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ABSTRACT

Concepts of time-frequency window and the Heisenberg uncertainty principal asso-

ciated with various time-scale analyses are outlined in the beginning. The theoretical

relevance among the analytic signal procedure, the Hilbert transform, and the Fourier

transform are investigated further. With these understandings, data from experiments are

used to illustrate many concerns regarding transient effects, phase noises, repeatability

problems, and the blackbox mechanism linking to a somewhat random system. Numer-

ical simulations exemplify the properties, in particular a few paradoxical and controver-

sial phenomena, of the instantaneous frequency related to the analytic signal procedure.

Moreover, we attribute these properties to a few factors originated from their theoretical

genes, such as, the incompatible concepts between “instantaneous” and “frequency”, the

conflicting requirements of “support length” and “regularity”, and the interplays between

amplitude and frequency modulations. We also show that the rapid changes of the in-

stantaneous frequency is related to the relative rate of change of amplitude rather than

the amplitude alone, that those singular variations are located where there are little en-

ergy contents, and that the negative frequency is not related to phase reversal. Finally, to

minimize errors and to avoid misinterpretations, we provide a few optimizations for the

discrete numerical processing, such as, a consistent method for phase differentiation, base

band conversions, and designs of Hilbert filters and the relevant concerns of resolution and

choices of parameters. Overall, the research puts up fundamental understanding concern-

ing the application of the analytic signal procedure to the study of the time-frequency

features in complex systems, and hopefully solidifies a sound and objective approach to

water wave instability and its physics. With these precautions, we further apply the rele-

vant analyses based upon somewhat statistical and macroscopic approaches to study the

energy phenomena in the wave and aqueous flow fields. A few topics are: the negation

of the existence of a bound wave system; the modulation mechanism in the wave and

aqueous flow fields; and the characterizations of wave growth and decay time spans and

their physics.
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• ó.î��¢ÐóKP°!`��5b§`5µ6p5b§�5µ6�u×

Ðó3×r½Í5µÎb§Ý�Ç	ID3�JÍETr½�5µÐóÄQ

ÎP§;¨��3�Q&ÝÏµ�TÎ@jãÿÝGr�ùTÎI5ãày

5��óA�ÄQÎbÍ` Tè Ý	§P�h²�#åGrÝ{�'n

ôÄQÎbÍDT�å  �T�ñ�TP��áh�&Æ�l¡�Õ§¡

�@jÎP°��Ð)Ý�ôµÎ1°ñf5��@²î�SáÝ×°Ì

aÝÏµ��y`°ñf5�ú�	IGr�ÞË�GÐGrJ¥Lª


ë�Q�Ey`°ñf5����9Ëb§`��Ý!Êq§PÛÎD3

Ý�9¨é�|Balian-Low�§1��uI�Ðó
 g(t)��}lVÚxÐ

ó�Gabor type frame�


gm,n(t) = e−2π imt g(t − n), (1.1)
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P� m, n ∈ Z�u'I�ÐóÌb8�Ý	I5µP�JÚxÐóÝ°ñf

»ð�	I5µPJ�#�9�Ý1�ô&b°hé�¬¸Ý@²�|1Î

ì�¨éÝ×Ë�Ç�

• �¾ú¨é�Gibbs phenomenon�¼��u×Grb�=�ÝM��J°ñ

fD»ðXÿ�GrÄQÎP°�æGr×lÝ�¸º3\FË�®ß×°

R���v9ËR�Ý»�Î�º��5  ��TÒ÷¸à4êó�;�

Ý�¸Ý5�´6©D3y55µ6ÃF�the concept of distribution�ì�

Á§Ïµ�9Ë¨éÍ@ôµÎ1�×ÍJÞ9�Ý�Ïm�&ð9Ý®H

5�¼ÿa�TJ1Î÷	I�¨éÍ®H5µ  µ÷Â�9×ÏµÝÁ

Ð�Çµ�!. g(t) ã
delta Ðó�T?Ñ@2Ìdelta 5µ���delta Ð

óÍ8T°ñf»ð��£ËÎ�Â�'Ñ�P§;¨�

• °ñf»ðÍÐÃÐóÎ��5µ�'Ë�P§;¨�.h¸Ý@~Eét

?ôÎÌb��P��vt?ôÎ�|P§ãø�A�����9°�O�

µb×°AìÝ�®à���¨é�\Ð[T�50®à�âl0-���

0-��% 1.1 
×`�5�`��5µÃF%î�ÍXîÏµÎ3ãø�

£Gb×�Nyquist �£Ý����æ�ÿaGr
×aP�£5µ��{

�Gr�ã%ù��h°[T
×MùEÒ÷~®»ðXñ¼Ý×°ÅN�

J����î���K�&%�lV�ß[TbXnÐ�

1.3 ���¢¢¢¡¡¡���§§§���`̀̀������ÃÃÃFFF

G�1Ä��¢ÐóKP°!`��5b§` 6�5b§�£6�5µ�

9×©P@²î��×Í¥�ÃF�ùvÎ�¢¡�§�Heisenberg uncertainty

principle��ÿ|D3ÝÃÍ.ô�9×ÃFAì�&ÆEGràWW5ÎP°�

EÑ@��Ý�ÇGrà)W5Î^bXÛÝF5µ��¢W5Ý��ÄQÎ×

Í`����îÝ×Í5µ«���9Í`�«��t��2��lµÎ|×Í

`��¼���¨9×Í`��Ý«�bÍt�Á§�Çm���¢¡�§�¨
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9×`��ÃFùÎ���»ðÝqÙ�¨`��Ý'�®ÞÎ�9@~ÝmT

/��


R�°ñfÐÃÍà�&%V	I�;¨é����y`°ñf»ðC

~®»ð�1KÎÞ×Gr�` �	I;�Ah�W×Íã&` FîÝ	

IGrX�WÝ/)��|h/)
�&�»ð�µy`°ñf5����Í

Æ�]PµÎ��P 1.1 �Ý m� n�� g(t) J���µ~®���|ÎlÝ�

¿�Morlet�~®
»�ÍÎ¢ãÉ�C¹wÒ~®�mother wavelet��®�


��ôµÎ m, n, g(t) ÌÎ²�Ý�9ËË»ðXÿÕÝ	I` ðÝ®HTM�

£]�µy`°ñf5����à�£�Hz�T�HÎ�|(Ñ�5�¬E~®

���Ñ@Ýà�TÎM�TM�H�ÃyG�Balian-Low�§�y`°ñf5

�@jîÎP°3` 5µî'
ËÑ	I�.
óA�§îÝÒ÷°ñf»ð

Í��5µÎb§Ý�Q�~®»ð39×]«µ�Ð)��	I��O�TJ

�K�1~®�5µÍ'Ñ�Ë��;¨®�ÄQÎ�<3�|ly�D3bë

�£ÝW5�|ì�
×M1�Í½»ð�©PT-²�

• ÃÍîy`°ñf5��~®5�K�Ú
�I��»ð�µy`°ñf5

����¸�âËÍ ½è5��ÝM»�Ï×ÍM»µÎ3æGr��×

�Ï��` ;�ÝI��#ì¼µÎÞ9×��ÝGr�°ñf»ð�h

×»ðÍ8ETÝD»ð�TÎGr¥��ô��Q2�=î×��I��

�ÍóÂ�§ôv«yÑ»ð�Ç!ø�âbËÍ�|�� âÝM»�.

h�y`°ñf5��I����Ú��ÐÃùÎX!�Ý<PÐó�Q�

E~®»ð���9ËÍM»µ&�����ÍI��ÍÐó�1Î×Ë)

W��ÉP°�º�I��Ï�ùP°ÞI�ãÐÃÐó5Ò��¯@î9

Ë���|ãì�Ýf´¢ï��:��u.P 1.1 � Gabor lxÚÝI�

ã
{ú5µ�J9×{úI���¿~®ÐÃÐó�Y�M»ÝÆNÎ8

«Ý�áh���9ËÍ»ðÝà�Î×lÝ�ùÇèº×Ë7 ^×�|

-5Ò���T?|M�ÝW5�

• Ey`°ñf5���Í`�I���Ï����3�!`�ìKî¹�

6



��9Î.
P 1.1�Ý g(t) ©� n �� m Pn�ôµÎ1�¢` ��¢

�£ìXàÝ`��¸Ý´�{Kî¹���.�3ÞîÝ`�2ý�b×

Íü��Ï��`���ÝI���y~®Ý`��JÎ�M���;�¬

9°�;©Î�ÏîÝ�Í«����Î��Ý�ôµÎ1`��¸Ý´�

�{�WDf��¶�Jü��¨9×©PEÒ÷T=�~®»ðKÎÊà

Ý�% 1.1 � 1.2 �|à¼1�9×���%�Xã�~®v½;ãÑøÒ

÷~®��Ë%��Ù�Ò~®8!�¬»ðÐÃÐó;ã�!$��×Í

8nyt·ÃÐ�best basis��¨×ÍJ8nyt·$��best level��X

àGrJA% 1.1 �ì�%�Í;
×�¦�Gr�h�.ÐÃÎòÑøv

l�ÆXbÝ`��K�¥P�ô.hNÍ`��X��P��Í`M�H

�|1Î8E2Þã�@��&¯Î��î�� s���8E2�&Ñø

ÐÃÍ`��¯�îP�¾����y=�~®»ðÍ�!`��`���

Ûë�3×R�¥¥PP�h`;ð�àÌbM���ÏÝ`���î��

Î|3Í½©�`�Fî��×��Ý����®
����ã9°��5

µ|v$%T�ý%�¨�A�Xà����Þ�µÏ«=�5µ�`�

%�

• y`°ñf5�ÍÐÃãÑø�<PÐóXàW�ÍÛ}©°×��E~

®»ð���ÍÐÃùTÒ~®�óã�|Î&ðê÷T&ðÂ½�9ê

÷Ýf��µ=�~®»ð��µGGÎ���á.f��the admissibility

condition�Ç��Ç�âbë�£���Ðó���µÒ÷~®»ð���

ôGGÎmÐ)%�[e�f��stability condition����

• y`°ñf5�»ð;óX��ÝÎ	I�H�¸âb��£��×lÝL

��¬~®»ð;óX�ÇÝÎM��&�£�ô.h~®»ðXÍÂÝp

Þ$bóF�Ï×�.��ÐÃ�'�#9�vÐÃÐó �|!Î}ñT

!b8n�ÏÞ�XÛÝM�ÃÍîÎ^b��Ý�©b��Â�ô.h&

Æ@jîEN×»ð;óX��Ý®�P�T@6M���1��^bÌ�

-á�Ïë�~®»ðÝóÂ�§T§¡ÚxD3&ËlP��ÊP��A
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9¯lV�multi-voice� [6]�9~®�)�multi-wavelet� [4, 5, 20]�&|

Ë¹
Ã9�»ð�different dilation factors� [1]����×�1¼�9°�

;3Ø°jEóÂ�ÕÝTàT&æW���Q�3i®@~`�.
Î§

L��¥�PG´óÂ�Õ��T*»¼ÿ¥��.�9°0áÝ�Óó.

.�??µ�W�9æW�»��¾�p|¸à�

• 3 Ã ÍÝÎ§ T à î � L2(R) Banach è � ùT� °è �Hilbert

space� � � 1 � t Ì b @ j � à H � 4 Q ~®ó.$D 3 × ° & j

E L2(R)è �@~ [6, 15]�¬µi®Î§���&ÆX"DÝ�9�Ò

��¨é�ô.h L2 è �1��ªÊ��lî��!è îÝ@~�?

?8ny��îÝ�¯��A��5P�=�P�!J��9$��5�

�multiresolution analysis�D3P��9°yi®Î§�ÃÍî�1:��

�¢bLP�ô.h��°è îÝ@~��5��&ÆÝmO�

1.4 @@@~~~���ÞÞÞ

h�@~/�8ny�°��Gr°�Gabor analytic signal procedure��Í

Û8ny� �£�/���x�½¿y�£��¨é�"D�¬×ÍtÃ

Í�ôÎt¥�Ý�ÞJÎ¡�Íyi®îÝÎ§8nP�TàPA¢�3

¢�Z�´�@~X�ó§�"D�°��Gr°��°»ð�°ñf»ð

�nÐ�¬¢½óÂÿa�@?óA�¸à�R�ó§îÝ&Ë��©PC

Í8þF�#½�"D@jTàîóÂ�§8;Ý×°W°�×°8T�Þ

b��ñ� �£��°»ð�°ñf»ð� Ýn;�1���[T�8

�·¯�A»�^×�®H¥«P�ÝD(�óÂÿa�
©PCë;¨

é�ë;¨éø.�ì�1�� �£OÕ�×lP8�-5°�Ã��ñ

»ðï�§W°��°®l'���39°Ã�-áì�t¡�&Æ|�'

Ù�CºÌÝ�§W°ÞÍTà3®��iø��Î§Í²C���
"

D�x�4êb��ß@®��D3P���®��iø�Í�!M�Ý�
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�Î§��!�£W5i®ÍW��<3ª�f@~� v
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% 1.1�`��ÃF%î�h%Û~®�»ð�wavelet packet transform�3t·ÃÐ

�best basis�f�ìÝ`��5µ%�î%��h�~®�Î8Ty Coiflet�¨

ÍIÉ¶�J¥;óÍó
 30��XàGr
×aP¦��¦�Gr�ì%��
Í�£5µã 0 � 100 Hz�h�.;&��ãø�Çãø£©
 Nyquist rate ×

���Æb50¨é�h²	¥�h`���&EÌ5µC9¥�ñ5÷PX�

�»ð���
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% 1.2� ¨v`��ÃF%î�Í)î~®�»ð3t·$��best level�É�f�ìÝ
`��5µ%�î%Î|Eó�î�tÊ$�~®�»ð�ì%Î|aP���

îï�Xà~®��XàGr!G×%��G%á)R¼�&Æ�|�ºÕ~®
»ðÍ�¨]PÝ9øPCÍ��ñ¼ÝæW��A�9vòÐÃ��9à)l

V��!tÊ!P��!%î]°����
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Ï2a

��Gr��°»ð

2.1 SSS���

�?ÿÝæ�GrÄQòy@ó�Q��ö@óÝàH«{b§�A�&Æÿ|

ãÿ×Í�¸5Ê	6ETÝÌóóA��ãËï)W×Í�óGr�£�	è

 Þ��
U"����ÝÎ§ÚMôº?´Â�¨���ßÝ@~ÈÞôÞ?

9-²°�¬9ËËT&ôÞñ¼ýú�æW�9ÑôÎ`�5�Íb¶ùv�

W���

'u@óGr
 sr (t)�Í¤gÝ×ÍÌóGr
 si (t)��Ëï�WÝ�óGr


 z(t)�9×�óÐó¯&Æÿ|OãM» a(t) �amplitude�ùTÿÂ modulus�

�8� φ(t)��×��Q�LÝ� �£ ωi (t) Î8�Ý0óT�5�Ç

z(t) = sr (t) + si (t) = a(t)eiφ(t), (2.1)

ωi (t) = φ′(t). (2.2)

	Qh�&Æ´�ÂÕÝ®ÞÎ�¢ïÎ5)§6T5Ê	6ÝETÌI�.�

�*���ÝûÅ:°Î�¢ïÎªÊÝ�óGr)Î×Í�wP�ÊÈPÝ�

Þ�AÎ�¨`�µ-á�Ã©�1Î�

• & 9 G r 5�@ ~ï. 5 � � £ 6 Ú 
 × Ë æôÃF�a primitive

concept��&ó.�L�



• Í½�LT'�Í�sF??©3<g@~ïÝàÆTxÌ¤î�

• 5���ÝÎ§PA¢��b�9°�1ÎÍ©Î@~ïÝ�&�ìT.¡

���

• X'�óGr�§ì¼ÎÍºñ¼Í¸&P&øÝ®Þ�T�ß�±Ý�W

�Þ�#�y0����æ�-áb8�MÝ���ùT��sFÝàÆ�

���

• 6�Ý1�§¡�Tà D3b7^��^ÝW5�

2.2 ���óóóGGGrrr���������GGGrrr

ÃÍî�óGrÝ��Îò×Ë8�ÑøÿP�quadrature model�����Gr

J�ÕÎÍ�Ý×Í©��H]P�

�¢@óGr s(t) Ä/�|�


s(t) = a(t) cos φ(t). (2.3)

3ÑøÿPìÍt��àÆÝ�óGr z(t) 


z(t) = a(t)eiφ(t). (2.4)

P 2.3ÝÃÍ®ÞÎ3Í°×Pî�vÍ�î°PM9�.��ßÝ�óGrb

P§Ë�

� ° �Gabor�y 1946OXè �Ý� ó G r Î 
 ��G r �analytic sig-

nal� [9]�ÍÃÍ�sFÎ�t@óGr°ñf»ðÄQ®ßÝ��£5µ

¨é�.h�.�óGr z(t) ��Aì�

s(t) ⇐⇒ S(ω),

z(t) = 2
1

√
2π

∫
∞

0
S(ω)eiωtdω. (2.5)
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P� S(ω) Î
Gr s(t)Ý°ñf»ð��;ó 2 �SáJÎ
¸�óGrÝ@

Iÿ|�yæ�Gr�9×��Ì°×P�Í�§×�Ì
��Grø��the

analytic signal procedure����QÝ�îP�óGrÎ
@óGrÝ��®HÝ

°ñfD»ð�ôµÎ1�A�Þæ�GrÝ°ñf®H���£9��¬1º

�JÝÑ�£5µ�J9×��®HETÝµÎ@GrÝ��Gr�Çh×®H

Ý°ñfD»ðµ©bÑ�£W5��Ah�LìÝ�óGr8	Ð)Ìß��

?�.
��£Ý���hé�¸t?Î�D3�ÑA` ©b?G��^b?

¡�Ý�

*
ß�9×��GrÝ5��6©²�Ý�Í�
Ý8n���::¸�|

èº£°Î§*>�ùTD3Ø°q§P�&Æ�Ã��s�@~Íó.qÍ�

ôAÎ�&Æ��QÝº:Õ��Gr��°»ðÝÛ6n;�

2.3 ������GGGrrr������°°°»»»ððð

G���Gr�|�
�

z(t) = F−1
{S(ω) + S(ω)sgn(ω)} . (2.6)

�ã°ñf»ðÍËETr½î!
D3ÝÔ'��Ý©�ºÕn;�Ç×r½

Ý¶��product�3ETr½îÎ
IÉ¶��convolution���ÿ�

z(t) = F−1
{S(ω)} + F−1

{S(ω)} ? F−1
{sgn(ω)} , (2.7)

z(t) = s(t) + i
[

s(t) ?
1
π t

]
. (2.8)

ÎÆ�

z(t) = s(t) + i
1
π
P

∫
∞

−∞

s(τ )

t − τ
dτ. (2.9)

P� P ��{úxÂ�Cauchy principal value��5��ÍÌIÎ
@óGrÝ�
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°»ð�ÇìP�H[s(t)]�

H[s(t)] = ŝ(t) =
1
π
P

∫
∞

−∞

s(τ )

t − τ
dτ, (2.10)

Í� P �î
E�²F�singularity�Ý�5�

P
∫

= lim
ε→0

(∫ t−ε1

−∞

+

∫
∞

t+ε2

)
, (2.11)

h² ε1 = ε2�*��

f (t) =
1
t
, (2.12)

¬¸àAì�°ñf»ðETr½�ÑDÔ¥ÊàÝºÕ©PE�the duality

relations of the Fourier transform pairs��

h(t) ⇐⇒ H(ω), (2.13)

h(t) ? f (t) ⇐⇒ H(ω)F(ω), (2.14)

ÆÿGr��°»ð
Aì�IÉ¶�P�

ŝ(t) =
1
π

(s ? f )(t). (2.15)

.�h�°»ð�°ñf»ð
�

F[ŝ(t)] = S̃(ω) =
1
π

S(ω)F(ω). (2.16)

îPÿ|. S(ω) � F(ω) 5�¼�X|G��xÂ�5µ�WOã f (t) �°ñf

»ð®ÞAì�

F[ f (t)] = F(ω) = P
∫

∞

−∞

e−iωt

t
dt =

P
∫

∞

−∞

cos(ωt)
t

dt − i
∫

∞

−∞

sin(ωt)
t

dt. (2.17)
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îP�@IÝ�5/�ÌbDEÌP�antisymmetric��ÍxÂ�5
ë��Í

ÌIÝ�5/�JEÌ5µvP�²FD3��. sin(ωx)/x E�¢ x K[ey×

Í�Â�Ç¸Î3æF x = 0 îôÎ�¨ãìP�

∫
∞

0

sin ωx
x

dx = sgn(ω)

∫
∞

0

sin u
u

du, (2.18)

&Æÿá F(ω) ÃÍî� ω îÝ®H5µÏµÎPnÐÝ�Ç-Ah� F(ω)ÝO

Õ)Ä6Tà�ó��5�complex calculus��Ýõó�§�residue theorem ��

B¢� GreenbergX½>Ih [10] @j.0�ÿìP�

F(ω) =

 −iπsgn(ω) ω 6= 0;

0 ω = 0.
(2.19)

hP8	�|�¸©« ωÝÑ�Pbn�ÎÆÌßÿß��GrA[s(t)]Ý°ñf

»ðÎ
ìP�

F[A[s(t)]] = S(ω) + iF[H[s(t)]] =

 2S(ω) ω > 0;

0 ω ≤ 0.
(2.20)

�á)lÚî°P��ùÿGrÍ�°»ðÝ°ñf»ð
�

S̃(ω) =

 −i S(ω) ω > 0;

i S(ω) ω ≤ 0.
(2.21)

ã|îÝ.0�&Æù�ÿá��°»ð@
×¶�ºÕ��operator��Í

3�£r½Ý®àbAì�ºÕ®à�

OH (ω) = −isgn(ω) =


−i ω > 0;

0 ω = 0;

i ω < 0.

(2.22)
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AÎ�Æ��°»ðÎ.��£ÝW5�8�É�Ñ90 ��¬ÞÑ�£W5�8

�É��90 ��ô.h���GrÍ@I�ÌIá)Ý���µÎ©ã�@óG

r�Ñ�£W5�

2.4 ���+++

h�Ý.0�Íó.Ä�T&Ï«�Ó{��¬Í��QÎ&ð��8-�¸z

�1���Gr��°»ðÝn;��ôÑ.
bÝAh�áQ�|Ý��-

á�¸&ÆE8n@~XÄ6�ÊÝ.ôÿ|bqÙPÝ¡��!`ô.
bÝ

9°Ã��®�Ìß3óA5�¾\�Î§�1¡\`�?�p¹×Ë�Ì¯

��O@OÎÝV���9°ÑÎì×a��|Ù�Ý�ùvÎ5�
×M8;

�qÙ��^� v
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Ï3a

�°»ðóÂ©P

3.1 SSS���

�¢GrK�|J�¢]°¼5��¬Tàî¥�ÝÎ�Î§P�ó.PA¢g

)��9� ÝX�n"JÎ�¨éÝ�ï�PCÎ§Ý�¥«P�39×a

��&ÆX�"DÝ�4/�Î��Õh�`�5�]°Í�1*T��ñ®

Þ�ôµÎ�Î§�§¡�Í�Yg)���ùTËï ÿ|�iÍ1�uÍ�

&ÆX)ÊÝ�Þ3¢�¸Ý��i®Tà3¢�

3.2 ���°°°»»»ððð���°°°ñññfff»»»ððð

3G×a�&Æ"D��Gr°X�ó.��ô:ÕÍ��°»ðÝn;�©Î

9	�¯ßtb�ÝT�Î�¿{XbÝÞ;KÎ3°ñf»ðìÆ»�?�@

Ý1Î��°»ð©ÎE�°ñf»ð�.¸®×°��Ý_ìà)�Q¡�.

9×à)�°ñfD»ð�AÎ�Tà9×©P�&Æ�|×Í��y�{[

£Ý�POÕ�°»ð�� 3.1 
h×�P�¸Xà�P+�
 ASYST�9Í

�PGbó��3 ASYST �Ì�
×Í+­�word��µ�! FortranÝ��P

�subroutine��¸¯&Æ:Õ�°»ðµÎ.°ñf»ð®×°�#�4�à

)�3Ñ»ð�D»ð ®��¿{��Í¸x�Î�AÎ�Æ��°»ðÝÃ

.�ËQuë�X|¨3�Î&Æ�n6hÃ.X�ßÝ&Ë©²�A�Î�ß



é9°©²�£5��Gr°6��|èº%�5��6÷�

3.3 IIIÉÉÉ¶¶¶������AAA»»»���^̂̂×××

Gr3×�Ó�Ù/XåÕÝ®à���ùTGr�;¨é"��&Ætð�Ý

W°µÎf´.��ËïÝ®H�Q�9øÝ×Íf´Õ9ÎÍ�|
���

b�¸Å9ºÍÂÕ¢Ë®Þ�9°®ÞÎ9×a´��"DÝ�¸Ìbn"P

¥�@î��Ä�×Í��ÝA»�^×%µ�|Ì�1�h×@î�T9×f

´®
�% 3.1 îhA»�^×�¸Ù�h^×�IÉ¶�ºÕÝn;���Ã

ÇÌßr@h^×X��èºÝ*>~bA¢�

¯¢�A»�^×%1�Aì�'u&Æb×íáGr f (t)��3×Í�Ó

Ý�Ù�9×GråÕ&Ë.�ÝÅ(�ùTå��.ôÝ®à�ÇXåA»�

[TÐó
 h(t)��X®ßÝí�Gr
 g(t)�h`&Æ�µ9°.�E&W5

®Ýá)[T�|¡��J×Í&ð�QÝ®°µÎf´íáÐ�í�ÐGr�

»ð�H�9×ÌF�W°�1&ðà#�|��Í¸à?ÎF��>��Î9

�Ä6¼�ÝÎ�9Î×ÍÁÍ�3�ùvÎ®Þ¥¥Ý®°�.
�×�|Ã

��9×�Hf´°X�®Þµ�!×ÍY'IÉ¶��deconvolution�X�®

Þ��ÍÄ�XÍÂÝ¥�pÞÍ§#��

' f (t)�g(t)�h(t)Ý°ñfr½ETÐó5½
 F(t) �G(t) �H(t)�J°ñ

f»ðCIÉ¶�gEn;PAì�

f (t) ⇐⇒ F(ω), (3.1)

h(t) ⇐⇒ H(ω), (3.2)

g(t) ⇐⇒ G(ω), (3.3)

h(t) ? f (t) ⇐⇒ H(ω)F(ω). (3.4)
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h��ÔNr�î t � ω �|!8*ð�µA»�^×%�ÿìP�

H(ω)F(ω) = G(ω), (3.5)

ãhP&Æ�|8	à#Ý-��9×A»�^×ÍE&W5®Ý®àµÎAì

�ËÍ®HÝ8t�

H(ω) =
G(ω)

F(ω)
. (3.6)

ô.h��ÙÝ®à.�Íá)DT®àÐó�impulse response function�µÎA

ìÝà#Y'IÉ¶�Ðó�direct deconvolution�

h(t) = F−1
[

G(ω)

F(ω)

]
. (3.7)

9�XÍÂÝ®ÞÎ9]«Ý�¬QÎÌ����.�ô¸ÿ¸3ó§î���

¸àîK�"p���9×6K8ny�¨35ÒÝÐó F(ω)�¯�Í§�

Í×�§¡î 3.7 P��Î���WñÝ�.
 F(ω) �bI5Î��
ë5

µÝ�ÍÞ�3@²îTóÂ��î�×ÍÒ÷óÂ5�ø�ÄQÎòyb§

P²Ý�ôÄQÎ×Íá)&ËP°�¹Ý0-T�«�ÕÝÄ��9	�&

Ë�®àX3Kb�ØI5Ý F(ω) ��0-©��Íë�Ò÷®HÎDT=�

®H5µÝ×ËÎ�Ï£ÕÂ�periodogram estimations��h²°ñf®HÎ×

ËÙ�£ÕÂ�×�ñb�¥Ý�²��P�¬v#pb[£2�|;�TÞ

ã; [17]�Í°���[T�8�·¯l)Xp|¸�ÝæW�Aì;X��Í

"��9@jÏµÍW5®HÎG5µy×Íê�ñ�Ç¸b5µ`aôGÎ/

�yJÍóÂ�§OÕ�£P�/Ý×Í«ê  �.hE�I5��#�Ý 

½�ÍóÂ����I5GÒË@Â�T1KÎ0-�ù#T�D3�

AÎ�Æ�ËÍ®H�8tÍÍ²µÎ×Í0-w� ��G&ð��ê�

#�Î��Wñ�.
�§¡îTóÂî©�D3b×FÎëóÂÝW5�£J

ÍY»ð2Pôµ�D3Ý�J����h�Ý½ÎÎXÛÝ5Ù�à#Y'I
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É¶�6�direct source deconvolution��¸3óÂ5�r½î�Ì
5M»�Â

;[T6�effects of amplitude equalization��¸??�W×Í�£r½Ý{;�

�high-pass window��3·¯ÅNì�h×l�
×MÞ&4��Pw� [18]�

|î.§1�ÝA»�^×�§]PÝ�¥þ´��Ä��ßö8ÝÎ�9øÝ

×Í�§W°�ÎBð�¨3×°@~��¸Æ.hA»�^×à¼¡1�Ó�

Ù�ÝM��;¨éT.�®à[T�|ìÝa;¨�èº?Ì��@Ý�1�

3.4 ������[[[TTT���888���···¯̄̄

Ì�ÓM�C9-®à.�Ý�Ù;ðÍ¨éB�{��!JP��Í`èîÝ

���;T�BÎðV�% 3.2 3ÃFîM�9°¨éE®HCÑøÐÃ�¸à

Xñ¼ÝÅN�9×%4QÕÎÁÐÝÿa�¬Q�|�51��¢|b°@~

�óA5�ÍóÂ5µë÷�¨é�1ß3���phû�#�hy�5�

�®H§¡î&Æá¼�A�×ÍGr^b�8n�TÎËÍGr^bø8

n�Jµþz�H�T��H��'u×Í®TÍW5®�ßú�#y�J8n

y�®Ý8nÐó5µÍD3a�ù!øyõ��8T��H/�Ç8Eß3T

����p| ½�¸àAhß3Ý®H/�¼�Y'IÉ¶��1P#�L�

�à#f´:ù����% 3.2 �ú¦�îXÜ�é�ùvÌ��ç�%�&Æ

|ËÍ Lemarié ~®�)W¼ÿa×ÍGrXâ¦�P®��ÃÍîh���ã

ËÍ�M�Ý~®�Í¼��;
8Ty��~®;ó- e600 �~®D»ð�Ç

�yÏ 600 F���Â�D»ð�ÿ��Gr��
 1024 F�����;
8T

y��~®;ó- e470 �~®D»ð�ÍM�$´ e600ï�×$�9°óC×

]«Î�^�×]«ô�1Î©��óCËÍ�M��¯&Æ�|���å	I

�;E�£5µX��ñ¼Ý�\��ËÍ�HFÝóCô��ÕGrM�®ß

�HXSlÝ¨é�ùT1Î8�[T��9×[Tyh�XSlÝPÏÛÎ®

H5µ�º»®��?Ì�Ý1�XÛÝÆ��Î¯ËÍ	IGr5�#���

ÒÝ÷GJ9×®�Pµ÷k¦��XÛÝ�^�JÎ13×Ë@�BÏµì�

&Æ??P°ß�`èîÝsßP����ÌßuJËÍvAh%ÝGr¼�®
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Hf´TY'IÉ¶��£ºãÿ9KbL�Ý��	

G��1�A�àó.2P¼ÙÕ�ô�ÄÎì«ËÍ°ñf»ðn;P�

��

f (t − τ) ⇐⇒ e−iωτ F(ω), (3.8)

| f (t) + g(t)|2 ⇐⇒ |F(ω) + G(ω)|2. (3.9)

!ø2�h�ÔNr� t � ω �|!8*ð�¬��D3×ðó¶�-�ÐÚ°

ñf»ðP��L
¢��h2P�Ì��é�1Î�3×Ír½/ÝÉ�º�

WETr½/Ý����!�H�	I®�CW¨×r½Ý¦�®��Î
°ñ

f»ð�Ô'�gE©P�duality properties��×��ï�Ç¸ÏÞÍ	I��

Ý}ñ®HÿÂ�modulus�Î!yÏ×Í��Í}ñÝ®HÿÂ�¬ËÍ��Ý

)WGr�®HÿÂÎ�!yÍ½��ÍÿÂÝ)W�ôµÎ1�4Q°ñf»

ðEW5GrÎ×ÍaP®¼�¬�H¬&aPÄ��ùT1Î)WGr���

®H5µ��yÍ½�H5µ�õ�

|î�Ïµ$Î.§îÝ¨é�Í¸�m�ÊÝÎ@jóÂø�X��SáÝ

×°�@�P�Ab§���b§Yâ�����TÔ�®H�î�L��TÞ

î�HEÌP�Î§�16�P��

3.5 ®®®HHH¥¥¥���PPP®®®ÞÞÞ

�Õ®H¥�P®Þ�@jîG«Ë;�2Vèî�9×;�Ìß?Ì��î8

ny®HTàîXÄm¥���hûP®Þ��

×M�úEh¨éÝ¡��

���ºóÂ�§¡§�ððP°�Yg)�ô-I�!óÂ�H]PTbÍÍ

½�y��&Æ¢ãËË�!Ý®�óA5�ÌF�¬J��iþ�Ý±ß®Í

®��ø�Gr¼�|»î�M��

� 3.2 �bëà�?Gr�Nà�âb®{�i>Í½ÝÙ�Â�9°Ù�

Â;|FÙÝ®�÷ë�Ù�°OÕ�9ëà±ß®ø��?KÎ3��×øÝ

23



��f�ì�ÿ�Çëg��Í�±����8!��®{��H���¬è 

Ké�i>�5g÷�yëÍ�!i��h°Grãøa`
 240 J�ãø�£


 40 Hz�ëàGr�ÏÞ�¼Î!×F�®{�?�¨Ï×�¼GrJÎ5½

3Ò�i� 3�4�5 cmÝëÍi��Ké�i>�h²�®{�i>�?�HÃ

Íî�Ú
3!×U\«î�îì*8û 0.6 cm��AÎ�ÏÞ�¼�®{ÃÍ

î�Ú
¥«���Gr�����Í½���®{GrÍ&4Ù�Â�1ÎÁ

ÐÙ)�.h��÷ë�Ù�ÌF���h×®��Ïµ�yh�?Wð�T¢

óì�ÍÙ�óÂ�T5����¾§�Ý%��stationary�ÏV�

#½¯&Æ�®HÌF�s�::ÍóÂ�ÇA¢�ùT¸�®�%��1�

% 3.3 î9ëàGr3Þà®H¢óìÝ�H�� 12 f5µ`a�ãh%&Æ�

|D|sÆËÍ¨é�Í×�î�Ý×Ë%��V�1Î���2.��ÍÞ�

8�·¯�½Ï�h%ÍîI�%
®{¥«�?��H�ìI�%J
�!i

���i>Gr�H��¼��%5½Îã�!°ñf5�¢ó�ãËÍî�%

��Í¥«�?��HÎ#p1Î¥¨�¬¨×]«A�f´î�%�ì�%�

!×à®ø��?�J&Æ�|:Õ®{�i>��H�Ï�ÕÎ×lÝ�hÛ

.
3!×à�?n�®{�i>Ý8��P¡Î3` îTè î�KÎ8×

lÝ�DÌ�!�?à�Í8! µD3Ý` îÝ8�-��GGÎ9×` 

8�Ý�!�µñ¼Ý�¥Ý��¥¨P®Þ�î«ËËÏµ�5�¨Ý®àÇ


58�[T6�ÃÍî�E×Íýú�Ù&ÆÎP°ßé�!�?Í�!8�

ÏµÝ�Ãh�ÞIÝ®Hf´�
��¯�
�{	bÝ9øÝ-á�A�&

Æ.9°¨é«G�ÝA»�^×TY'IÉ¶�[T�|nÐ�£&Æ�p


×MÝ��GÝ)Ê�ô�|Ì��º®H�nÜMÍ�¨�
°J�

¨% 3.3 ¼��%Í°ñf5�¢ó�óÂ�§;µÇt{�ã�æJ�|

ª3Í5µ��²P�¬ãBlackman l�|3K\&[T�¼�%Í ðFó


 512 F���ã�
 36���%Í ðFó
 1024 F��ã�
 17��ã�

{J®H���-�D��ã�±J®H ²P���¥«P¾½P��ª±�

�¼�¯&Æ|¨×Ëf´Î§P�àÆ;ÝW�]P���1�¢|ºb9

øÝ�@�PC��¥«P�% 3.4 î±®iþÍîì*ËY®{�Xÿ®{�
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�8n;ó5µa��ã%��Í5µ��!JPÏ�v�8nóÂ¦�<3�

�8nKAh�?Æ¡ø8nÝ�9øÝÏµP��î�µ®HÌF���9°

®��"µ�´Ý¸ÆÝ�5�Í³�5�pn	I`èÝP;�

3.6 ���888nnn;;;óóó������HHH555µµµfff´́́���@@@îîî

@~�9KÎ
ÝØ°ü�ýÝ�©ÎêÝ;ð�p¾W��Ä�F�Ó��?

?ôbPï�Ý����J±r@��J±s¨���ÎÄb[$�¬�}��

P~�Ù�¨�µ®ï���&9�Þ¼��Í���#�Î0Æ0ß®ß�3

9×;�X��1Ý/�ôÎP�Ý�æ`�¸8ny���Ç�iþ�Q�

£��9×F�¬Î�¨3@~ÝP��?½1�:�%�@î�©Î�1�9

B�×°Gr��::��::�Ç¸�^P��5�PLôP÷�¬��ÝÃ

Í�OJmé¹��z�� DT©P���Þ��/²J��(Å(C���

×f�A¢���ô.
h×�²�ÿ|11h�Ý�@î�

G�XÛ�²Ýæ`���ÝýµÎ8nyy�8n;ó5µ��H5µÝ�

!�Ç��ÍNFJÎiþ�Q�£Ý¾��.
�§¡î�HÎ�8n;óÐ

óÝ°ñf»ð�¸Æ�1×�Ë«�¬h�¢|Ëï:ÕÝÎ#
�!�

	���Ç��iþÝ�±^��®à�i®�ÇßR�9°±ß®Ýx�£

�9
 2.5 Hz��iþÝ�QD(Î[ã8E{�Ý±ß®���Þ�»ÉÕ�

�8E±�Ý©P�£�3|ìÝ���&Æ�|:ÕiþÝ�Q�£�±ß®

Ýx�£�Vb 30 ¹Ý-û�¨Í��Û��-ûJøÄ0¹�

% 3.5 Î×/âiþ�Q�£Ýi��?®{�Gr�9×®{�Ìb��·

¯�Xà®{��t�¥ï���9×GrB�ÝÎ�±^�c¡�±ß®�Ç

��ìÝi�Â�%����Gr#���Q�£Pª�´�Q��OÕ9×·

¯GrÝ�8n;ó5µ�Jÿ% 3.6 �5µ`a�ã9×%&Æ�|yî:�

8nyiþ�Q�£Ý��Î
 13.3 sec�h×��u|yi®Ý2P¼Ef®

���iþÝ` �JËïÙ)�#·�ùÇ�Q�£�®> C Î8Tyi®

N>2P Cg = C =
√

gh �P� g 
¥æ�>�� h 
i��¨`a�<�
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�tapering�JÎóÂ�§`�#ëÂ�zero padding�XET�¨é�

¨�Q�£ù�l�ãIÉ¶�l®¡ÝGr`a:ÿ�% 3.7 îh×±;G

r�¨®lÎàt±§�l®�Ç^\�£�cutoff frequency�ÎëF×���

�®llV
 Blackman�ã`a��®»V
 0.15mm�¨h%ùèî�9óÝ

·¯3��{� ���±ß®�ñ��yV 10 Hz�b�½ â�

#½¯&Æ¼:h×·¯GrÍ�H5µA¢�% 3.8 Î
¸àËË5� ð

���segmentation�ÝËÍ�H`a��Q2�ËÍ�%�¬5µ-²P#��

��:��Q�£ô#Îæp�

á)f´G�E�Q�£Ý¾\P�&Æ�|Ý�Õ�Ç¸§¡î�HÎ�8

n;óÐóÝ°ñf»ð�¬@jóÂ5�X�ßéÝ��Q�
�!��h�

ÝÏµx�Î8nyóÂ5��§�ÏVìó.§¡bÍ�!Þ;��A�\`

[T� ð5v��ã�9>��������l�.����

3.7 ���+++

9×a�Ìßµ�°»ð�°ñf»ð� Ýn;�D¡ÍX��9¨é�×]

«|.§CóAÿaÙÕ�×]«|��£]Ì�»î�qÙP2¡��}��

Gr°�©P.`�ô�º� �£"Dî��ÝÃÍpÞ� v
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� 3.1� h×à ASYST +�Xã¶Ý���PÛàyOã×@óGrÝ�°»ð�ãÍ

����°»ðÛíáGr��� FFT C IFFT º®�4�à)��ÃyÒ÷°
ñf»ð��ã�X�ß®ÞùTÎ®H��P®Þ�&Æ�|�ºh×»ðX
ÿ��Gr�� �£�
���²�¥�p|Rc�

\ ---------------------------------------------------------------------------
\ A small program piece which finds the imaginary part of a real signal
\ based on the analytic signal procedure.
\ The computation makes use of the final results of complex calculus based
\ on Cauchy principal value integration.
\ The length of the input array will be automatically truncated to the
\ maximum allowable power of 2.
\ ---------------------------------------------------------------------------
: my.hilbert
fft []size n.fft.pts :=
dup becomes> t1

dup sub[ 1 , n.fft.pts 2 / ]
0 +1 z=x+iy *
t1 sub[ 1 , n.fft.pts 2 / ] :=

sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ]
0 -1 z=x+iy *
t1 sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ] :=

t1 ifft
zreal

;
\ ---------------------------------------------------------------------------
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% 3.1� h%�î×Í®Þ¥¥ÝA»�^×�¸à|R�ËGr�®H;ó5µÝà#
¤ÂÎÍÌb@²Ý¥�P�A�à#ãí��íáGr�®H¤Â"D�J

hA»�®à^×Ç��í�GrÎ
íáGr�Ø×áµDTÐó�impulse
response function��IÉ¶��convolution��ôµÎ19×A»�^×Î
í
�Gr�íáGr� ÝY'IÉ¶��deconvolution��9×ÌF�W°:«

&ð�����¸Î×Í0-ÁÍ�¥ÝÄ���|Ý.§A/ZXî��h%
/3Ý®Þù8ny®Hà#f´XÄ6�ÊÝ®Þ�!`¸ù�% 3.2X��

â�Û68n�A�Ê`è�;PCÍ¸&øóÂ[TX�Ý��P�
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Point series (time or space)
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% 3.2� Í%à|1�ÿW[T�8�·¯E°ñf�H�º�Å(�XãGrAî�

%�Í;ãËÍ8ÏM��	I~®X)W�h�Gr��
 1024 F��ËÍ
8Ï	I~®
t�M�� Lemarié ~®�Í¼��8Ty��~®;ó- e600
�~®D»ð����;8Ty��~®;ó- e470 �~®D»ð�ì�%J

îGr�°ñf�H�h%�	�î8��`�P9ËÍ.�X®ßÝ�\�h

²�h%��
8nyÑøÐÃ�°ñfÐÃ;Ñø�X�©P�¨ù�1�A
»�^×�Y'IÉ¶�X�®Þ�
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� 3.2� |FÙÝ®�÷ë�Ù�°Xÿ�ëà±ß®Í®��ø��?GrÙ�Â�9
ëà�?KÎ3��×øÝ��f�ì�ÿ�ÏÞ�¼GrKÎ!×F�®{�

?�Ï×�¼GrJ5½Î3ëÍ�!i��Ò�i�5½
 3�4�5 cm��

i>�?��®{�i>�?�HÃÍî�Ú
3!×U\«î�Grãøa`

 240 J�ãø�£
 40 Hz�AÎ�ÏÞ�¼�®{ÃÍî�Ú
¥«���

Gr�ã�ÿá�Í½���®{GrÍ&4Ù�Â�1ÎÁÐÙ)�.h��
÷ë�Ù�ÌF���h×óÂ5�Wð�¾§�Ý%��V�Q9×��Q�
®HÌFï�8A1�

Case : f0w6030.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:19:05.48 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 554 26.74 23.67 23.04 20.20 17.38 15.92 12.03 12.93 .44 .44 .44 .43 .44

2. 572 2.90 2.69 2.61 2.33 2.04 1.89 1.44 1.54 .44 .44 .43 .42 .42

Case : f0w6040.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:14:05.76 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 22.81 20.65 20.52 17.04 14.48 13.32 10.35 11.01 .45 .44 .44 .44 .45

2. 563 2.98 2.88 2.72 2.35 2.04 1.89 1.46 1.55 .44 .43 .43 .43 .43

Case : f0w6050.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:00:30.72 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 17.62 16.49 16.30 14.02 11.94 10.97 8.22 8.88 .45 .44 .44 .44 .45

2. 562 2.83 2.74 2.72 2.36 2.06 1.91 1.45 1.55 .44 .44 .44 .43 .43

----------------------------------------------------------------------------------------------------

Units:: Aqueous flow (Ch1:H): cm/s

Surface wave (Ch2:H): cm

Period (T): s
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 512 � 1024 F�ã� 3.2 �h%
�f´��#Î�@2:��Ç¸µ÷ë�Ù�ÌF���h×®��Ïµ�¾
Õ§�Ý%��V�¬µ®HÌF�¡�9×Í%��VQ�1Î���2.�
Ý�h%�% 3.1 C 3.2 ù!
nÐÝ�!`ù2âÒ÷ÑøÐÃÝ�¨�
�
ùvÎA»�^×TY'IÉ¶�[TXm�Ê.ô�
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4.6 óóóÂÂÂÿÿÿaaa

¯&Æ�Ê×ÍãëÍ<P®Xà)ÝGrAì�

s(t) = aeiαt
+ beiβt

+ ceiγ t
= A(t)eiφ(t)t . (4.1)
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P� a, b, c
M»� α, β, γ 
�£�u9°K
�ðó�Jh×GrÝ°ñf»

ðÎãÒ÷ÝëÍ delta Ðó�T delta 5µ�XàW�Ç

S(ω) = aδ(ω − α) + bδ(ω − β) + cδ(ω − γ ). (4.2)

¨9ëÍÐóÝ�T�£5½�y α, β, γ î�u α, β, γ K
ÑÂJJ S(ω)G5

µy�£�Ñ�î�h` S(ω) ETÝÎ
��Gr�

O�h×��GrÝ8�Ðó�M»Ðó�ÿ�

φ(t) = arctan
[

a sin(α t) + b sin(β t) + c sin(γ t)
a cos(α t) + b cos(β t) + c cos(γ t)

]
, (4.3)

A2(t) = a2
+ b2

+ c2
+

2 a b cos [(α − β) t] + 2 a c cos [(α − γ ) t] + 2 b c cos [(β − γ ) t] . (4.4)

�ã8��0óÿ� �£


ωi (t) =
1

A2(t)

{
(a2 α + b2 β + c2 γ+

(α + β)a b cos [(α − β) t] +

(β + γ )b c cos [(β − γ ) t] +

(α + γ )a c cos [(α − γ ) t]
}

. (4.5)

*|×°óÂà)�á [( a, b, c );( α, β, γ )] �|R�G;�Ýë;¨é�

% 4.1 î�ó��Gr8TyóÂà
 [( a, b, c );( α, β, γ )] = [( −1.2, 1, −1 );( 1.6

×2π , 3.2 ×2π , 3 ×2π )]`�M»����£�����h`ÿ��� �£�å

§yW5®H�¨Í��Gø÷�´P���æ�W54ÎÒ÷®H�¬� �

£
� \Ý=�5µ�

ÞG×óÂà�ÝëÍ�£®°�;�A [( a, b, c );( α, β, γ )] = [( −1.2, 1, −1

);( 1.592 ×2π , 3.183 ×2π , 3.024 ×2π )] Jÿ% 4.2 �5µ�%����Â� �£

41



Ý�¨�h²4Q� �£¦��;Ýsß�H;����T1M»��Ý�Ï

���#��¬� �£5µ�ÏQb#�-²�

% 4.3� 4.4� 4.5 î¨ëàÿaóÂ�9ëàóÂÝ�£�ÿÂ�modulus ù

TM»4Ý�EÂ�Ë
8!�ÍX�!ïÛÍ8E8���9�!8E8�Î

�¨3Í½W5ÍM»ÝÑ�-²���h×-²8	y8�b×É�Â
 π�

% 4.3� 4.4 5½î8Ty [( a, b, c );( α, β, γ )] = [( −2, 1.5, 2 );( 2.5 ×2π , 2.75

×2π , 3 ×2π )] � [( a, b, c );( α, β, γ )] = [( −2, −1.5, 2 );( 2.5 ×2π , 2.75 ×2π , 3 ×2π

)] �hË%ÝM»������8!�¬�£��ÝÏµ4Qv«�Q�ÅH�

% 4.5 Jî8Ty [( a, b, c );( α, β, γ )] = [( −2, −1.5, −2 );( 2.5 ×2π , 2.75 ×2π ,
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O8Ty z(t)Ý��Gr�Ç
¸�£5µ©3ÑÂU�î�Ä6. A(ω)
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zb0(t) = zb(t)e+iωct , (5.3)
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Frequency band

Cases Band 1 Band 2 Band 3 Band 4

Wind waves† .4697
.5303

.4943

.5057
.4950
.5050

.4998

.5002

Stokes waves‡ .4853
.5147

.4969

.5031
.5004
.4996

.5047

.4953

†Wind wave cases under 6m s−1 wind
‡Mechanically generated Stokes wave cases with fundamentalharmonic band centered at 2.2 Hz
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Concepts of time-frequency window (1/2)
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Figure 1: Phase plane of a wavelet packet’s best basis time-frequency windows (top) for a linear chirp signal that is sampled
under aliasing condition (bottom). Here wavelet packets associated with coiflet of 30 convolution weights is used. The
original signal, if not under-sampled, has linear instantaneous frequency distribution form 0 to 100 Hz. Note the non-symmetric
effects and the scattering of windows due to the composite frequency bands that form the wavelet.
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Concepts of time-frequency window (2/2)
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Figure 2: Phase planes (top: logarithmic measure; bottom: linear measure) of a wavelet packet’s best level time-frequency
windows using the same linear chirp and wavelet packets as in the previous figure. In view of the fact that a single orthonormal
mother wavelet can yield many different wavelet packet representations, that there are basically infinitely many wavelet bases,
and that we may use different graphic renderings, we are easily trapped in the dilemmas of choosing an appropriate basis.

106



5/59

JJ
II
J
I

/�

/±

p

��

The Analytic Signal and the HT

Complex signal and the instantaneous frequency
sr (t) = a(t) cos φ(t), (1)

z(t) = sr (t) + si (t) = a(t)eiφ(t), (2)

ωi (t) = φ′(t). (3)

The instantaneous frequency and the Hilbert transform

z(t) = F−1
{S(ω) + S(ω)sgn(ω)} . (4)

z(t) = F−1
{S(ω)} + F−1

{S(ω)} ? F−1
{sgn(ω)} , (5)

z(t) = s(t) + i
[

s(t) ?
1
π t

]
. (6)

z(t) = 2
1

√
2π

∫
∞

0
S(ω)eiωtdω (7)

z(t) = s(t) + i
1
π
P

∫
∞

−∞

s(τ )

t − τ
dτ (8)
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H[s(t)] = ŝ(t) =
1
π
P

∫
∞

−∞

s(τ )

t − τ
dτ (9)

f (t) =
1
t

(10)

ŝ(t) =
1
π

(s ? f )(t) (11)

F[ŝ(t)] = S̃(ω) =
1
π

S(ω)F(ω) (12)

F[A[s(t)]] = S(ω) + iF[H[s(t)]] =

{
2S(ω) ω > 0
0 ω ≤ 0 (13)

S̃(ω) =

{
−i S(ω) ω > 0
i S(ω) ω ≤ 0 (14)

OH (ω) = −isgn(ω) =

 −i ω > 0;

0 ω = 0;

i ω < 0.
(15)
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An ASYST word for Hilbert transform

Table 1: An ASYST word (equivalently, a subroutine in some programming languages) for performing the Hilbert transform of an array.
The word takes a one dimensional array as its input argument. As is clearly seen, the basic algorithm is related to several processes that
manipulate on the contents of the FFT of the input signal. It is therefore of no doubt that those inherent features of the Fourier transform are
going to affect the explications of the results of the analytic signal procedure.

\ ---------------------------------------------------------------------------
\ A small program piece which finds the imaginary part of a real signal
\ based on the analytic signal procedure.
\ The computation makes use of the final results of complex calculus based
\ on Cauchy principal value integration.
\ The length of the input array will be automatically truncated to the
\ maximum allowable power of 2.
\ ---------------------------------------------------------------------------
: my.hilbert
fft []size n.fft.pts :=
dup becomes> t1

dup sub[ 1 , n.fft.pts 2 / ]
0 +1 z=x+iy *
t1 sub[ 1 , n.fft.pts 2 / ] :=

sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ]
0 -1 z=x+iy *
t1 sub[ n.fft.pts 2 / 1 + , n.fft.pts 2 / ] :=

t1 ifft
zreal

;
\ ---------------------------------------------------------------------------
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Inherited Hilbert Transform Properties

• A problematic mechanism of direct deconvolution

• Effects of transient and phase noise

• Spectral repeatability

• Autocorrelation coefficients and power spectra
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The Problematic blackbox mechanism

Spectral division: H(ω) =
G(ω)
F(ω)

Direct deconvolution: h(t) = F−1
[

G(ω)
F(ω)

]

Figure 3: The simple blackbox here is to illustrate the following problem: Does direct quotient of spectral coefficients of two spectra
physically significant? If a direct division of two spectra is taken, this blackbox implies that the output is the convolution of the input signal
and a certain impulse response function, or alternatively speaking, the blackbox mechanism is the deconvolution between the output and the
input signals. The concept is intuitively simple, but it is generally of little use due to the fact that the process is extremely error prone. The
figure fully illustrates the inherent problems regarding a direct comparison of two spectra when there are concerns of non-stationary effects
and other possible uncertainties.
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Effects of ambiguity and phase noise
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Figure 4: Effects of ambiguity and phase noise arising from local transient features of a signal are illustrated using two separated
wavelets. Here two Lemarié wavelets located at two neighboring scales (the least two scales within a 1024-point series) are
shown in the top figure. The pulse at left corresponds to the inverse wavelet transform for unit wavelet coefficient e600; the
right corresponds to e470. The power spectrum is shown in the bottom figure.

109



11/59

JJ
II
J
I

/�

/±

p

��

Stationarity as viewed from Zero-up-crossing

Table 2: Zero-upcrossing statistics for three different measurements under the same wind condition. Channel 1 is for aqueous flows measured
with an LDV at a depth of 3, 4, and 5 cm, respectively, below the mean water surface. Channel 2 is for surface displacements measured
at nearly the same cross section. Statistics for channel 2 can basically be regarded as results from repeated measurements. Various results
from channel 2 indicate that the wave field is well stationary; however, this situation can hardly be appreciated when viewed from spectral
perspective shown in the next figure.

Case : f0w6030.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:19:05.48 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 554 26.74 23.67 23.04 20.20 17.38 15.92 12.03 12.93 .44 .44 .44 .43 .44

2. 572 2.90 2.69 2.61 2.33 2.04 1.89 1.44 1.54 .44 .44 .43 .42 .42

Case : f0w6040.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:14:05.76 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 22.81 20.65 20.52 17.04 14.48 13.32 10.35 11.01 .45 .44 .44 .44 .45

2. 563 2.98 2.88 2.72 2.35 2.04 1.89 1.46 1.55 .44 .43 .43 .43 .43

Case : f0w6050.dat ( f1 p3 c1 s9 )

Date : 01/05/96

Time : 02:00:30.72 Sampling frequency : 40 Hz

Specifics : Sampling time length : 240 Sec

Ch #_W H.1 H.2 H.3 H1/10 H1/3 H1/2 H.ave H.rms T1/10 T1/3 T1/2 T.ave T.rms

1. 546 17.62 16.49 16.30 14.02 11.94 10.97 8.22 8.88 .45 .44 .44 .44 .45

2. 562 2.83 2.74 2.72 2.36 2.06 1.91 1.45 1.55 .44 .44 .44 .43 .43

----------------------------------------------------------------------------------------------------

Units:: Aqueous flow (Ch1:H): cm/s

Surface wave (Ch2:H): cm

Period (T): s
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Spectral repeatability
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Figure 5: Spectra corresponding to the signals shown in the previous table (Table 2) — The figures on the left use a segment length of
512 points; those on the right of 1024 points. The figures on the top show power spectra for the repeated measurements of water-surface
displacement; those on the bottom for aqueous flows measured with an LDV at several depths. It is seen that the repeatability of power spectra
is rather poor even though the zero-upcrossing statistics indicates a well stationary condition. In fact, the curves here hint poor performances
of spectral coherence to be given in a later chapter and also explain the possible deficiency regarding direct deconvolution for two signals
acquired either under the same wind condition or not (or from different batches).
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Physical implication of the autocorrelation coefficients
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Figure 6: Wind waves in the tank soon lose their identities — the auto-correlation coefficients of two series of wind-wave signals measured
at upstream and downstream locations in the oval tank. Here we see that the correlation level is low and diminishes rapidly. A sensible
feeling is that these waves lose their identities extremely fast when viewed from Fourier spectral perspective.
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Noisy wave form where natural frequency embedded
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Figure 7: A noisy wave form in which the natural frequency of the wave tank imbeds within.
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The autocorrelation function of the noisy wave form
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Figure 8: The embedded natural frequency of the wave tank – the figure shows the distribution of autocorrelation coefficients of the noisy
wave form.
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Minimally filtered signal of the noisy wave form
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Figure 9: Low-passed signal of the noisy wave of little energy – Here Blackman filter with minimum degree of filtering is used. And one
see that most of the noise is associated with relatively high frequency, in reference to those of water waves.
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Power spectra for the noisy wave form
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Figure 10: Power spectra for the signal shown in figure (Fig. 7). Since power spectrum is the Fourier transform of the auto-correlation func-
tion of the signal, the comparison with the auto-correlation curve indicates the existence of intricate differences between the two numerical
implementations for a single formulation.
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Characterizations and Numerical Modeling

CAUSES: Incompatible concepts and conflicting requirements
• The incompatible concepts between “instantaneous” and “frequency”

• The conflicting requirements of “support length” and “regularity”

• The interplays between amplitude modulation, frequency modulation, and phase

RESULTS: Paradoxes regarding the instantaneous frequency
• May not be one of the frequency in the spectrum

• Invariably continuous for a discrete spectrum

• May go well beyond the band, both higher or lower.

• May be negative.

• The whole signal at all time is needed to calculate any local

• Bear on local energy content
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Simulations
s(t) = aeiαt

+ beiβt
+ ceiγ t

= A(t)eiφ(t)t . (16)

S(ω) = aδ(ω − α) + bδ(ω − β) + cδ(ω − γ ). (17)

A2(t) = a2
+ b2

+ c2
+

2 a b cos [(α − β) t] + 2 a c cos [(α − γ ) t] + 2 b c cos [(β − γ ) t] . (18)

ωi (t) =
1

A2(t)

{
(a2 α + b2 β + c2 γ+

(α + β)a b cos [(α − β) t] +

(β + γ )b c cos [(β − γ ) t] +

(α + γ )a c cos [(α − γ ) t]
}

. (19)
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Continuously distributed and out of range
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Figure 11: The amplitude and frequency modulation curves for a signal with three constituent components of the wave parameter set
{(a, b, c); (α, β, γ )} = [(−1.2, 1, −1); (1.6 × 2π, 3.2 × 2π, 3 × 2π)}.
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Negative frequency
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Figure 12: The amplitude and frequency modulation curves for a signal with three constituent components of another parameter set
{(a, b, c); (α, β, γ )} = [(−1.2, 1, −1); (1.592 × 2π, 3.183 × 2π, 3.024 × 2π)}. Here there are slight modifications to the frequencies
of the sinusoidal constituents as used in the previous figure. As can be seen the modifications induce dramatic differences in the general
shapes of the instantaneous frequency.
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Phase effects
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Figure 13: The amplitude and frequency modulations for two different sets of parameters, [(a, b, c); (α, β, γ )] = [(−2, 1.5, 2); (2.5 ×

2π, 2.75 × 2π, 3 × 2π)] and [(−2, −1.5, 2); (2.5 × 2π, 2.75 × 2π, 3 × 2π)]. Relatively, the only difference is a constant phase shift in one
of the sinusoidal components. The figure is to be compared with the following one.
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Another case of phase effects
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Figure 14: The amplitude and frequency modulations for another set of parameters [(a, b, c); (α, β, γ )] = [(−2, 1.5, −2); (2.5×2π, 2.75×

2π, 3 × 2π)]. Again, there is only a constant phase shift in one of their sinusoidal components. This figure together with the previous one
indicates the sensitivity of the instantaneous frequency on the relative phases of the spectral components. One concludes that the analytic
signal procedure suffers severely from the phase noise effects just as the power spectra do. Note that the tick labels for the y axes of the
instantaneous frequency are all of the same value; this is to reflect that the instantaneous frequencies are basically the same except that there
exist unbounded points under machine-precision.
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Amplitude modulations of band-filtered components
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Figure 15: Amplitude modulation curves (the envelopes in dashed lines) for four different filtered bands of a wind wave signal in an oval
tank.
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Windowed band-filtered components
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Figure 16: The windowed amplitude modulations for the four different bands of the same wind wave signal of Figure (Fig. 15).
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Data windows
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Figure 17: A few data windows for use in various numerical computations – the Hamming window is used in Figure (Fig. 16).
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Amplitude’s interplays -- relative rate of variation
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Figure 18: Instantaneous frequency distribution curves for the four different frequency bands with (bottom) and without (top) a data window
being applied to the original signal (those shown in Figures (Fig. 15) and (Fig. 16)). The figure indicates that sharp variation of instantaneous
frequency is mostly determined by local variation of amplitude envelope rather than its magnitude only.
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Optimizations of Numerical Process

Twists and tricks

• Consistent differentiations of phases – automate the process

• Base band conversions – remove frequency aliasing

• Designs of Hilbert filters – fine-tune and reduce undesirable interfer-
ences

• Choices of filter parameters – case dependent
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Consistent phase differentiations

z(t) = A(t)eiφ(t) (20)
dz(t)

dt
=

z(t)
A(t)

dA(t)
dt

+ i z(t)
dφ(t)

dt
(21)

dφ(t)
dt

=
1
i z

[
dz(t)

dt
−

z(t)
A(t)

dA(t)
dt

]
(22)
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Figure 19: An improper treatment of the time differentiation of phase induces undesirable bad effects (shown as jumps) for the frequency
modulation curves. The symptom is cause by a direct differentiation of phase values (arguments) based on the real and imaginary parts of
z only. Note that the modulation curve situated around the horizontal axis (dashed line) is plotted with an offset equal to the value of the
centering frequency of the solid line.
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Aliasing and base band conversions
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Figure 20: Frequency modulation curves without (top) and with (bottom) individual base band conversions. Without a base band conversion
there is a frequency aliasing into the lower frequency region. And the aliasing downshifts of the center (or averaged) frequencies are ever
more significant for higher frequency bands.
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Hilbert filters -- odd number of convolution weights
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Figure 21: Hilbert filter pairs in time and frequency domains for various odd-value lengths (15�25�35�75) of convolution filter weights.
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Hilbert filters -- even number of convolution weights
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Figure 22: Hilbert filter pairs in time and frequency domains for various odd-value lengths (20�30�40�80) of convolution filter weights.
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Remez errors
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Figure 23: The frequency modulation curves for four individual bands of a signal using two different lengths of filter weight of 25 (top) and
45 (bottom) respectively. For the 45 convolution length the modulation curves can only be obtained for the lowest two bands. Beyond band
3 (centering around 6.7 Hz) there occur Remez errors.
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Effects of start and end frequencies of Hilbert filter
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Figure 24: Effects on the amplitude modulation curves using Hilbert filter windows of the same filter length but with different start (as well
as the end) frequencies. For the lowest band the start frequency of the Hilbert filter window is not to be chosen too close to the origin of the
frequency axis.
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Edge effects and improper filtering -- case dependent
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Figure 25: Two amplitude modulation curves with undesirable effects: the solid line is associated with edge effects; the dashed line is
associated with an improper range of the Hilbert filter window. The proper choice of hilbert filter is not a fixed one. It is case dependent and
needs flexibility.
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Applications and Case Studies

A few macroscopic characterizations

• The negation of the existence of bound waves.

• Comparisons of modulation features in the wave and aqueous flow
fields.

• Characterizations of wave growth and decay time span ratio.
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Layout of experiment

Figure 26: Schematic layout of experiment
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Power spectra of four Stokes waves
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Figure 27: Power Spectra of the four Stokes waves with fundamental harmonic frequency of 1.4 (top left), 2.1 (bottom left),
2.2 (top right), and 3.0 Hz (bottom right), respectively.
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Evolutions of FMs of the Stokes wave (1.4 Hz, steepness 0.06)
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Figure 28: Downstream evolutions of the frequency modulation curves for the various harmonic components of the Stokes
wave with fundamental harmonic frequency of 1.4 Hz and corresponding wave steepness of 0.06. The top sub-figure is for
station 2.3 m away from the wave generator. The middle sub-figure for 3.5 m. And the bottom sub-figure for 4.5 m.
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Evolutions of FMs of the Stokes wave (2.1 Hz and steepness 0.20)
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Figure 29: Downstream evolutions of the frequency modulation curves for the various harmonic components of the Stokes
wave with fundamental harmonic frequency of 2.1 Hz and corresponding wave steepness of 0.20. The measurement locations
of the sub-figures are the same as those of the previous figure.
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Evolutions of FMs of the Stokes wave (2.2 Hz and steepness 0.21)
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Figure 30: Downstream evolutions of the frequency modulation curves for the various harmonic components of the Stokes
wave with fundamental harmonic frequency of 2.2 Hz and corresponding wave steepness of 0.21. The measurement locations
of the sub-figures are the same as those of the previous figure.
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Evolutions of FMs of the Stokes wave (3.0 Hz and steepness 0.30)
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Figure 31: Downstream evolutions of the frequency modulation curves for the various harmonic components of the Stokes
wave with fundamental harmonic frequency of 3.0 Hz and corresponding wave steepness of 0.30. The measurement locations
of the sub-figures are the same as those of the previous figure.
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Evolutions of the AMs of the Stokes wave (1st, 2nd; 1.4 Hz, 0.06)
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Figure 32: Downstream evolutions of the amplitude modulation curves for the first (left) and second (right) harmonic bands of
the Stokes wave with fundamental harmonic frequency of 1.4 Hz and corresponding wave steepness of 0.06.
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Evolutions of the AMs of the Stokes wave (3rd, 4th; 1.4 Hz, 0.06)
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Figure 33: Downstream evolutions of the amplitude modulation curves for the third (left) and fourth (right) harmonic bands of
the Stokes wave with fundamental harmonic frequency of 1.4 Hz and corresponding wave steepness of 0.06.
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Evolutions of the AMs of the Stokes wave (1st--4th; 2.1 Hz, 0.20)
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Figure 34: Downstream evolutions of the amplitude modulation curves (each two sub-figures is in a group) for all the harmonic
bands of the Stokes wave with fundamental harmonic frequency of 2.1 Hz and corresponding wave steepness of 0.20. It is seen
that the curves for the high frequency bands develop a more regularly oscillating (or up-and-down) pattern.
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Figure 35: The frequency modulations curves in the wave (top) and aqueous flow (bottom) fields for the various bands of the
Stokes waves with wave steepness values of the fundamental harmonics of 0.06 (left) and 0.20 (right). Here the aqueous flows
are measured at 2 cm below the still water surface. It is seen that the flow fields are more complicate and their modulations are
more significant and irregular, especially for the higher bands.
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AMs in the wave and aqueous flow fields (1st--4th, Stokes, 0.06)
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Figure 36: The amplitude modulation curves for the wave (left) and aqueous flow (right) fields for the various bands of the
Stokes wave with wave steepness of the fundamental harmonics of 0.06. The aqueous flows are measured at 2 cm below the
still water surface.
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AMs in the wave and aqueous flow fields (1st--4th, Stokes, 0.20)
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Figure 37: The amplitude modulation curves for the wave (left) and aqueous flow (right) fields for the various bands of the
Stokes wave with wave steepness of the fundamental harmonics of 0.20. The depth of flow measurement is also at 2 cm below
the still water surface. Here there is an indication that more turbulent features exist in the flow field than in the wave field for
such a higher wave steepness value.
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FM curves for wind waves and aqueous flows (depth 2 , 3 cm)
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Figure 38: The frequency modulations curves for the 6 m sec−1 wind wave (top) and the corresponding aqueous flow (bottom)
fields. Here the two measurement sets are for aqueous flow measurement points at 2 (left) and 3 (right) cm below the still water
surface. In contrast to the Stokes wave cases shown in several previous figures, the figure clearly shows that the modulations
in the flow fields are not as violent as those of the surface waves.
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AM curves in the wave and aqueous flow fields (Wind, depth 2)
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Figure 39: The amplitude modulation curves for the wave (top two sub-figures) and aqueous flow (bottom two sub-figures)
fields. Here the flow is measured at 2 cm below the still water surface and the wind has a speed of 6.0 m sec−1.
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AM curves in the wave and aqueous flow fields (Wind, depth 9)
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Figure 40: The amplitude modulation curves for the wave (top two sub-figures) and aqueous flow (bottom two sub-figures)
fields in which the flow measurement points is 9 cm below the still water surface and the wind is the same as the previous
figure. The modulation patterns show a tendency less directly brought down by the surface forcing, as are compared with those
of the previous figure.
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Wave growth to decay time span ratios
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Figure 41: The characterization of wave growth and decay time span ratio as a function of representative center frequency of
each individual band. The solid line is for the surface waves of 6.0 m sec−1 wind. The dashed line is for the Stokes wave
cases with the fundamental harmonic frequency around 2.1 Hz. For the frequency range appropriate for the present oval tank
experiments, it is seen that longer waves take relatively less time in gaining energy input. That is to say longer waves acquire
energy in a relatively rapid process and spend relatively more time in giving out their energy. Explanations are given in the
text.
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Wave growth to decay time span ratios

Table 3: The wave growth to decay time span ratios for the wind wave and Stokes wave cases in the oval tank. Representative
band frequencies should be referred to Figure (Fig. 41).

Frequency band

Cases Band 1 Band 2 Band 3 Band 4

Wind waves† .4697
.5303

.4943

.5057
.4950
.5050

.4998

.5002

Stokes waves‡ .4853
.5147

.4969

.5031
.5004
.4996

.5047

.4953

†Wind wave cases under 6m s−1 wind
‡Mechanically generated Stokes wave cases with fundamentalharmonic band centered at 2.2 Hz
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Conclusions
• Instantaneous frequency — an open question

• The Gabor analytic signal procedure — one and a half dimension
approach

• The frequency domain of the time-frequency window is compressed
into one point — an extreme situation calls for utmost thought ò

• Applications to complex or random wave systems — cautions needed
and challenges ahead

• A few macroscopic wave characterizations — negation of bound
waves, FM and AM of both surface waves and aqueous flow, wave
growth and decay time spans
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