrÝ{�'n

ôÄQÎbÍDT�å  �T�ñ�TP��áh�&Æ�l¡�Õ§¡

�@jÎP°��Ð)Ý�ôµÎ1°ñf5��@²î�SáÝ×°Ì

aÝÏµ��y`°ñf5�ú�	IGr�ÞË�GÐGrJ¥Lª


ë�Q�Ey`°ñf5����9Ëb§`��Ý!Êq§PÛÎD3

Ý�9¨é�|Balian-Low�§1��uI�Ðó
g(t)��}lVÚxÐ

ó�Gabor type frame�


gm,n(t) = e−2π imt g(t − n), (1.1)

P�m, n ∈ Z�u'I�ÐóÌb8�Ý	I5µP�JÚxÐóÝ°ñf

»ð�	I5µPJ�#�9�Ý1�ô&b°hé�¬¸Ý@²�|1Î

ì�¨éÝ×Ë�Ç�

• Gibbs ¨é¼��u×Grb�=�ÝM��J°ñfD»ðXÿ�GrÄ

QÎP°�æGr×lÝ�¸º3\FË�®ß×°R���v9ËR�Ý

»�Î�º��5  ��TÒ÷¸à4êó�;�Ý�¸Ý5�´6©D

3y55µ6ÃF�the concept of distribution�ì�Á§Ïµ�9Ë¨éÍ

@ôµÎ1�×ÍJÞ9�Ý�Ïm�&ð9Ý®H5�¼ÿa�TJ1Î

÷	I�¨éÍ®H5µ  µ÷Â�9×ÏµÝÁÐ�ÇµÎdeltaÐó

�T?Ñ@2Ìdelta 5µ��deltaÐóÍ8T°ñf»ð��£ËÎ�Â

�'Ñ�P§;¨�
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• °ñf»ðÍÐÃÐóÎ��5µ�'Ë�P§;¨�.h¸Ý@~Eét

?ôÎÌb��P��vt?ôÎ�|P§ãø�A�����9°�O�

µb×°AìÝ�®à���¨é�\Ð[T�50®à�âl0-���

0-��% 1.1Xî
×ãø£3×�Nyquist �£ì�Ïµ�æ�ÿaGr


×aP�£5µ��{�Gr�ã%ù��h°[T
×MùEÒ÷~®

»ðXñ¼Ý×°ÅN�

J����î���K�&%�lV�ß[TbXnÐ�

1.3 ���¢¢¢¡¡¡���§§§������������»»»ððð

G�1Ä��¢ÐóKP°!`��5b§` 6�5b§�£6�5µ�

9×©P@²î��×Í¥�ÃF�ùvÎ�¢¡�§�Heisenberg uncertainty

principle��ÿ|D3ÝÃÍ.ô�9×ÃFAì�&ÆEGràWW5ÎP°

�EÑ@��Ý�ÇGrà)W5Î^bXÛÝF5µ��¢W5Ý��ÄQÎ

×Í`����îÝ×Í5µ«���9Í`�«��t��2��lµÎ|×

Í`��¼���¨9×Í`��Ý«�bÍt�Á§�Çm���¢¡�§�

¨9×`��ÃFùÎ���»ðÝqÙ��Í@~µ8ny9`��Ý'�®

Þ�


R�°ñfÐÃÍà�&%V	I�;¨é����y`°ñf»ðC

~®»ð�1KÎÞ×Gr�` �	I;�Ah�W×Íã&` FîÝ	

IGrX�WÝ/)��|h/)
�Í�»ð�µy`°ñf5����Í

Æ�]PµÎ��P1.1 �Ým�n��g(t) J���µ~®���|ÎlÝ�

¿�Morlet�~®
»�ÍÎ¢ãÉ�C¹wÒ~®�mother wavelet��®�


��ôµÎm, n, g(t)ÌÎ²�Ý�9ËË»ðXÿÕÝ	I` ðÝ®HTM�

£]�µy`°ñf5����à�£�Hz�T�HÎ�|(Ñ�5�¬E~®

���Ñ@Ýà�TÎM�TM�H�ÃyG�Balian-Low�§�y`°ñf5

�@jîÎP°3` 5µî'
ËÑ	I�.
óA�§îÝÒ÷°ñf»ð

Í��5µÎb§Ý�Q�~®»ð39×]«µ�Ð)��	I��O�TJ
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% 1.1�`��ÃF%î�h%Û~®�»ð�wavelet packet transform��`��8�5

µ%�î%��h�~®�Î8TyCoiflet�¨ÍIÉ¶�J¥;óÍó
30�
�XàGr
×aP¦��¦�Gr�ì%��Í�£5µã0 �100 Hz�h�
.;&��ãø�Çãø£©
Nyquist rate ×���Æb50¨é�h²	¥�
h`���&EÌ5µC9¥�ñ5÷PX��»ð���
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% 1.2� ¨v`��ÃF%î�Í)î~®�»ð`��8�5µ%�î%Î|Eó�î

�tÊ$�~®�»ð�ì%Î|aP���îï�Xà~®��XàGr!G

×%��G%á)R¼�&Æ�|�ºÕ~®»ðÍ�¨]PÝ9øPCÍ��

ñ¼ÝæW��A�9vòÐÃ��9à)lV��!tÊ!P��!%î]

°����
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�K�1~®�5µÍ'Ñ�Ë��;¨®�ÄQÎ�<3�|ly�D3bë

�£ÝW5�|ì�
×M1�Í½»ð�©PT-²�

• ÃÍîy`°ñf5��~®5�K�Ú
�I��»ð�µy`°ñf5

����¸�âËÍ ½è5��ÝM»�Ï×ÍM»µÎ3æGr��×

�Ï��` ;�ÝI��#ì¼µÎÞ9×��ÝGr�°ñf»ð�h

×»ðÍ8ETÝD»ð�TÎGr¥��ô��Q2�=î×��I��

�ÍóÂ�§ôv«Ñ»ð�âbËÍ�|�� âÝM»�.h�y`°

ñf5��I����Ú��ÐÃùÎX!�Ý<PÐó�Q�E~®»ð

���9ËÍM»µ&�����ÍI��ÍÐó�1Î×Ë)W��ÉP

°�º�I��Ï�ùP°ÞI�ãÐÃÐó5Ò��¯@î9Ë���|

ãì�Ýf´¢ï��:��u.P1.1 �Gabor lxÚÝI�ã
{ú5

µ�J9×{úI���¿~®ÐÃÐó�Y�M»ÝÆNÎ8«Ý�áh

���9ËÍ»ðÝà�Î×lÝ�ùÇèº×Ë7 ^×�|-5Ò��

�TM�?|ÝW5�

• Ey`°ñf5���Í`�I���Ï����3�!`�ìKî¹�

��9Î.
P1.1�Ýg(t) ©�n ��m Pn�ôµÎ1�¢` ��¢�

£ìXàÝ`��¸Ý´�{Kî¹���.�3ÞîÝ`�2ý�b×Í

ü��Ï��`���ÝI���y~®Ý`��JÎ�M���;�¬9

°�;©Î�ÏîÝ�Í«����Î��Ý�ôµÎ1`��¸Ý´��

{�WDf��¶�Jü��¨9×©PEÒ÷T=�~®»ðKÎÊà

Ý�% 1.1 � 1.2 �|à¼1�9×���%�Xã�~®v½;ãÑøÒ

÷~®��Ë%��Ù�Ò~®8!�¬»ðÐÃÐó;ã�!$��×Í

8nytÊÐÃ�best basis��¨×ÍJ8nytÊ$��best level��X

àGrJA% 1.1 �ì�%�Í;
×�¦�Gr�h�.ÐÃÎòÑøv

l�ÆXbÝ`��K�¥P�ô.hNÍ`��X��P��Í`M�H

�|1Î8E2Þã�@��&¯Î��î�� s���8E2�&Ñø

ÐÃÍ`��¯�îP�¾����y=�~®»ðÍ�!`��`���
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Ûë�3×R�¥¥PP�h`;ð�àÌbM���ÏÝ`���î��

Î|3Í½©�`�Fî��×��Ý����®
����ã9°��5

µ|v$%T�ý%�¨�A�Xà����Þ�µÏ«=�5µ�`�

%�

• y`°ñf5�ÍÐÃãÑø�<PÐóXàW�ÍÛ}©°×��E~

®»ð���ÍÐÃùTÒ~®�óã�|Î&ðê÷T&ðÂ½�9ê

÷Ýf��µ=�~®»ð��µGGÎ���á.f��the admissibility

condition�Ç��Ç�âbë�£���Ðó���µÒ÷~®»ð���

ôGGÎmÐ)%�[e�f��stability condition����

• y`°ñf5�»ð;óX��ÝÎ	I�H�¸âb��£��×lÝL

��¬~®»ð;óX�ÇÝÎM��&�£�ô.h~®»ðXÍÂÝp

Þ$bóF�Ï×�.��ÐÃ�'�#9�vÐÃÐó �|!Î}ñT

!b8n�ÏÞ�XÛÝM�ÃÍîÎ^b��Ý�©b��Â�ô.h&

Æ@jîEN×»ð;óX��Ý®�P�T@6M���1��^bÌ�

-á�Ïë�~®»ðÝóÂ�§T§¡ÚxD3&ËlP��ÊP��A

9¯lV�multi-voice�[5]�9~®�)�multi-wavelet�[3, 4, 15]�&|Ë

¹
Ã9�»ð�different dilation factors�[1]����×�1¼�9°�;

3Ø°jEóÂ�ÕÝTàT&æW���Q�3i®@~`�.
Î§L

��¥�PG´óÂ�Õ��T*»¼ÿ¥��.�9°0áÝ�Óó..

�??µ�W�9æW�»��¾�p|¸à�

• 3ÃÍÝÎ§Tàî�L2(R)Banachè �ùT�°è �Hilbert space��

�1�tÌb@j�àH�4Q~®ó.$D3×°&jEL2(R)è �

@~[5, 11]�¬µi®Î§���&ÆX"DÝ�9�Ò��¨é�ô.

hL2 è �1��ªÊ��lî��!è îÝ@~�??8ny��î

Ý�¯��A��5P�=�P�!J��9$��5��multiresolution

analysis�D3P��9°yi®Î§�ÃÍî�1:���¢bLP�ô

.h��°è îÝ@~��5��&ÆÝmO�
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1.4 @@@~~~���ÞÞÞ

	I;�»ð3i®@~CTàîÝñ�F�¯@î�|��àÆ2�|�

1Aì�A�×Íi®GrÎã×°b§ßú�b§è 5µÝW5®X)

W�ùTÍW5®�`è��;�Jà£°bßú�ùTâ�b§5µè 

Ý~®¼�|ÿa��Q�Q2µ�f´��9×Í²��ï�&Æá¼Ç

¸£°Ï«8	!JÝi®�¸Æ??D3×°���
�ùvD3×°&

aPùT�%��wave instability�P²�#T�WT\&[T���ô.


9°D3Ý�����PÍ²�¸ÿ&Æ�|��|���Ìßú�ÝW

5®¼5�ÿaÍX�ñ¼��!G>�TÍX��®ß�¨×jÎ§à

���Í@~?
×Mf´~®ó.�i®Î§Ý!²���¨jEÍ�!

�����Í�8;�®
��9×8;ÛDTy`����Ê�ÇµAi

®����!M�¼�ÊÒ~®Ý`��©Ç¢ó�¨&ÆÝ�ÊEé�Î

i®5�CTàX	ãàÝt·~®� v
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Ï2a

i®5�tÊ~®ÐÃ

2.1 SSS���

´�Äm�1�ÝÎ�Í@~jEi®Gr�¨X�8;Ý5�°Îòy~®G

r5�r½��ï&ÆXãÝ8;Eé�Îi®5�îX	ãàÝtÊ~®�A

�X�8;ÝEé�ÎAhÝ×ÍtÊ~®�JÍ��:A9�cé�ù	QP

°�îx��39×a��&ÆEhtÊ~®��W.ô�©P�Ê�P®×°

ó§î�Î§îÝnÐà��

3�Gµi®ÿatÊ~®ÐÃ�dã�[8]�&ÆÎãÒ÷r½�ÐÃ�

s��Îtâ��JT@jóATàî�@ß�&Æ¬&|Ò÷tÊÐÃà#®


��Îã=�r½îX�ET�ÐÃ
��h×®
×íÞf�!`�ßãÿ

Ò÷p=�r½�tÊ~®��9	����Û�Ûy×°55º�»)6�.


Ò÷�=�tÊÐÃX�WÝd��ÑAGaX��3��ó.f�ì8E&

ðß3�©ÎPÏî�Û5�Q6<g�Q�ãÒ÷|�=��Ä�P�Î�b

.ãÝ��ïôÎ.
�Ò÷�=�� Ý&Ë.�!8<g�Æÿ�W×Íi

®5�îÝtÊ~®�A�|Ã.��
¼fa�GÝ"D�£��|1�i®

ÿatÊÐÃÝ�WÃ.�ÎEïyÒ÷r½Ý©P��óA5�î��
�

¨�JÎh×Ã.
×M¢ã=�r½îX}Ì©PÝöÃ�!8g)��WÝ

¨é�9×.�n;��Û�F§ËË�ÎÄÇÍ§�§ÄRÍÎ�¨×]«�

3ó.î�Ò÷~®r½X��Ý.§G´=�r½ï¼ÿ²°9-�9°�Ó



/��ÕÎÃ.�¬3Î§îT�Fî�=�r½èº×Íf´�|Ì�à�Ý

©��¨B|Í��Ü²Ý���ÿ|¯tÊÃ.R��¼�ÎÆËï8B8

W�

39×a��&Æ¢ã×°f´ë÷Ý�é¼�1Ù�9°Ã.��
Ý�

Ç�4�ë÷�¬9°P�µÇó§�©Îh�Ýà��Ìß��Þ�Î§;�

ÃF;�Ì�;�ÍËË� �!
.��??¯�&��8
�n��l��

x�Ý¡Fb�Y'IÉ¶�^×�®Þ�8�·¯���[T�l)¨é�Ò

÷»ð�=�»ð��![T�Ñø�&Ñø��!���»ð;ó³õP��

Â�M��µ��carrier frequency��@à-½�M����CX��M�  

�ó�ÄP®Þ���

2.2 ààà###YYY'''IIIÉÉÉ¶¶¶���®®®ààà���AAA»»»���^̂̂×××

E×�Ó�Ù/Ý®àÄ�TGr�;¨éÝ"��&Ætð�ÝW°µÎf´

.��ËïÝ®H�Tï1Îf´íá�í�Gr��H�9øÝ×Íf´Å9

ºÍÂÕ¢Ë®Þ�Îh�´��"DÝ�%2.1ÝA»�^×%BÃ1�Ý9×

®
Ý®Þ�QÃÌß�5Ý�¸X��èºÝ*>~bA¢�

'u&Æb×íáGr��9×Gr3×Í�ÓÝ�Ù��åÕ&Ë.�ÝÅ

(T��.ôÝ®àì®ßÝ×Íí�Gr�h`&Æ�µ9°.�E&W5®

Ýá)[T�|¡��J×Í&ð�QÝ®°µÎf´íá�í�Gr�»ð�

H�9×ÌF�ÍW°�1&ðà#��|��Í¸à?ôF��>��Î9�

m¼�ÝÎ�9Î×ÍÁÍ�3ùvÎ®Þ¥¥Ý®°�×�|Ã��9×�H

f´°X�®Þµ�!×ÍY'IÉ¶��deconvolution�X�®Þ��ÍÄ�

XÍÂÝ¥�pÞÍ§#��¯¢�A»�^×%1�Aì�

'uíáGr
 f (t) �í�Gr
g(t) �A»�[TÐó
h(t)��Í°ñf

r½�ETÐó5½
F(t) �G(t) �H(t)�J°ñf»ðCIÉ¶�gEn;P
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Aì�

h(t) ⇐⇒ H(ω), (2.1)

h(t) ? f (t) ⇐⇒ H(ω)F(ω). (2.2)

h��ÔNr�ît �ω �|!8*ð�µA»�^×%�'bìP�

H(ω)F(ω) = G(ω), (2.3)

ãhP&Æ�|8	à#Ý-��9×A»�^×ÍE&W5®Ý®àµÎAì

ÝËÍ®H�8t�

H(ω) =
G(ω)
F(ω)

. (2.4)

ô.h��ÙÝ®à.�Íá)DT®àÐó�impulse response function�µÎA

ìÝà#Y'IÉ¶�Ðó�direct deconvolution�

h(t) = F−1
[

G(ω)
F(ω)

]
. (2.5)

9�XÍÂÝ®ÞÎ9]«Ý�¬QÎÌ����.�ô¸ÿ¸3��î�¸à

îK�"p���9×6K8ny�¨35ÒÝÐóF(ω)�Í×�§¡î2.5 P

��Î���WñÝ�.
F(ω) �bI5Î��
ë5µÝ�ÍÞ�3@²î

TóÂ��î�×ÍÒ÷óÂ5�ø�ÄQÎòyb§P²Ý�ôÄQÎ×Íá

)&ËP°�¹Ý0-T�«�ÕÝÄ��9	�&Ë�®àX3Kb�ØI5

ÝF(ω) ��0-©��Íë�Ò÷®HÎDT=�®H5µÝ×ËÎ�Ï£ÕÂ

�periodogram estimations��h²°ñf®HÎ×ËÙ�£ÕÂ�×�ñb�¥

Ý�²��P�¬v#pb[£2�|;�TÞã;[13]�Í°���[T�8

�·¯l)Xp|¸�ÝæW�Aì;X��Í"��9@jÏµÍW5®HÎ

G5µy×Íê�ñ�Ç¸b5µ`aôGÎ/�yJÍóÂ�§OÕ�£P�
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/Ý×Í«ê  �.hE�I5��#�Ý ½�ÍóÂ����I5GÒË

@Â�T1KÎ0-�ù#T�D3�

AÎ�Æ�ËÍ®H�8tÍÍ²µÎ×Í0-w� ��1&ð��

ê�§¡îTóÂî©�D3b×FÎëóÂÝW5�£JÍY»ð2P

ôµ�D3�J����h�Ý½ÎÎXÛÝ5Ù�à#Y'IÉ¶�6

�direct source deconvolution��¸3óÂ5�r½î�Ì
5M»�Â;[T6

�effects of amplitude equalization��¸??�W×Í�£r½Ý{;��high-

pass window��3·¯ÅNì�h×l�
×MÞ&4��Pw�[14]�|î.

§1�Ý9×�§]PÝ�¥þ´�¬�ßö8ÝÎ�&Æ�ÎBðº:Õ9ø

Ý×Í5��§W°�h×A»�^×��	à¼5��Ó�Ù�ÝM��;¨

éT®à[T�|ìÝa;¨�èº?Ì��@Ý�1�

2.3 ������[[[TTT���888���···¯̄̄

×ÍÌ�ÓM�C9-®à.�Ý�Ù;ðp|�¹{�!JPT{B��`è

îÝ���;T�BÎðV�%2.2 3ÃFîM�9°¨éE®HCÑøÐÃXñ

¼ÝÅN�ù2îÍEfy=�~®��!DT�9×Í%ô�|R�
¢b°

@~�óÂ5�ÍóA5µë÷��Í��þzhûP�1�æ�

�®H§¡î&Æá¼�A�×ÍGr^b�8n�TÎËÍGr^bø8

n�Jµþz�H�T��H��'u×Í®TÍW5®�ßú�#y�J8n

y�®Ý8nÐó5µÍD3a�ù!øyõ��8T��H/�Ç8Eß3T

����p| ½�¸àAhß3Ý®H/�¼�Y'IÉ¶��1P#�L�

�à#f´:ù����%2.2XÜ�é41f´ÁÐ�¬#ÎÌ��ç�3%�

&Æ|ËÍLemarié ~®�)W¼ÿa×ÍGrXâ¦�P®��ÃÍîh��

�ãËÍ�M�Ý~®�Í¼��;
8Ty��~®;ó-e600 �~®D»ð

�Ç�yÏ600 F���Â�D»ð�ÿ��Gr��
1024 F�����;


8Ty��~®;ó-e470 �~®D»ð�ÍM�$´e600ï�×$�9°óC

×]«Î�^�×]«ô�1Î©��óCËÍ�M�¯&Æ�|���å	I
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% 2.1� ×Í®Þ¥¥ÝA»�^×�h×��%îR�ËGr�®H;ó5µ�à#
¤ÂÎÍb@²Ý¥�P�A�à#ãí��íáGr�®H¤Â�JhA»
�^×®àÇ��í�GrÎ
íáGr�Ø×áµDTÐó�impulse response
function��IÉ¶��convolution��ôµÎ19×A»�^×Î
í��íá

Gr� ÝY'IÉ¶��deconvolution��9×ÌF�W°:«&ð����

�¸Î×Í0-ÁÍ�¥ÝÄ���|Ý.§A/ZXî��h%/3Ý®Þ
ù8ny®Hà#f´XÄ6�ÊÝ®Þ�!`¸ù�%2.2X��â�Û68
n�h²$m�Ê`è�;PCÍ¸&øóÂ��PX��»ð�
[T�
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�;E�£5µX��ñ¼Ý�\��ËÍ�HFÝóCô��ÕGrM�®ß

�HXSlÝ¨é�ùT1Î8�[T��9×[Tyh�XSlÝPÏÛÎ®

H5µ�º»®��?Ì�Ý1�XÛÝÆ��Î¯ËÍ	IGr5�#���

ÒÝ÷GJ9×®�Pµ÷k¦��XÛÝ�^�JÎ13×Ë@�BÏµì�

&Æ??P°ß�`èîÝsßP����ÌßuJËÍvAh%ÝGr¼�®

Hf´TY'IÉ¶��£ºãÿ9KbL�Ý��	

G��1�A�àó.2P¼ÙÕ�ô�ÄÎì«ËÍ°ñf»ðn;P�

��

f (t − τ) ⇐⇒ e−iωτ F(ω), (2.6)

| f (t)+ g(t)|2 ⇐⇒ |F(ω)+ G(ω)|2. (2.7)

!ø2�h�ÔNr�t �ω �|!8*ð�¬��D3×ðó¶�-�ÐÚ°ñ

f»ðP��L
¢��h2P�Ì��é�1Î�3×Ír½/ÝÉ�º�W

ETr½/Ý����!�H�	I®�CW¨×r½Ý¦�®��Î
°ñf

»ð�gE©P�duality properties��×��ï�Ç¸ÏÞÍ	I��Ý}ñ®

HÿÂ�modulus�Î!yÏ×Í��Í}ñÝ®HÿÂ�¬ËÍ��Ý)WGr

�®HÿÂÎ�!yÍ½��ÍÿÂÝ)W�ôµÎ1�4Q°ñf»ðEW5

GrÎ×ÍaP®¼�¬�H¬&aPÄ��ùT1Î)WGr���®H5µ

��yÍ½�H5µ�õ�

|î�Ïµ$Î.§îÝ¨é�Í¸�m�ÊÝÎ@jóÂø�X��SáÝ

×°�@�P�Ab§���b§Yâ�����TÔ�®H�î�L��TÞ

î�HEÌP�Î§�16�P��

2.4 ®®®HHH¥¥¥���PPP®®®ÞÞÞ

G«Ë;ÃÍî8ny®HTàîXÄm¥���hûP®Þ�
�úEh¨é

Ý¡����
×M-I�ºhv��P���&Æ|®���iþ�Ý±ß®
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% 2.2� Í%|ËÍ8ÏM��~®)WGrÍ°ñf�H1�ÿW[T�8�·¯�Å
(�î%î×1024 F���t�ËÍ8ÏM��Lemarié ~®)WGr�Í¼�

�;
8Ty��~®;ó-e600 �~®D»ð����;
8Ty��~®;

ó-e470 �~®D»ð�ì�%J
)WGr�°ñf�H�h%�	�î`�

P�8�P9ËÍ.�E°ñf�HùTÑøÐÃÍ8nTà5�X��ñ¼�

º�Å(�!`ù1�Y'IÉ¶��®Þ�
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ø�Gr�¢ãËË�!Ý®�óA5�ÌF�¼�|M��ô!`�î�!5

�°ÍÍ½�y��

�2.1 îëà�?GrÍ®{�i>Ù�Â�Í;|FÙÝ®�÷ë�Ù�°


��9ëà±ß®ø��?KÎ3��×øÝ��f�ì�ÿ�Grãøa`


240 J�ãø�£
40 Hz�ëàGr�ÏÞ�¼GrKÎ!×F�®{�?�

Ï×�¼GrJ5½Î3ëÍ�!i��Ò�i�5½
3�4�5 cm��è K

é�i>�?��®{�i>�?�HÃÍî�Ú
3!×U\«î�îì*8

û0.6 cm��AÎ�ÏÞ�¼�®{ÃÍî�Ú
¥«���Gr�ã�ÿá�

Í½���®{GrÍ&4Ù�Â�1ÎÁÐÙ)�.h��÷ë�Ù�ÌF�

��h×®��Ïµ�3h�?WðìÍóÂÙ�5��Î¾Õ§�Ý%��V

�stationary condition��©Îµ®HÌF�¡�9øÝ×Í%��VQ�1Î�

��2.�Ý�%2.3 �9ëàGr��H�ÍîI�%
®{¥«�?��H�

ìI�%J
�!i���i>Gr�H��¼��%5½Îã�!°ñf5�

¢ó�ãËÍî�%��Í¥«�?��HÎ#p1Î¥¨�¬¨×]«A�f

´î�%�ì�%�!×à®ø��?�J&Æ�|:Õ®{�i>��H�Ï

�ÕÎ×lÝ�hÛ.
3!×à�?n�®{�i>Ý8��P¡Î3` î

Tè î�KÎ8×lÝ�DÌ�!�?à�Í8! µD3Ý` îÝ8�

-��GGÎ9×` 8�Ý�!�µñ¼Ý�¥Ý��¥¨P®Þ�î«ËË

Ïµ�5�¨Ý®àÇ
58�[T6�ÃÍî�E×Íýú�Ù&ÆÎP°ß

é�!�?Í�!8�ÏµÝ�Ãh�ÞIÝ®Hf´�
��¯�
�{	b

Ý9øÝ-á�A�&Æ.9°¨é«G�ÝA»�^×TY'IÉ¶�[T�

|nÐ�£&Æ�p
×MÝ��GÝ)Ê�ô�|Ì��º®H�nÜMÍ�

¨�
°J�

¨¼��%Í°ñf5�¢ó�óÂ�§;µÇt{�ã�æJ�|ª3Í5

µ��²P�¬ãBlackman l�|3K\&[T�¼�%Í ðFó
512 F�

��ã�
36���%Í ðFó
1024 F��ã�
17��ã�{J®H��

�-�D��ã�±J®H ²P���¥«P¾½P��ª±�

#½¯&Æ|¨×Ëf´Î§P�àÆ;ÝW�]P¼��1�¢|ºb9ø
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Ý�@�PC��¥«P�%2.4 î±®iþÍîì*ËY®{�Xÿ®{��8

n;ó5µa��ã%��Í5µ��!JPÏ�v�8nóÂ¦�<3��8

nKAh�?Æ¡ø8nÝ�9øÝÏµP��î�µ®HÌF���9°®�

�"µ�´Ý¸ÆÝ�5�Í³�5�pn	I`èÝP;�

2.5 ÚÚÚoooÂÂÂ���³³³õõõPPP

G«ó;½¥yÒ÷r½/�©½Î8ny°ñf»ðÝ¨é�1��µtÊ=

�~®�Wµ�¨���tÝÄQh�yÒ÷r½�zÂdã��²�=��Ò

÷5�X��!.§©P�ÛlyÍ[Tÿ´�3h����!Ú��9�x�

�Ë]«�|�Õ�

´�Î���Ý®Þ�Ò÷~®»ðÍ&M�$� Ý��ÂÎ
Eó�;n

;�Ç|2 
9��!�g]����!M�ìÝÉ��-ûùÎ
Eó�;n

;��Ò÷°ñf»ðÍM� â�Ç�£ â�
aP�Â¦3�°~®�n

ÜMóÂ°�É�¢ó�P¡3!×M�$T�!M�$�ÍÉ��¿{Î��

����©�ÎÉ����yãø�£Ç��

�ïµÎÚoÂ�³õPÝ®Þ�×ÍÒ÷~®ÐÃÍ/)/Ý&Í~®Ðó

3ÃFî�!×ËXÛÝoÚ�frame���hÐÃ/)J��ÕXÛÝÚoà)

îìÁ§Â�TÚoÂ�frame bounds��9×§FÎ.N×W5~®Ú
×4x

�C]��9°x�C]��HK�¬ù�àH9�	Q?�mPM9�ôµÎ

1�9ÚoÂbÍîì5µP���AhÝ5µP�  µbXÛÝêÛT³õ

¨é�h²�8EyåÛÚo²�tight frame��b°@~XàÝ~®ÐÃGÎ�

låÛ�relatively tight��

|îÝÚoÂ¡FÎjEÒ÷~®»ð���¬µ=�~®���ÍWñX�

OÝf�Î8E&ð´ê�¸�����D¡�T�D3îìÁ§ÚoÂ�AÎ

{�h�ÚoÂD3�Í�ÑÎÌß-
n"y~®�nÜMo��¨Ý¥�.

���9×.�ôµÎ9�X�"DÝ³õP�redundancy��
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� 2.1� |FÙÝ®�÷ë�Ù�°Xÿ�ëà±ß®ø��?GrÙ�Â�9ëà�?

KÎ3��×øÝ��f�ì�ÿ�ÏÞ�¼GrKÎ!×F�®{�?�Ï×

�¼GrJ5½Î3ëÍ�!i��Ò�i�5½
3�4�5 cm��i>�?�
�®{�i>�?�HÃÍî�Ú
3!×U\«î�Grãøa`
240 J�
ãø�£
40 Hz�AÎ�ÏÞ�¼�®{ÃÍî�Ú
¥«���Gr�ã�

ÿá�Í½���®{GrÍ&4Ù�Â�1ÎÁÐÙ)�.h��÷ë�Ù�
ÌF���h×óÂ5�Wð�¾§�Ý%��V�Q9×��Q�®HÌFï
�8A1�

Case : f0w6030.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:19:05.48 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 554 26.74 23.67 23.04 20.20 17.38 15.92 12.03 12.93 .44 .44 .44 .43 .44

2. 572 2.90 2.69 2.61 2.33 2.04 1.89 1.44 1.54 .44 .44 .43 .42 .42

Case : f0w6040.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:14:05.76 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 22.81 20.65 20.52 17.04 14.48 13.32 10.35 11.01 .45 .44 .44 .44 .45

2. 563 2.98 2.88 2.72 2.35 2.04 1.89 1.46 1.55 .44 .43 .43 .43 .43

Case : f0w6050.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:00:30.72 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 17.62 16.49 16.30 14.02 11.94 10.97 8.22 8.88 .45 .44 .44 .44 .45

2. 562 2.83 2.74 2.72 2.36 2.06 1.91 1.45 1.55 .44 .44 .44 .43 .43

----------------------------------------------------------------------------------------------------

Units:: Aqueous flow (Ch1:H): cm/s

Surface wave (Ch2:H): cm

Period (T): s
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% 2.3� 8Ty�2.1Xîëà®ø�Gr��H�ÍîI�%
®{¥«�?��H�
ìI�%J
�!i���i>Gr�H��¼��%5½Îã�!°ñf5�
¢ó�¼��%Í8ny�ã�� ð�5Fó5½

512 �1024 F�ã�2.1
�h%�f´��#Î�@2:��Ç¸µ÷ë�Ù�ÌF���h×®��Ï
µ�¾Õ§�Ý%��V�¬µ®HÌF�¡�9×Í%��VQ�1Î��
�2.�Ý�h%�%2.1 C2.2 Î!
nÐÝ�Íù2âÒ÷ÑøÐÃ��¨�


�ùvÎA»�^×TY'IÉ¶�[TXm���Ê.ô�
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Downstream

% 2.4� h%|�8n;óa`5µ1�h��iþ±ß®�Ç÷´Í�5Í��îì%
5½
îì*®{Gr��8n;ó;�%î�8n;óÂ±ìv">ª3�9
�ÝÎ§L�Î�|�Õ
�|°ñf®HÌF���hiþ±ß®�"�´�

&�ýúP��Í®HÙ�%�PÏ�)Ê��
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Fì¯P�ÿ´! �Ò÷~®»ð�ÚoÂ�=�~®»ð�³õPÑÎ

AhÝÌï��X|óCÒ÷Î.
¸ÝÞ��[£�ýY��âW�¬ô.


9°©P�¸�ÿ\\�´��û�ÝÓ²�ô���;iâ�ôÑ.
¸HÞ

ã��V���×°ýúT�Ó¨é}}�á��9øÝþFÑÎ=�~®»ð

X��¨���¸Ý�¨Î¢ãÍW5M� �!����¯�&���q�

����;��

î×ðÝ1°�'yB�Xÿ�&ÑP��ÇP�Î§;���#½&Æàf

´ÑPÞ@Ý]P¼
×M1�ÚoÂC³õP�

u×Ðóψ(t) kÐ)=�~®»ð�~®�£¸Ý°×�OµÎψ(t) Ð)

5á.f�6�admissibility condition��

2π
∫

∞

−∞

|ψ̂(ω)|2

|ω|
dω = Cψ , (2.8)

P�Cψ Î
ðó�¬ãψ ��X���ψ̂(ω) Î
ψ(t) Ý°ñf»ð�¨î

P�Xã�°ñf»ðETr½ n;P�L
ψ̂(ω) =
1

√
2π

∫
∞

−∞
ψ(t)e−iωtdt

Cψ(t) =
1

√
2π

∫
∞

−∞
ψ̂(ω)eiωtdω�

h×á.f�ÎJ¥ìÝ�H)��¸Þ�H|�£ÝÅó�îJ¥�.h

�£÷{J¥÷±��£÷±J¥÷{�¨²)�ÄmÎ���ô.h�há.

f���½�~®ÍW5M�3±� Ý��ÄmÎ��ðù��Ê	[e�¨

²á.f�2P��b×4ó.�O�ôµÎ~®®�`a�;EU���5


ë�ÇÍ¿íÂÄm
ë�á)9°�é�×Í¥�-á�ÿAì�~®ÝÃÍ

mTÌFµÎ~®Äm)§<3��Í5µYâ��ôTb)§Ý§��Ç¸ó

.îô&P§��¬�K¸ÎÁ��½���!�E¯�AÎ�~®ÝÌF��

�35��6]«��Î31¸Ý5b§ßú6�

u.ψ(t) Ú
Ò~®�£¸Ý�ß~®Î
ψa,b(t) =
1

√
aψ(

t−b
a )�P�a ÎM

�¢ó���M�¨¹�i¿]'w�¹��b ÎÉ��;¢ó����ß~®

Ísß�H��a > 0�a ∈ R�b ∈ R�¨P�Ý 1
√

a ÎjEL2-norm "DP�ìÝ

ð!;�l;ó���kà]'�w�¹��
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	 Qψa,b ô Ð ) á . f � � á . f � � 1 ÎÁÍ´ ê � ¸ E × B � ÿ

Ýó�Gr
�=�~®»ð`Ý³õP$�ì«�1�ãyÒ÷»ðÝ

~®Ä QºÐ ) = � ~®Ýá . f � � . h u.× Í Ò ÷ ~®ày= �

» ð �£&Æ µ � | Ý � % � § ³ õP� h`µ m 1�Ò ÷ ~®ÝoÚ

Pψa0,b0; j,k(t) = a0
− j/2ψ(a− j

0 t − kb0)��G��Ýa �WP�ÝÒ÷¨¹M�a j
0 �

�b �WP�ÝÒ÷É���a j
0 kb0�¨ j, k ∈ Z�a0 6= 1�b0 > 0��Ä�×ÍÒ

÷~®Ý�oÚÄmÜ²Ð)ì×5%�f�6�stability condition��

b0 A ≤ 2π
∑
j∈Z

|ψ̂(a0
jω)|

2
≤ b0 B. (2.9)

P�A �B 
ÑÂðó��0 < A ≤ B < ∞�hPÝb0 �2π ðóÂ;Æ�1º�

×]«g)~®ÐÃð!;��L�¨×]«ô¯A «B ÂÝ���|]-X�

³õP�h×Ò÷»ð%�f�Ï«hé�¬Í@jâLQ#���¯1�A

ì�
Ý¸×Í»ðÄ��Y;�&Æm�ÝÎ×ÍÌb[ePÝóÂÄ��9

×Ä�Î1�	&Æ.¸Ý&ÍW5®TW5M����À`¸Ìb[eÝ�


�ôAh�&ÍW5M�Ý���)W�ÿ
ë�ù��P§�u)WÂ


ë�J%�K�D3�u)WÂ
P§�J�9°W5M�Í`��5µPÏ�

¥PPÄy�¥�¸Æ�ÎH8µ�µÎH��3×R�ÑA'�¿¢n�ËÍ

¿{¿�Ý'��ÎÞî¿«î�?Ý'�Ã�vector basis��¨²��1�Ý

Î�á.f�GjEÒ~®�¬%�f�J�mjE�ß~®'§�

�Õã~®»ð;ó¼¥�×ÍÐó�£ÄQº�¨×Í<g~®�µÑø~

®ÐÃ���Í<g~®!yæ~®�Ç�<g��¨�¢5��¥�Ä�Í~

®�<g~®Ý��Î�!ðÝ�.hî�³õPÝW�ù;ày<g~®�©

Îh`ÝÚoÁ§ÂTb-²�ÑAG«a;�zÂ�¨��!�

A�ÞÃmÐóð!;�¬Þ%�f��îì  �|Á§;�ÇÞA �B �
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�

A = inf

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (2.10)

B = sup

2π
b0

∑
j∈Z

|ψ̂(a0
jω)|

2

 , (2.11)

uA �B 8��J³õPÝ��ÂÎ
A �B Ý¿íÂ�Ç A+B
2 ��y=�~®

»ð�³õP�|Aì�1�'u×à8TyÒ÷¨¹M�CÉ�¢óÃÍÙ�

�;�
(a0, b0)Ý~®ÐÃÍÚoÁ§Â
A �B�Ju&Æ.Ò÷¨¹M�C

É�¢óÃÍÙ��;�;
(a0/2, b0/2) �JÍÚoÁ§ÂÄÞâ��ÝÚoÁ

§Â��vh�;¨®àÎ
=�»ð����9×Ïµù1�=�~®»ð¬

PD»ð�óÂºÕ�Â�

¨×Í8	|yÝ�Ýà#�ÕÎ�	.=�~®»ðTàyX[/B�ÝÒ

÷£]�ó�óA	Q���b§¡îÝ=��`�EN×ÍM����¸Ý»

ð;ó�Î!yóAFó��Î&Æ�|óC����M��ô.h&ÆÃÍî

ÎbP§9Ý=�~®»ð;ó�.�T��p�	�9°;ó���Ý)�Î

�|A¢ÿ��¬¨×]«�Gr��ÄQÎ×�Â��ï�A�ËÍ8ÏM�

#Î#�����á�Í»ð;ó5µùÞ8��ôAÎ¡�=�»ð�³õP

®Þ�

³õP3×°TàîüQbÍ��þF�Í)ÊA��P�xp|��ÑD»

ðÆ�[£�Gr¥��J�8�P��¬@~�î³õPùbÍà��Aì«

ÝËË¥�©P�

Í×�³õP���3�D»ð¥�`�&ÆÄm¸à&ð9Ý»ð;ó|�

ãæGr��?�%`�ôµÎ1�8´yåÛoÚ�ùTÎ�9åÛoÚ�&

Æ)ÿ|8E�KÝ;ó�¼¥¨æ�Gr�9×µ»�|Mallat and Zhong [10]

CFroment and Mallat [6]Ý@~@ß�3Ï×ÍÝ@~n��ÆÎãàÞg]P

�quadratic�5ÊÐó	
~®|@~Þî%	�¥����ÆXãàÝ»ð;
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óÎKó ½îXsßÝ	It�Â;ó�?b#ï��ÆXãàÝ~®G�1

Î×Ëê÷�Î�Þ@��Ý~®�.
¸ÝÚoÁ§ÂD3�Í�#TÎá.

f��Î�Ð)§¡�ó.�ß�¬Ç¸Î��QÝ~®�ô©ãK�Ý	IÁ

§Â�Í~®°¥�Å	ÝÚÆ�¨J#Î8��

ÍÞ�³õP�î2�y/�£]�Ý�Q·¯�TÎ.
óÂÄ��XSá

Ý&v0-�A��¨é���|¢ã��Ý»ð;ó�Ù��|�tTª3�

�9×µ»Ñ�|�GE~®�nÜM�5�Í5µ`aX�î8²�¨ß��

¨²m�1�ÝÎ�³õP9>3TàîÝ[ÇTbÍ§��ÍàH�¨ô&Ñ

A×Í{úÐó�á�5µ`a�3Ø×$ð|¡µ¾Õ÷õ�Wi¿�T�9

×]«ù�1Î�óA�9>Xñ¼ÝDT�×¼Ì{[£�ÇmO��6�×

¼ôÌ¦>÷õ¨é�ÇóA��ÄH9�

=�~®»ð�á.f��Ò÷~®»ð�%�f�D3¥�ÄP-²�%

�f�ÎÄ�f��¬&��Cã×à(ψ, a0, b0) µ��W~®oÚ��ï%�

f�4Q3§¡îÎÄQ�¥¨�¢Ðó�¬@jîÍóÂ�
ÎÄ�P�)Ê

����9×)ÊÑ�îÑø�&Ñø�ùT³õP�bPÍX��®ßÝ[

T�%2.5 �2.6Xî|øÑøÒ÷~®X®�`a�"óÂ��Ñ�1�9×)

Ê�ÍÛ¢ã~®`a	IîÝ=�w�¼l?óÂ�¨�
�AÍ[eP�%

�P�%�&ÆEËÍøÑø~®Í3Ø×M��®�ÝØ×F�|	I=�w

��Í#æ�"f»
26�Çw�M�$
(26, 212, 218)�%2.5 �øÑø~®Í

X�®lJ¥;ó�
4 Í��%2.6X�®lJ¥;ó�
20 Í�¸à4 ÍJ¥

;óï�Í�"Ä�´�ÝÍæ�óÂ­���O�ôµÎ1�§¡îD3Ý[

eP3óÂ�Õ��´Ý�¸à20 ÍJ¥;óï�Í�"Ä��Ý[ePô�Î

�§���vÍ`aHE]'Pô¼�����ã94 Í�20 ÍJ¥;ó�ÝE

ï�&Æ�|�ºÕÞ��[£X��}�Ý�����ã9×F�|.Â�&

ÆTô�|�åÑø&Ñøp³õPX
¢3�
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ÝÞ�óÂø�Ý~®�Í®�??8	M²��&i®Î§ÿaîÝóàE
é�h%
øÑø~®BO31OÍØ×M��®��d�%�Ý	I=�w��Í
#æ�"f»
26�Çw�M�$
(26, 212, 218)�a�b�c�%��høÑø~

®ÍX�®lJ¥;ó�
4 Í�ã&�%���Í�"Ä�´�ÝÍæ�óÂ
­���O�ôµÎ1�§¡îD3Ý[eP3óÂ�Õ��´Ý�8n�"£
]
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(26, 212, 218)�a�b�c�

%��høÑø~®ÍX�®lJ¥;ó�
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2.6 MMM������µµµ���

�G&Æ�¼��i®Î§ÿa�tÊÐÃãÒ÷r½|�=�r½bÁÍ5o

�QÝ.�P��µtÊ~®�Wµ���&Æ$Î�ç¼�Ý×Í�En"Û

Î�;5M�6
5µ�6�9×»;�Î§y�®ß�@à�Â�h�²�

üF5Ê~®Î×@óÒ÷~®�©�bM��Í.§.�îÎ���3{�

£Tµ�Ý��ÎüF5Ê~®3Ê	Ý¢óóCì�¸&ð#�y{ú��Ð

ó��{ú��ÐóêÁ
�«y�¿~®�@ITÌI�.
�¿~®@jî

ÛÑÑ;Ý{ú��Ðó�h×ÑÑÎ
Ý¸Íÿ|��~®á.f��Q�9

×ÑÑ43��9óÝ��K8E���ôAÎ�9×ãÒ÷|�=��.��

Q2ñáÝµ�ôS�Ýó4¥�.��9°.���8X�|ì¯&Æ¼�1

9°!
nÐÝW?.ô�

Í×�DT~®�ÏEÌ�Í�ÅN — ×à®l;ó5µu�ÌbEÌPT

DEÌP�JÍ»ðÄ�µ�ÌbaP8�l®�linear phase filtering�Ý���

�ÎaP8�l®QÎ×Í@àÝ¥�.��¸ÝÎ§�LÎ1�°�Ý»ð;

ó-²�º�¼¥¨GrÝM²-½�ùT1Î�®�b×°;�Í»ð;ó�

lyF-2G�

ÍÞ�
×MDT~®�xÉ�Ðó�scaling function��Ï�ÅN�Ç®�

��MP— É�ÐóPÏÎ´Ï×4®l;ó5µ?

;�T{$Ý×4¥

�ó§CÎ§P.��ÍùÎ�WtÊÒ÷ÿaÐÃÝX�.��3�G©P8

�Ðó�5µ"D��&Ædã�üF5Ê~®Íë8��;�©P�h×©P

8TyÉ�Ðó��ÑP��9×�ÑPJDT3~®Ý�MP�Çb®�Ä�

J�9�Ý¥�Î§Î1�9×ÿa~®Ý®��Û8	â5��PN�PM

��A�×Í~®ñÒÝh4CG×4�O�£9×~®Ý#×�«P�fractal

nature�«&ÆEi®ÝFÙ-áµ�¹}}�á�¨×]«�£°®l;ó�÷

Îb§T´KÝ~®�ÍÓ×�«Pµ?ÎM���qÌÚÆ�\P�

Íë�·¯C0-ª3®à — 3GË4.�D3ì��nÜM¢ã³õ

PÝ®à�ÿ|Þ0-C·¯4t�%1.1�1.2 ��9~®®��"%�A
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%2.5�2.6�T�T²�î�&F8n�

Í°�héÝM�EïyÌ�Ýµ� — µ�Ý�¨ÿ|�QY�G«ëÍ¥

�.��×]«á)&4©²�×]«Ì�Ý"¨�Î§�LÍÎ8�¢óÝS

á�.�µ��SáôÎWµ~®�nÜMÝn"®
�þKÝ9×F�£&Æ

EG«ë4Ý-á��Îº8	�»@��@j�|ìµÎ&ÆE9×n"FÝ

�1�

¿{Xb��9óÝ~®�©½ÎXbÒ÷~®�K©ÌbM�Ý�î�Í®

ß�ÛmP�£ÝnÐ�M�a ÎP.g��¸Î8EyÒ~®��Ýf£Â�

×ÍM�ÂÕ9��¢×@jM��¢×�Ï�¢×Yâ���¢×R����

33¯ßp|@jRc�Ef¢ï�Í�|ß����î£]/��¯�-²�

5�W°����J�G8nW��¾héÿW�Î§?Î�z���P¡Î�

���Î�P���KÎÚ¶��r�:�ôp��ö8Ý�9Ë©àa ¼�î

ÍÎ§5���Ý@~QôF��>�

�G&Æù�îÄ�&Æ�5º2ÿ|3=�~®r½�0Õ×ÍETyX

dãÿÒ÷r½�üF5Ê~®�9��X|Ì5ºÎ�b`ã�.
=�Ý�

¿~®�Ò÷ÝüF5Ê~®3ó.§¡îÝqÃ�1mP�Ù��Î�ô.


9×ETn;�&Æÿ|®�ÄhéÝM���
áÌ��b�£nÐÝM��

|C!øÌ�£nÐÝ~®É����9×�£nÐÛÎ�&Æÿ|Þ�¿Ò~

®Ý®�<3¢óÂ�M���Â;Wµ��¨²×Í5º`ãJÎ1���Î

&Æ��3Â½Ò÷r½�Ý�9vl�dã�ÿatÊ~®�¬0�Í.§.

��Q¡¢ã=�r½/ÝóATà5���nÜM�¨f´@~��£&Æ¢

|ö1i®ÿatÊ=�~®Î�¿~®�.
¯@î�E�¢óATTà@

~�&ÆqÍ�|à#ã=�r½ìW������_��Ñø�üF5Ê~

®�8E2�DÄ¼1�A���Î&Æb=�~®3��óAîTàÝ@ß�

£&ÆMö.üF5ÊÒ÷~®�¡
tÊ�9�ÝÒ÷�=��¯ß&�&ß

¯�¯èº.§l��&èºTà@ß��ôÕÎ5�`6�5^º6[	

G�Ý5�`6�5^º6ôµ3yµ�Ý×a��lÚ�¿~®Ý¹w�ß
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~®�Ç

ψa

(
t − b

a

)
= π−1/4

[
e−i ω0(a)

a (t−b)
− e−ω0(a)2/2

]
e−

(t−b)2

2a2 , (2.12)

�µ�Ç
P�Ýω0/a�h�Ìß�¹���îÝÎ�&Æ�Îðð:Õ×°@

~�¸ÆÎ�.h×M��µ�Ýn;�î�¼�¸ÆÇ¸Î|�¿~®ùT{

ú��Ðó®
5�Ðó�¬Í5�Ó¨°)QàP.gÝa Â��Î�µ�®

�¢nÐ��9øÝ���Îrõõ�µÎ¯ßp|Ì��å�

|ì�µM��µ�®°��1��

• ×ÍÒ~®ùTÍ�¢M��©½ÎÒ÷vl~®�¿{KÎã×�Ó5µ

�ÏÝ°ñf»ð�HX)W�ùT1ÎãóÍ´���ñW5®Ý)W

��%1.1 �1.2Xî�b§Yâ��Ñø~®��`��5µPÏ�Í@$

GÎ×ËµW�Ï5 %�1°Ý��P��«P�î°���ËÑÝ�î

°©�1ÎP|Þ@Ó¨��ã9×F&ÆT��ºM��
à�u�æp

ôH�Ó�

• �«°ñf5�îzü���Ý�£ÃF�A�&Æ�EØ×M�Ý~®b

Ì�-á�ùTÎÚÆîÝ�á�£&Æm�á)Ý£Gb�ÃÍÒ~®


¢�Íð!;��A¢�Yâ��9K�M»�M���;�É���Õ9

Î9��É���ay¢��óAãø û
¢���9°ýáP���ß

Z´	�fA1�P¡Ò÷°ñf»ðTÒ÷~®»ð�ÍóÂ5�Ä�K

Î�|����ÊÍ@j����TÎ§����©�Ñ@ßéÍ»ð;ó

X3�H¼ýÂ�index�Ç���Îµ°ñf;ó���¼ýÂ��|Ý

ETÕ×Í�£�Q��~®»ð;ó�ÞÍ¼ýÂETÕ¢×M��:N

�9óßK�Rc�F�?¢µ�.¼ýÂETÕ@jÝ®�CÍ���s

ßF�

• ¸àa Â�1�î°�£�!Ý~®�ùT�!ÝóA/�E�T¢ó�Ç

¸a Â8!�Í@jM�ô�º×ø�.��|CW��T00�8EÝ�
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µ�Ý�¨�Ç¸&ÆE~®Ý`���|�Ê�&Æô���4t9°)

Ê�

• 3µ��Ýω0 Î×Í8ny®�<3Ý¢ó�×�ÍÂKºã�y5 ��3

9×��ìÝ�¿~®�ÍÑÑ4×�º´x4�óÍùû�ô.h�h5

�W°Þ��{úÐóÝµ�&ðÞ@ÝETy~®M��

• µ��¸àSáÝ×Í&ð¥�ÝÎ§��Ç8��hÛtÊÒ÷~®Î@

óÐó���¿~®JÎ�óÐó�8�ùÎ�nÜM�¨Ý¥�.��

• 3¸à=�~®»ð`�&Æ©�jE&ÆX�·¶Ýµ�  �Õ»ð;

óÇ���Î3¸àM��ó�TÒ÷~®»ð�ùT°ñf»ð`�£&

Æm�EGrXâ�Ý�½M�T�£
�OÕ�.h¡ï�ðÝ�9£Ù

y�8nÝM�T�£  �ËÑb�LÝ  8E&ð«��¯@î9×

FÝ¨éô�|à%1.1 �1.2 �|8n��.µ���¨�¸×M�XET

�`��ÿ|ËÑ2�U÷rÕ8�¿«%ÝÍ¸ ½�ôAÎ�hFùÎ

1i®^b5M�6X��îÝ£��Ó�

2.7 ���+++

h�Ìß�1CWi®tÊÿaÝ&Ë~®.���âÒ÷p=�»ð�&v�

�©PCÍ8TÎ§�Ç�!`â�°ñf®H5�î�f´�9°.�èºÌ

ßEÍ
×M8;�qÙ��^� v
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Ï3a

tÊ~®��Ê8;

3.1 SSS���

3G×a�&Æ�1i®5�X	ãàÝtÊ=�~®ÐÃÍtÊ;.ã�A�

|t��Ý]P¼h��£�|1Î�9×ÐÃ×]«ETyÒ÷r½»ð;ó

Ýt�zÂ�¨×]«¸E5��-�ýú�-`Ý� P{�ÇDTP�Á

Ð�¨ÍtÊÒ÷ÐÃÎ
üF5Ê~®�cardinal spline wavelet���tâ�t

Ê=�~®ÐÃJ
�¿~®�39×a�&Æ"D9×tÊ~®ó.�i®Î

§Ýg)PA¢��jEÍ
�5�8;�

3.2 tttÊÊÊ~~~®®®���iii®®®ÎÎÎ§§§

�¿~®�Ò~®�mother wavelet�Î


ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2, (3.1)

P�ω0 
×ðó��e−ω2
0/2 9×4�1ÎjE�}Ðó�Gabor fuction�ùT�

�Ý{úÐóX©½SáÝÑÑ4�ÍêÝÎ3y¯BÄ9×ÑÑÝÐóÿ|�

�~®�á.f��the admissibility condition.��hÒ~®Ý°ñf»ð


ψ̂(ω) = π−1/4[e−(ω−ω0)
2/2

− e−ω2/2e−ω2
0/2]. (3.2)



9×Pô¿{µÎ×ÍÉ�Ý{ú5µÐó�shifted Gaussian��h�Ýω0 3

Î§îÎjEM»��ìÝ×Í���£�modulation frequency�����/�


{úÐó�AÎ�Æ�ω0 ù2â9®�M»Í�|�"X�×Íf´Ì�Ý

¼ýµÎJÒ~®Ýt{)Â�ÏÞ{)ÂÝEfÂ¼B��'ut{)Â�

3t = t0 = 0 �ÏÞ{)Â�3t = t2 Jh×fÂ


r =

∣∣∣∣ψ(t2)ψ(0)

∣∣∣∣ . (3.3)

¨ω0 �r Ì×�Ýn;��t2 Ý@Â8ny×Íø÷]�P�transcendental

equation���|óÂ]°�|OÕ��Äãy�¿~®ÝÏÞ4ÑÑ4�Â�Ï

×4x4�t�ÂÃÍîùû�-½×�Vb°�"$�Æ.ÏÞ4E¯*ô�

|ÿÕ8	ã@Ýr Â�h`

ω0 ≈
2π
t2

≈ π

(
−

2
ln r

)1/2

. (3.4)

ÎÆω0 ÷�Jr Âù÷���ω0 
ðó�Jr hÂôî¹���3�¿~®Ò~

®�ω0 
�ó�ôµÎ1�E�¢M�Ý~®�ùTP¡A¢¹wÝW5®�

Ír Â/
ü��9��Q�QÝÐ�µÎ�p¼NÍW5M�Ý®�KÌb×

lÝ<3©Ç�

i®@~ïKá¼�×�u®�Í��´�T®�´��JÍ3<¨éô�9

´õc����´yÝi®T�®ÍßÜ8E������¥�ôAÎ{�.ω0

ã
ðó�&ÆÝÃÍ-á��8Ð)�

|ìµ¯&Æ|i®E�P��XSlÝ®�3<¼Ef9×���3i«

P«����Ïµì�|�i®���JÍ.E���XSl�®�ª��1¿

{KÎ¼�yiÖ�&IPº���TæXSß���«·I5Ý�PTæX

ßÝ�ªJ�E¯�h`Ý®�Û�Í`�£Î
�Lamb 1932 [7]; Phillips 1977

[12]��

Ė = −2µσ 2aw2k, (3.5)
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P�µ�σ�aw�k 5½
i��æ���®��®»�®ó�dynamic viscosity,

wave frequency, wave amplitude, wave number���.�i®���Û�


E = (2k)−1ρσ 2aw2, (3.6)

P�ρ 
i�Û��Æ��3<;ó�attenuation coefficient�


γν = −
Ė

2E
= 2νk2, (3.7)

P�ν 
i�º����kinematic viscosity�.���Û���;Aì

E = C1e−2γν t , (3.8)

P�C1 
×ðó�h`i®M»�ª3JA

aw =

√
C12k
ρσ 2 e−γν t

= C2e−2νk2t , (3.9)

P�'u®�σ ¬P�;�JC2 ù
ðó�

Jî«9×®�3<Î§ÿP¼«�¿~®ÍX'��®»ª3f´�&Æ�

|�ÿÍ!²���

ãÎ§ÿPÝª3P�&Æá¼�i®Í®ó÷�J<3÷��¦�ùT1

{�®Íßú�P;8	Pð���®Í®»�;8EcX��9×F�Í�Ý

.ω0 Ú
�ÂÝÑ	P�*Þ�¿~®ÝÉ�C¹wP

ψa

(
t − b

a

)
= π−1/4

[
e−i ω0

a (t−b)
− e−ω0

2/2
]

e−
(t−b)2

2a2 . (3.10)

�Î§ÿP�M»ª3P¢ïf´�&Æÿ�Í8«��
�ËïÝ<3;óK

8µyM���¿]ÝÅó�E~®��Î8µy(1/a)2�EÎ§ÿP��J8

µyk2)��Í8²��J
�ËïE` Ý8µP���!�3�¿~®�Ît2

�g8n��3Î§ÿP�J©Ît aP8n�ãh&Æ�|ï��×Íü��
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ÏÝÒ~®�ùTÎ��Ýω0�Í¹w��!M�ÎP°Ei®à)W5èº�

«PÝÎ§6ÊP������×Íü�Ý�¿Ò~®¸�Î{£Ý±�ÐW5

®Ýª3�µÎ±£Ý{�ÐW5®Ý<?�ùTÎËï×�b��uãP3.7 p

×�ðãàÝ�¿~®r = 0.5 Â¼¾\�J�-á9×�ÒEy�ßú�Ýi®

Î´��Ý��9×Fô�|1�3%V¨é�steady state�ì�~®*°Ý¸

à99KKÄQ´�Ý¸ÌbÝÃ.8T�AîX�ÝÎ§�ó.ë��Ñ�î

&Æ3Ï×a���E5modality6ÝÙÕ�~®5�Î×4�Ì�¬¸ô���

W×.lÖÝpä����L��

|îÝ1�èºÍ@~5�8;�mTÃF�¢½�J�¿Ò~®ÍM»�ª

3æ¼¼¦Ç�!M�W5i®�;Î§�ùÇ¢½�JG�r Â�3�!M�

ì¸à�!Ýω0 Â���!Ýω0 Â�Í`���5µ�Î�!�ð­�1�&

Æ¨3XàÝ�¿Ò~®�Îü�Ý�Í��`��Î��Ý�

qAî«¡��h�E`���ÊæJ8	àÆ�EÌb�` YâÝW5

®ã´�Ýω0��Í�´8E
ê�¨×]«�Ey` YâÝW5®Jã´�

Ýω0�¨Í�´Ç8E´´�ùÇh`

ω0 = ω0(a). (3.11)

h`B¹wÉ�Ý~®Î


ψa

(
t − b

a

)
= π−1/4

[
e−i ω0(a)

a (t−b)
− e−ω0(a)2/2

]
e−

(t−b)2

2a2 . (3.12)

�3h×�Êì��!M�~®XET�µ�¿{Ç


ω =
ω0(a)

a
. (3.13)

h�&Æù�Ý�©¸àP.ga ¼�îÎ§¨é���CþF�Í�GÿWh

é�?.
!ø×Ía Â�|ET��Ýω0�ÇET�!Ýµ��ùT�!ÝÒ

~®�|b8!a Â¬@jî���!M���8E2�A�¸àµ�¼B��
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£µ�|�¹9×Ãã�!Xñ¼ÝæW�

ó�GrÄQÎÒ÷Ý��;Ä9°XbÒ÷FÝÐóÃÍîÎP§9�9

°Ðó�|Îb§�´�ô�|ÎP§�´��ÄóÂ5�??©8nyb§�

´�ùT??©3{Ø°M�P��9×F99KKDT�=�~®»ðÍ³õ

PÝ8n.��¨×]«ôDT�&ÆEÍ
��Ê���P�#½&Æ1�h

�E®�<3�Ç¢ó�àÆP�Ê�

×��¿~®XãÝω0 Â
5�h×ω0�ETÝ®�<3¢ór Îf1
2 �¼Ý

��3r =
1
2 ì�ω0 ∼= π(− 2

ln 1
2
)

1
2 ∼= 5.3�.h&Æ�l��|-��E�9óß

X@~Ý�õ®����9×óÂb8	9Ý�-��ÄÍZ�XàÝ@ji®

Î
����iþ�Ý±ß®�¨Í�£ÃÍîV|2.5 Hz¼�
x�5µñ�

9°±ß�i®ÝP;8E#"�.�Íω0 Eω0 = 5.3 ��Ò�¥PTfG��

õi®ÝÏµ¼ÿD�

¨×]«�¢�G«Ei®�P<3¨é�à��&Æ�|�º�8Ey�®

���jE9°�M�±ß®
�ω0 �Ê�|f´��"¨×°[Ç�.
h

`ω0 Ý5µ�|3×Í´�ÝP�/ãà�¨Í�Ê�§]'T�Aì�EÍ�

ñ5µ�'�®ÝI5��|����ω0 Ý²�P���E�ñ�'{��M�

I5�ω0 8E2©m�»��;²����Ý1�3�M�ÝI5�ÍXãω0

��¦����M�I5�ω0 J�;´��Ãy9×Î§îÝ§F�h�&Æ

Eω0(a)Ýã°$Î×Í8	àÆÝ�'�9×�'Aì�

Erfc
[

4
10

(ω0

a
+ 2.5

)
− 2

]
3 + 5 = aω (3.14)

P�Erfc 
!�0-Ðó�complimentary error function��ω 
@jµ��%3.1


ω0 5µ%�¨%�ù2îÍ&ðó�ó��ì�x���
�¢�ýãÝ!�

0-ÐóÍ5µ���ÞU��l5µP�ã4 ��;¨�10���¨.X"D

GrÍ�ñ5µ�TV
2.5 Hz�ÆÞ`a�T¼É2 ����ω0(a) 5µ  +

yÁ§5 �11� �%3.2 îh×iþ±ß®Ý`M5µ%�Íî�%8Tyü�

Ò~®ìÝ`��¢óω0 = 5.3�ì�%J
�Ê;`��ï�AG�XèC�
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h`x�Ý�Ê3�M�P��Ç±µ�I5�¨`��¢óã�M�|��M

�X�@j5µP�J�5.26 ��M�Ð�|�9.16��M�Ð��9�Ä6�

|1�ÝÎ�4Q&ÆÝ�ÊEx�ñ�±µ�I5©½2Þω0 �����ùÇ

ÍXãàÝÒ~®`��5µ«�Î��¦��¬¸Xñ¼ÝÿW[TQ?±�

9×¨éÄQ�|.¡�ùTh�y�9øÝ�Êf´Ð)Î§�X|Ç¸Ãã

`���Ý��ÍÿW[TQ��´±�.
Ò~®Ý`��u÷��J�îÍ

	IP÷±�ùT���÷±��ÿW¨é�½�

¨²Ý×°©Çà�
��1��Ê;`��ìÍx�ñ5µ)V
2.3 Hz�

�2�&�!M�W5í�\�;�����ú�ÝAç��` øý�¨��Í

{�ñÝ�;�3�ÊÏVì�´Î�Êï¼Ýcõ��3�3�ÊÏVì�Í�

��� ñ�Ý�;�.ÿW[Tª3��b´züÝ��?|P�Ç�²Ef

´ú¦�T1ÍßÜùT��Æ�P´M��9×]«X��ÝÎ�h`�»ð

;ó5µ��-²���ôµÎ1�»ð[£è{��ÍzÂ����.Î§Ð

)P�
¦
��4�±ß®ÝN÷¨éf´���¨�h����%¨éT8Ð

)�¨M� Ý Y�
�bifurcation among scales�ù´z��h×ã´�M�

�¼Ý��-��
�energy cascade�Í�£  V
2.8 to 4.5 Hz�

%3.3 J î ×öÜ ó Â ÿ a G r � f ´ % � h G r 
 Þ g ] � { � G r

�parabolic chirp� �ÍXâ � � £   
 ë |�¹ ¸ úãø � £ �Nyquist

sampling rate���`�5�%ÍX«��£ù
�P��9�XàÝω0(a)

ã�M�ÐÝ7|��M�ÐÝ10�¨ãÍ
aP;���Ef%Jàü�

Ýω0 = 5.3�ã%���tÝt±ÝËÍµ�ñ|²�XbÍ¸µ�Kbf´	

I;Ý`�5µ�¯@î�t±µ� ñÝÿWPx�¼�óÂ5�î�¥Ý\

`[T�ukÞÍÿW ñP�3¹�JXàÒ~®`��Ý`Yâ!ª3�ô

µÎ.h�Ýω0(a) ¨�Ê�Ýf5.3 ���¬h`\`[T)Î��D3Ý�

¨%3.4 �Ýî�%îÍ8�5µ%��9×�%;|Ìß�GXè�v~®

�wavelet variant�
�����%;
��½�Þg]�{�Gr�
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   obeg=11.;  oend=5.;  
   fcenter=2.5;  fdilation=10/4;   fshift=2. ;

   perfc=Plot[ Erfc[(1/fdilation)* (freq +fcenter)-fshift]* 
                            (obeg-oend)/2+ oend, {freq, -2.5, 8.5} ]   
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[Morlet CWT, b0w6020.4 (5.30,5.30)] (2013/12/20-1:0:21)
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[Adapted CWT, b0w6020.4 (9.16,5.26)] (2013/12/20-1:30:30)

0 40db Below Peak   [CWT  Amplitude]
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[Morlet CWT, chirp-n2.dat (5.30,5.30)] (2013/12/20-23:0:32)
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[Adapted CWT, chirp-n2.dat (10.0,7.00)] (2013/12/20-0:20:15)

1 0Normalized Maganitude   [CWT  Amplitude]

% 3.3� h%î×öÜóÂÿaGr�f´%�hGr
Þg]�{�Gr�parabolic
chirp��ÍXâ��£  
ë|�¹¸úãø�£�Nyquist sampling rate��
�`�5�%ÍX«��£ù
�P��ω0(a) ã�M�ÐÝ7 |��M�Ð
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[Variant CWT--chirp-n2.dat (10.0,7.00)] (2013/12/20-2:30:2)
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3.3 ááá...fff���������ßßß

ó.»ðÝÃÍ¥�Þß3y5PªP6�lossless��XÛÝPªPÎ¼ÍD»

ðÿ|�J¥¨æGr�E~®���9×PªPµ�!~®Ý5á.f�6

�the admissibility condition�����á.f�Jê�!�ßÝb5!�t�6

T5Í³5�6�the resolution of the identity��D3�39×;�&Æ"Dh×

�Ê�Ò~®Íá.f�
¢�h�µÇDaubechies [5] �Ñ!ø���§�ßA

ì�

�GÝ�Ê&Æ�JÒ~®ψ(t)ÝYâ���ùÇ¢ã3<¢óω0 �;�


��¬'Í
M�a �Ðó��µ�
ω = ω0(a)/a Çω0(a) = aω�.�h`�Ê

;�Ò~®


ψω0(t) = ψ(t ;ω0(aω)). (3.15)

�Í¹w�É��ÌÍ


ψa,b;ω0(t) =
1

√
|a|
ψ

(
t − b

a
;ω0(aω)

)
. (3.16)

h`Ðó f (t)Ý~®»ð;ó


W fω0(a, b) = 〈 f, ψa,b;ω0〉

=

∫
∞

−∞

1
√

|a|
f (t)ψω0

(
t − b

a

)
dt

=

∫
∞

−∞

√
|a| f̂ (ω)ψ̂ω0(aω)e

−ibωdω, (3.17)

P�ψ̂ω0(ω) = ψ̂(ω;ω0(aω)). �ýãÝ�ß]°µÎß�ËÍÐó f «g Ý/�

�inner product��Ç〈 f, g〉��|ãW f (a, b;ω0) EWg(a, b;ω0) �7ÅBãE¹
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wM��É�9Ë�óÔ¥�5�ÿ�Ç�ßìPÝD3

∫
∞

−∞

∫
∞

−∞

1
a2 W f (a, b;ω0(aω))Wg(a, b;ω0(aω))dadb = Cψω0

〈 f, g〉, (3.18)

P�Cψω0

×ðó�uÍD3�JÞg ã
{úÐóvÍ�²Â�variance��

'yëÂ�ùÇ
ÁÐë�Ðóthe delta function�δ(t)��h`/�〈 f (t ′), g(t ′ −

t)〉 = 〈 f (t ′), δ(t ′ − t)〉 Ç�¥� f (t)���ß�!�t�f��

¨î×P�rÝ��48ny

∫
∞

−∞

∫
∞

−∞

1
a2

[∫
∞

−∞

√
|a| f̂ (ω)e−ibωψ̂(aω;ω0(aω))dω

]
×

[∫
∞

−∞

√
|a| ĝ(ω′)eibω′

ψ̂(aω′
;ω0(aω′))dω′

]
dadb. (3.19)

*�Êì«ËÍ�ÂP

F̂a(t, ω0(aω))

=
1

√
2π

∫
∞

−∞

e−i tω
√

|a| f̂ (ω)ψ̂(aω;ω0(aω))dω

=
1

√
2π

∫
∞

−∞

e−i tωFa(ω;ω0(aω))dω, (3.20)

Ĝa(t, ω0(aω))

=
1

√
2π

∫
∞

−∞

ei tω
√

|a| ĝ(ω)ψ̂(aω;ω0(aω))dω

=
1

√
2π

∫
∞

−∞

ei tωGa(ω;ω0(aω))dω, (3.21)
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∫
∞

−∞

∫
∞

−∞

2π
a2 F̂a(t;ω0(aω))Ĝa(t;ω0(aω))dadt

=

∫
∞

−∞

∫
∞

−∞

2π
a2 Fa(ω;ω0(aω))Ga(ω;ω0(aω))dadω

=

∫
∞

−∞

∫
∞

−∞

2π
|a|

f̂ (ω)ĝ(ω)|ψ̂(aω;ω0(aω))|2dadω

= 2π
∫

∞

−∞

f (t)g(t)dt
∫

∞

∞

|ψ̂(aω;ω0(aω))|2

|a|
da

= 2π〈 f, g〉Cψω0
. (3.22)

.�h`�!�t�ÇÎD3AìÝá.f�

∫
∞

−∞

|ψ̂(aω;ω0(aω))|2

|a|
da = Cψω0

. (3.23)

�h�&ÆÝ�9×�ÊXm�á.f�
ψ̂(0, ω0(u)) = 0�Í�u 
&ÆX

k"DM�P�/Ý@ó�ÃÍî9×f�ô��|����h��'ùÐ)

��

3.4 ���+++

Ía"Di®ÿatÊÐÃó.�i®��Î§�²!�jEÍ8²��è�;

�Ü'�9�¢ã�ÊÒ~®Ý`��¢ó�¬'Í
×!�0-Ðó5µ�Í

��ÿ|�î8;�)§P�¨ù�ßh×�Ê�~®»ð)ÿ|��~®�á

.f�� v

45



Ï4a

�¡

óA5�´�ÂÕÝ®ÞµÎtÊ5��Ì�Cã�9×$ðm�×Ídã®


�¸x�µAÎó.îÝÉ��3GrW5��î�9×®ÞôµÎÿaÐÃ

Ýó��Q��ó.�nÎ§�¬Î§b�ó.�¹��ó.J.Î§�º�A

Î�Æ�¨×·gÝ®ÞÎ�h×tÊÐÃÝó.�L�TàEéÝÎ§Í²Í

Ëï� ÝETPA¢è>�9×è>b��Î×4f´8�;Ý®
�¸bä

yE8nó.�Î§©PKb�á�Ý��

Í@~"Di®ÿatÊ~®ÐÃÍ35�Tàî
×M8;ÝWð�@~�

&Æ´�¼��G@~XdãÿÝtÊÐÃÎ
=�r½�Ý�¿~®�¬Ù�

ÍtÊ;Ý&Ëøl.��Ìß���2Þ9°.�Ýó.�Î§®ÃF;�Ì

�;à��#½&Æf´tÊÐÃó.�i®��Î§Ý!²���¬
�è�

×Íf´àÆÝ8;Wð�t¡|×����iþ±ß®C×ÿa��{�Gr

1�9×8;Xñ¼ÝG>�Íx�/�Aì�

• i®ÿatÊ~®ÐÃX�ó.�Î§.��Ì�ÃF�1�ö¿ÿ|�º

5�TàÝ8nÃ.��
�Íx�4êb�Y'IÉ¶�^×�TàP®

Þ�8�·¯���[T�l)¨é�Ò÷»ð�=�»ð��![T�Ñ

ø�&Ñø��!���»ð;ó³õP��Â�M��µ��@à-½�

M����CM�  ���ãó�®Þ�

• "DÐÃó.�i®Î§Ý!²���µAi®�P��ÍM»ª3��

��Í8«��Û
�ËïÝ<3;óK8µyM���¿]ÝÅó��Í



8²��J
�ËïE` Ý8µP��-²�3ó.ÿP�Î` ¿]�

g8n��3Î§ÿP�J©ÎaP` 8n������×Íü��ÏÝ

Ò~®�Í¹w��!M�ÎP°Ei®à)W5èº�«PÝÎ§6Ê

P�¸�Î{£Ý±�ÐW5®Ýª3�µÎ±£Ý{�ÐW5®Ý<?�

ùTÎËï×�b��

• 3@jTàî�©½jE�M�±ß®
�<3¢ó��Ê�.
8Ey�

M�®����¸�|f´��"¨×°�Ê[Ç��.h`<3¢óÝ5

µ�|3×Í´�ÝP�/ãà�¨Í�Ê§F
�EÍ�ñ5µ�'±�

T�M�ÝI5��|����¢óÝ²�P���E�ñ�'{��M�

I5�©m�»�²��¨h�E<3¢ó�ÊÝã°$Î×Í8	àÆÝ

�'�&Æ�'Í5µ
×Ê	¹w�É�Ý!�0-Ðó�Íf´©½Ý

��Î�4Q&ÆÝ�ÊEx�ñ�±µ�I5©½2ÞÒ~®Ý`Yâ�

�¦��¬¸Xñ¼ÝÿW[TQ?±�9×¨éÄQ�h�y�X
�Ý

�Ê�f´Ð)Î§�ôµÎ1�3zÂ§Fî�9×®
��»ð[£è

{��ÍzÂ���¨EÞg]�{�óÂÿaGr��ÊJ�ÿf´	I

;Ýµ�5µ�

• h���Ê°$Î8	xÌ�þz�8PÊà�ãJ� v

48



¢�Z¤

[1] Auscher, P. Wavelet bases for L2(R) with rational dilation factor. In M. B. Ruskai,
G. Beylkin, R. Coifman, I. Daubechies, S. Mallat, Y. Meyer, and L. Raphael, edi-
tor, Wavelets and Their Applications, pages 439–452. Jones and Bartlett Publishers,
Boston, New York, USA, 1992.

[2] Cohen, L. Time-Frequency Analysis. Prentice Hall PTR, Englewood Cliffs, New
Jersey, USA, 1995.

[3] Coifman, R., Y. Meyer, and M.V. Wickerhauser. Size properties of wavelet packets.
In M. B. Ruskai, G. Beylkin, R. Coifman, I. Daubechies, S. Mallat, Y. Meyer, and L.
Raphael, editor, Wavelets and Their Applications, pages 453–470. Jones and Bartlett
Publishers, Boston, New York, USA, 1992.

[4] Coifman, R., Y. Meyer, and M.V. Wickerhauser. Wavelet analysis and signal
processing. In M. B. Ruskai, G. Beylkin, R. Coifman, I. Daubechies, S. Mallat,
Y. Meyer, and L. Raphael, editor, Wavelets and Their Applications, pages 153–178.
Jones and Bartlett Publishers, Boston, New York, USA, 1992.

[5] Daubechies, I. Ten Lectures on Wavelets. SIAM, Philadelphia, USA, 1992.

[6] Froment, J. and, S. Mallat. Second generation compact image coding with wavelets.
In C.K. Chui, editor, Wavelets: A tutorial in Theory and Applications, pages 655–
678. Academic Press, Inc., San Diego, California, USA, 1992.

[7] Lamb, H. Hydrodynamics. Cambridge University Press, Cambridge, England, sixth
edition, 1932.

[8] Lee, Y.R. The Wavelet Optimal Basis for Water Wave Modeling – The Ulti-
mate Conclusion. Technical report, MOTC–IOT–100–H2DA00X, Center of Marine
Study, Institute of Transportation. (in Chinese), Taichung, Taiwan, 2011.



[9] Lee, Y.R. A Wavelet Variant and Its Characterizations and Applications. Techni-
cal report, MOTC–IOT–101–H2DA003, Center of Marine Study, Institute of Trans-
portation. (in Chinese), Taichung, Taiwan, 2012.

[10] Mallat, S., and S. Zhong. Wavelet transform maxima and multiscale edges. In
M. B. Ruskai, G. Beylkin, R. Coifman, I. Daubechies, S. Mallat, Y. Meyer, and L.
Raphael, editor, Wavelets and Their Applications, pages 67–104. Jones and Bartlett
Publishers, Boston, New York, USA, 1992.

[11] Meyer, Y. Wavelets and operators. Cambridge University Press, New York, USA,
1992.

[12] Phillips, O.M. The Dynamics of the Upper Ocean. Cambridge University Press,
New York, USA, second edition, 1977.

[13] Press, W. H., S. A. Teukolsky, W. T. Vetterling and B. P. Flennery. Numerical

Recipes in Fortran. Cambridge University Press, New York, USA, second edition,
1992.

[14] Soumekh, M. Fourier Array Imaging. Prentice Hall, Inc., Englewood Cliffs, New
Jersey, USA, 1994.

[15] Wickerhauser, M.V. Acoustic signal compression with wavelet packets. In C.K.
Chui, editor, Wavelets: A tutorial in Theory and Applications, pages 679–700. Aca-
demic Press, Inc., San Diego, California, USA, 1992.

50



!�×��¡ wavelet �5~6�5�6



!���¡ wavelet �5~6�5�6

�1����º�����YÎ!°!.�¢�Ý�ÓPX�l��Fù+Z

l��

����º3��ä�é\Þ0 �Ý�óÞbÝ9ËÞ�
�1�5�®6Î

���1. proper noun
���2. common noun
���3. |î/Î

���4. |î/&

���5. �-

�2�5�®6ÝtÊET¯-
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The Optimizations of Water Wave Time-Frequency Analyses (1/4) —
The Adaptation of the Time-Frequency Window of the Best Wavelet Basis
A basic research of IHMT
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email: ronlee@ms4.hinet.net
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• `��ÃF�~®5� ò

– &v5�°Ã�
– ��T&%��V�[T

– �¢¡�§����»ð
– i®ßú��~®`����Ê

• i®5�tÊ~®pÍtÊ.� ò

– üF5Ê~®�cardinal spline wavelet���¿~®�Morlet wavelet�
– Ò÷»ð�=�»ð��![T

– Ñø�&Ñø��!��
– »ð;ó³õP��Â
– M��µ��carrier frequency��@à-½

– M��;�CM���  �ãó�®Þ

• tÊ~®��Ê8; ò

– ~®ó.�i®Î§
– `���Ê°
– �Ê[T

– á.f���ß
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Deconvolution Mechanism
• íáGr
 f (t) �í�Gr
g(t) �A»�[TÐó
h(t)��Í°ñfr½�ET

Ðó5½
F(t) �G(t) �H(t)�IÉ¶�C°ñf»ðgEn;PAì�

h(t) ⇐⇒ H(ω), (1)
h(t) ? f (t) ⇐⇒ H(ω)F(ω). (2)

• A»�^×P�
F(ω)H(ω) = G(ω), (3)

• A»�^×ÍE&W5®Ý®à�

H(ω) =
G(ω)
F(ω)

. (4)

• �ÙÍ®àá)DTÐó�impulse response function�ÎAìÝà#Y'IÉ¶�
Ðó�direct deconvolution�

h(t) = F−1
[

G(ω)
F(ω)

]
. (5)

– &ð��ê�0-w� 

– ��Î���Wñ
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512
�1024 F�ã�1 �h%�f´��#Î�@2:��Ç¸µ÷ë�Ù�ÌF���h×®��Ïµ�¾Õ§�Ý
%��V�¬µ®HÌF�¡�9×Í%��VQ�1Î���2.�Ý�h%�%3 C6 Î!
nÐÝ�Íùè
î®H�nÜM��¨�
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M��µ�
• üF5Ê~®Î×@óÒ÷~®�©�bM���¿~®ñáÝµ��

ψa

(
t − b

a

)
= π−1/4

[
e−i ω0(a)

a (t−b)
− e−ω0(a)2/2

]
e−

(t−b)2

2a2 , (8)

– DT~®�ÏEÌ�Í�ÅN�ùT1Î�®�b×°;�Í»ð;ó�lyF-2
G�

– DT~®�xÉ�Ðó�scaling function�®��ÅN�ÇÉ�Ðó��ÑPC~®�
�MP�

– ·¯C0-ª3®à�¢ã³õPÝ®à�ÿ|Þ0-C·¯4t�
– héÝM�EïyÌ�Ýµ��µ�Ý�¨ÿ|�QY�G«ëÍ¥�.��

• ��1�

– Ò~®ùTÍ�¢M��¿{KÎã×�Ó5µ�ÏÝ°ñf»ð�HÝ)W��
– M��ßZ´�ÃÍÒ~®
¢�Íð!;��A¢�Yâ��9K�M»�M���

;�É���Õ9Î9��É���ay¢��
– a Â�1�î°�|CW��T00��!Ý~®�ùT�!ÝóA/�E�T¢ó�

Ç¸a Â8!�Í@jM�ô�º×ø�
– 3µ��Ý®�<3Ý¢óω0�×�ÍÂKºã�y5 �ô.hµ�&ðÞ@ÝETy

~®M��
– SáÝ×Í&ð¥�ÝÎ§��Ç8��
– ©�jE&ÆX�·¶Ýµ�  �Õ»ð;óÇ��

62



15/33

JJ
II
J
I

/�

/±

p

��

~®��©P�óÂ�


0 100 200 300 400 500

M
ag

ni
tu

de

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0 100 200 300 400 500
-0.130

-0.120

-0.110

Point series
0 100 200 300 400 500

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

−

(a) (b)

(c) (d)

Point Series
0 100 200 300 400 500

M
ag

ni
tu

de

-0.124

-0.123

-0.122

-0.121

-0.120

% 9� h%ùî��©P©��~®�p|Wµi®�Î§ÿa�h%
øÑø~®BO35O ÍØ×M��®�Ý	

I=�w��d�%á)&`a��Í#æ�"f»
26�Çw�M�$
(26, 212, 218)�a�b�c�%��høÑø
~®ÍX�®lJ¥;ó�
20 Í�ã&�%����"Ä��Ý[ePô�Î�§���vÍ`aHE]'Pô

¼����8n�"£]
�ÀFó
512 F��"�TF
256�~®`aÙ�F
$�2 ìÝÏ12 F�

16/33

JJ
II
J
I

/�

/±

p

��

�¿~®©P`��¢ó
• �¿Ò~®�Morlet mother wavelet�


ψ(t) = π−1/4(e−iω0t
− e−ω2

0/2)e−t2/2 (9)

Ít{)Â�ÏÞ{)ÂÝfÂ�t{)Â�3t = t0 = 0 �ÏÞ{)Â�3t = t2 �

r =

∣∣∣∣ψ(t2)ψ(0)

∣∣∣∣ (10)

h`

ω0 ≈
2π
t2

≈ π

(
−

2
ln r

)1/2

(11)

• ω0 ÷�Jr Âù÷���ω0 
ðó�Jr hÂôî¹���
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tÊ~®�i®Î§– M»ª3f´
• �¿~®ÝÉ�C¹wPÝ®�3<�

ψa

(
t − b

a

)
= π−1/4

[
e−i ω0

a (t−b)
− e−ω0

2/2
]

e−
(t−b)2

2a2 (12)

• i®E�P��XSlÝ®�3<�Lamb 1932; Phillips 1977��
®�Û�`�£

Ė = −2µσ 2aw2k (13)
P�µ�σ�aw�k 5½
i��æ���®��®»�®ó�
i®M»�ª3

aw =

√
C12k
ρσ 2 e−γν t

= C2e−2νk2t (14)

C2�C2 
ðó�ν 
i�º����

• !�8µyM���¿]ÝÅó�
²�` Ý8µP�!�3�¿~®�Ît2 �g8n��3Î§ÿP�JÎaP8n�

• ×Íü�Ý�¿Ò~®¸�Î{£Ý±�ÐW5®Ýª3�µÎ±£Ý{�ÐW5®Ý<
?�ùTÎËï×�b��
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• EÌb�` YâÝW5®ã´�Ýω0�Ey` YâÝW5®Jã´�Ýω0��'

ω0 = ω0(a) (15)

h`B¹wÉ�Ý~®


ψa

(
t − b

a

)
= π−1/4

[
e−i ω0(a)

a (t−b)
− e−ω0(a)2/2

]
e−

(t−b)2

2a2 (16)

Íµ�


ω =
ω0(a)

a
(17)

• ω0(a) ��Ê'
Aì5µ� ò

Erfc
[

4
10

(ω0

a
+ 2.5

)
− 2

]
3 + 5 = aω (18)

P�Erfc 
!�0-Ðó�complimentary error function��

• iþ±ß®Ý`M5µf´ ò

• óÂÿaGr�`M5µf´ ò

64



19/33

JJ
II
J
I

/�
/±

p

��

á.f���ß

• �Ê;�Ò~®

ψω0(t) = ψ(t ;ω0(aω)) (19)

Í¹w�É��ÌÍ


ψa,b;ω0(t) =
1

√
|a|
ψ

(
t − b

a
;ω0(aω)

)
(20)

Ðó f (t) Ý~®»ð;ó


W fω0(a, b) = 〈 f, ψa,b;ω0〉

=

∫
∞

−∞

1
√

|a|
f (t)ψω0

(
t − b

a

)
dt

=

∫
∞

−∞

√
|a| f̂ (ω)ψ̂ω0(aω)e

−ibωdω (21)

• Ç�ßìPÝD3∫
∞

−∞

∫
∞

−∞

1
a2 W f (a, b;ω0(aω))Wg(a, b;ω0(aω))dadb = Cψω0

〈 f, g〉 (22)

P�Cψω0

×ðó�

21/33

JJ
II
J
I

/�

/±

p

��

®�3<¢ó�µ��n;`a

   obeg=11.;  oend=5.;  
   fcenter=2.5;  fdilation=10/4;   fshift=2. ;

   perfc=Plot[ Erfc[(1/fdilation)* (freq +fcenter)-fshift]* 
                            (obeg-oend)/2+ oend, {freq, -2.5, 8.5} ]   
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[Morlet CWT, b0w6020.4 (5.30,5.30)] (2013/12/20-1:0:21)

0 40db Below Peak   [CWT  Amplitude]
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[Adapted CWT, b0w6020.4 (9.16,5.26)] (2013/12/20-1:30:30)

0 40db Below Peak   [CWT  Amplitude]

% 11� `�5µf´%�ÍXàGrÎ
����iþ�Ý±ß®�9°±ß�i®ÝP;�8Ey×��õ®
�ï�8E#"�8Ey�®���jE9°�M�±ß®
�ω0 �Ê�|f´��"¨×°[Ç�h`ω0 Ý5
µ�|3×Í´�ÝP�/ãà�EÍ�ñ5µ�'±�ÝI5��|����²�P���E�ñ�'{��M
�I5�©m�»��;²��3�ÊÏVì�ì�%��Í���� ñ�Ý�;�b´züÝßÜ��P�.
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[Morlet CWT, chirp-n2.dat (5.30,5.30)] (2013/12/20-23:0:32)

1 0Normalized Maganitude   [CWT  Amplitude]
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[Adapted CWT, chirp-n2.dat (10.0,7.00)] (2013/12/20-0:20:15)

1 0Normalized Maganitude   [CWT  Amplitude]

% 12� h%î×öÜóÂÿaGr�f´%�hGr
Þg]�{�Gr�parabolic chirp��ÍXâ��£  

ë|�¹¸úãø�£�Nyquist sampling rate���`�5�%ÍX«��£ù
�P��ω0(a) ã�M�ÐÝ7
|��M�ÐÝ10�¨ãÍ
aP;���Ef�î�%Jàü�Ýω0 = 5.3�ã%���tÝt±ÝËÍµ�ñ
|²�XbÍ¸µ�Kbf´	I;Ý`�5µ�
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[Variant CWT--chirp-n2.dat (10.0,7.00)] (2013/12/20-2:30:2)

2Pi 0Radian   [CWT  Phase]
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 [c:\per\mat\0-cwt\chi-vari] (2013/12/20-0:20:15)

  Signal (CPU=0:12:8.27)

% 13� h%�Ýî�%ÛG%Þg]�{�GrÍ8�5µ%�Í;|Ìß�GXè�v~®�wavelet variant�

���ì�%;
Ìb��½�Þg]�{�Gr�
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