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Navier — Stokes equation 28 F @ HFEBEREHATHL; EHEE
FERANGM  EEHRXERENY H/@E5IH—BRAMNWE 78 > HIRE MM
B HERK I WER -HFBZHRITTEE > EEHMERBREEREK
HEARBARERT * BB TIBH I ( Potential flow) AIRKX > AR ER
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B f¢ Stokes ( 1847 ) LIBE & ( Perturbation method) R #H AR LB
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BRBEEEHRARS - KREBEZRUAK AR T URKEEBEIEN
MBS 2 EEXBRGENS  DFENEhRXRTE—HAINESE HEE » X
BHAREE  BEEEM N ELREEBREEN  H BB EECHAE
M BB AR > 0 R Cokelet ( 1977 ) > Williams ( 1981 ) ~ Rienecker
& Fenton ( 1981 ) ~ Chen ( 1983 ) B Lin ( 1988 )% o % f4 He BB BI & 7 B
B~ Fii& Pz ( Short crested waves ) BB EII K =FEIH gl MRNE
B ( Clapotis ) B » A4 Tadjbakhsh & Keller ( 1960 ) ~ Phil-
lips ( 1960 ) ~ Goda & Kakizaki ( 1966 ) ~ Hsu et al ( 1979 ~ 1980 )
> Chen ( 1988 ~ 1989 ) BiChang et al ( 1989 )&%k o HF » HEfhY
ML EFIEATIRODEES S HREENRE > FEABLEESEA NS
g¢ > #MTick ( 1959 ~ 1961 ) ~ Phillips ( 1961 ) ~ Hasselmann ( 1961
~ 1962 > 1963 ~ 1973 ) ~ Pierson & Moskowitz ( 1964 ) ~ Mitsuyasu (
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MBFEREBEME ( Viscosity ) HHAKZ IS R HMEFA ( Boundary effect
)FEER HRNEEWMBOENE  —BWSEESN/) » MEERKY (Mac-



roscopical ) BIEE T » RH BB A EMFELNE B RE—LBENHHH
' MERNIT HREBHWEEERKR ( Mass transport ) EFTMTEEN > BE

2% % ( Potential flow ) R R FH I B Bl5 o Hough ( 1896 ) H
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BOEBIKE - E=H > WLRFTEMRFTHERRERD RS L EHTRHME
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RHBEBDRSZHBHERITEERSERAFRATERNY & FEHWE
BRER  SU—CRENBRESSHBRKE S > ARPHLAEFERFTRIE
RERABEFERT > GEBPRSHEEL W B2 RERSERE RS-

REER A 2T » B R (Angular frequency )For = 27 /T, , To 5
B HPH (Wave number ) Rk=27/L,.LRER 2—CHFENEHRE
HAEE TR ZHBREDBHABIRE » IREEH NE— ( REER) I
LF » AIKERR

coshk (d+y)

u, = a0y, os ( kx—o,t
p=a Sinhkd cC (kx- ) (2.1a)
sinhk (d+y)
Vp =ao, sin ( kx—o,t ) eeeeeeen 2.1b
’ sinhkd (e ) o A2aIe)
- 7» =acos ( kx—ort ) S e (2.1c)
g, = gktanhkd °» 0 =ck °* ¢ = L /T.B K& SERRTTRTRRRD (2.1d)

bk x SR E WD G E R R RE © ARG AT OB EATRE MEE
y Bhm EBUIE o up, B v, %ﬁﬁ%qﬂﬁﬁiﬁg%ﬁzmzﬁﬂﬂ :EFF%E o DU
ByAR > a=a(t) BHEEE( Amplitude ) REFRI t (B EK - éﬂ@?f‘%?&iﬁ
%?ﬁﬁ;ﬁﬁﬂbﬁﬁﬁ% g REMEE ( Gravitational acceleration ) ° |

2-1 MEXKERRIFATERZEER

4 — 3 V04 80 95 B AR R B 5 %iﬁﬁ@%%ﬁéﬁimﬁ%ﬁﬁ&m
B S EEDETHARREGERT  MbiER R R BB A
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EEER B % o M W RF I RIBROME B AR A @ﬁau@ﬁz&@ﬁamg
%> 2E Phillips ( 1977 ) 2 ( 3.42 ) X+ 5



dE jZ Lf"t
—_— = Odydx 0 e 2.2
dt LJ-o -d y ( )

(2.2) X ¢ BRI #8AYE) /1554 ( Dynamic viscosity ) %¥ ; ESGEUHE
RIEBRMIEE, BEBEKE 2HAWESHGES; ﬁ’ﬁf_t@ RRMBHEYUHESR
EPERIM E A IHE IR ( Dissipation of energy ) o BfI&S

1 ng"“ o, (
E, —_ P& 250 — 2, 2.3a)
*T L J = e

e 1
E” - . 2 2 — 2

L), ), (uf+v# ) dydx " oga

1

E=E, +E, :Epgaz ......... (2.3b)
7 N 7 du, _, vy _, du, vy ,
L 2 (—— 2 dy d
LLJ_ E(ax)+(ay)+(ay+ax)Jyx

g Z#gkzaz ......... (2.3c)

e RMEBEE ( Density ) » Bl > (2.2) RATHBE

d

pga_a:._ 2”gkzaz L eessesses (2.4)

dt

B (2.4) X DRTH - EE—BEHSRddh ) —BREBDBMBIRD &
’ ﬂﬁﬁﬁﬁi%ﬁ&%ﬁ?ﬁﬁ@f’?%ﬁﬁﬁZﬁﬁ%ﬁﬁ » B HH IR B IR 1R
KE B ) 9B R

a :a(t) :a,e_z"kzt ’ D:#/p ......... (2.5)

Mg v RMEBAYEB i ( Kinematic viscosity ) 8 > a. SFHE BB K
BEYBEAMIRB B U IRIE - R > AMAEAEEEEUHEBNBERT » iz
BB REBBHMIRE % > LFERMAORES
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—2uk’t

Up = Graee€ cos (kx—a:t )  sereeaens 2.6a
? “sinh kd ( ) ( )
., sinhk (d+y) ‘
= Ora, —2vk“t H k — Oyt ) | eeeeeenes .
Vp aoe NPT sin ( kx—o,t ) (2.6b)
7y = ace 2% cos (kx—o,t) e (2.6c)
af = gktaﬂhkd ’ gr = ck e (2-6d)

FLEBREBEREZRRMN e EHRTEHRBNBEEER » QI — 2%
U5 B 5 5 M R B 1% - %“Eﬁ%ﬁﬁ@iﬁﬁ%ﬁ%ﬁ@ﬁﬁﬁﬁﬁiﬂ@ﬁﬁﬁﬁ » B
BBy M E R B ( Modulus of decay ) tis 5

aae_zyk f1 = a,e“l ED t: = 1/2Vk2 = LZ/S’J”Z """""" (2'7)

Wit - BHET R EMEERRERAT  GERERERERK » AUEREW
FHREMMES » T2REEEHN -

2-2 BRVEBIERACE

LGRS — AR BB RIS % BB REEE R A BER
MELHE CEBEZBROERN ROANBAERBEDS > BERIRBY
EREKERBELEEESXBEZBLE > A > REEBHRMEZEEES
ZH EGRIERSABENLE  MELTERES (A LGB - (5
HERERS ARHEDECFAER) - Lt SHRBED 2 REERTE
R A/ EBEHTEBOBREBHSABIRD & > L 2EKSR KEFHNY
BETHEES -

REEREBESS > ARENAEENRE  KEESRREESEARTE
BHERSRREREN I BUARBSRATENRBEE N EEL SRS
REAXZERBZER EAREEBEN > SN RBELEESNE (
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BEHREERT - EUZET » AFERN BB S TEKS R KEN (FH®
P HEF G AT REEEESTBuBAVE » B

u= u/p +u, resoses sae (2.8)
vV = V’p + VI ......... (2.9)
du adv adu’ av’

= =0  seeasases .10
ax+ay ax+ay 0 (2.10)

’

u=v=0 »y=—d & u=—up > vV =0, y=—d - (2.11)

EXPuw, Bv, RENEFTE  BHERNSHRESHBRE TZHBESN
KFEREEEESE; Mu By SHIREZEK:S R HEEH AT 5E A X
THRHEEEEZTEE  EREMZE -Hb» (2.10) REFEMEHAEE
SFlEGRE - BEEFER ( Continuity equation ) 5 i (2.11) KB EMEE
RER SR GG -

REFEROH BB R SH > EIRu Ry Ru’ B K > WG AR
E By Navier — Stokes FBABZ » AFE W ( REUEB ) KWERT &

W:_Z&—+ vViu e (2.12)
av 1 adp
E___g-_;a__;_,,vzv ......... (2.13)
2 az
ERAF P RAEBNVEBRBFNESH > MV = T 3y? & Laplacian &

d
AR RBMIWEARR » 5 %(2.12) ﬁﬁgZﬁﬁ&%ﬁf%‘(Z.ls) A

d
ﬁa—x'ZEﬁﬁfé » aJ 1§

0w

—_— = UV
71 Viw (2.14)



du adv  du’ aov’ . dul, av)
= = s w _—=

w= —_—
dy 0x oy ox ay ox

%ﬁw@W%%ﬁ%ﬁﬂﬁ(WNRNY)’%ﬁ&ﬁ%ﬁﬂ@ﬁﬁ%%ﬁ%
cHRMBHEY BERMNE  RHEFRBEAYMEEIER SR L MEKy
ﬁ%%%%’ﬁﬁﬁ@ﬁﬁ@’—$W§’%@%ﬁﬁﬁ§ﬁﬁﬁﬁéﬁﬁ;
BEE—R AT SR B &R 8 EE ( The thickness of boundary layer in waves
motion ) HBAERL RA/M/IE » MBI 0y > 0,/9x o Bt » (2.14
)R (2.15) MR ATHLR

dw tw

3?. 5;?_ ......... (2.16)
du’ av’ au’

w = — —— =2 it eeenes (2.17)

BREAHzEH (Hyd —dBEyBEsZ) '8

au’ %u’ . ‘
I:v ayz ‘ e ee- (2.18)

BEL| LB TR RS 5L BB (2.8) 3 (2.18) &
HOBRRE » RS P RO — 25 V0 B0 58 B AR TR BD G » LR B B M A 4 7 T 5 i 2t
RERSRAEEROEE > TS MW EB B E o« By R TR
28

aul azul

=V e 2_19a)
at dy? ( ‘
ou’ av’
e T ) (2.19b)
ox + dy
u’ =—up » v/ =0 ’ y=—d i (2‘19(:)
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u—=0,v -0.,y+d—kK e (2.19d)

(2.19a—d) KN ZREE > P IRE AR 2 BER B ( The method of separa-
ting variables ) B2 » 4

u’ =Re {X(x)Y(y)Z(t)} e (2.20)

HERe {+} REFAEBEHE - i (2.19—d) ABBEHER » Bt
 RRBEEFEL TEEEMY =X YG)Z() ETRME > BRE
ERHBOOT o RES LR THBRBEDS ZIRE M ( kx—0t ) F &
R BB S BWE (2.19—d) RZW - B

u’ =Re {—a.0,e%* cschkde-e 84+r’ i (hr—os) gif(d+s)}

=—a.0-e% cschkd » e #“*?’ cos (kx—a,t +8(d+y ) )

......... (2.21a)

v/ :vz’/_l; a.0-e% cschkd » (e #9* {cos (kx—ort+8 (d+y)
+sin (kx—o,t+8(d+y ) )} —cos ( kx—a,t )

—sin(kx—0o,t)) e (2.21b)

g, +io; /o,
zy == 2y L deesesans (2.21(:)

HE o RTEENES SRR BEERARRRERSABEZEEEAT
EEBENTERE THEERBESIER Q2 AZEAREZ BHEER

2
Ria s B8 o | <o s iR EEME B SNz 8 —y of R—#
FENEREEE -

ERBHBERNE » KA KO BT SR HEIIR - Al (
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u’ =—aoorcschkd « e B9 cos (kx—a,t+8 (d+y )] --- (2.22a)

v’ :‘/—;—k_— a,0r cschkd (e—ﬂ””j {cos (kx—at+8(d+y) )
ar ‘
+sin(kx—o,t+8(d+y) )} —cos (kx—o,t )
—sin (kx—o,t )) e (2.22b)

SEfA 8L Phillips ( 1977 ) Brh#g 46 E ATk % — 5 - 77 Longuet — Hig-
gins ( 1957 ) BEHE o

552 W 385 LT 5 A 25 0% Y4 BH AR R BD 4% » L% v M B 0 IR S SR OR
BRAREZEE AT ZHRSRE O BT OERBSHORERS > WK
BIHHREY BRB o S BERMM Bk (2.2) RZER - BIHME
Bu=u+u Bv=vh+v' RA > REBER vk* BARET B85

da 1 2vk
a— = — 2 ugk?a®? — — pgo, csch2kd « a?  ------ 2.23)
pga -~ ©g 5 P8 / . (
ANt » AT
2 1 k P
a=a(t)=a.e%t » 0, =—2vk _?E grcsch2kd - «:ooeeee- (2.24)

HFERNED B F— 2B 42 = kx— ot
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= r = : . — e BCdty)
u=up+u Tmkd { coshk (d+y ) * cosx—e
* COS Ex+‘3(d+y)]}-e“i‘ eveeenas (2.25&)
— P AoOr . ) ‘. . -L_IE_ —8Cd+y)
v=vh+v Tk { sinhk (d+y ) * sin% + > B (e
* {cos (X+B(d+y) )+sin(2+8(d+y) ]}
—cosX—sinX )} et e (2.25b)
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o = gktanhkd » o = ck > c BIEE 000 ceeeesees (2.25d)
EREMABP KRR R Bl BB

d ool
u=uy —a.ore?** tetcos (kx—o,t ) s Hu’ =0  ceeeeee (2.26a)
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7):7]p:aae_z“"2‘cos(kx—0rt) --------- (2.26c)
a,zzgk y g = ck Cﬁﬁﬁ s O :—Zykz ......... (2.26d)
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BB EEES  AULSMRE% E BB B B IR B T TR B 5 B
HEBEMBEEEMETEERNT RE o BhR B LSk L Ak
HRAEE Wit REMORSERT  CM eSS s FmY i e s
ME; REVARR  RERE—AED QA REHRENESAGEE
 BERHE—BANKBENLR IR TSRO BRI - 25
HECHFERRYAERBZEDESEE > CEERER DRI AENEE
ZEHMT  FRBGERMA L EBRBLUEFE LTSRN % QT
Z IR TR — B RA T B O W AR SE BT R PR I R g e 8
Mk EURRACTAENTIEMERAASGIELS - SHFESHE
BDRAFARB RS S E A EBERENRBER BENEORZRAT o
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‘L Dirsction of prog_ressive
wave propagation

B () 38R E

3-1 ERARRBDACEHRBREENDIFER
REHFTEZENERRBoEBHES KT EMER > MEBHAGLR
HehEXmB 2 HBESAZWE N BRETREE -
BREBFEBHEENDGIN ARE . T BREZH > HEBDEhREEZRE
HE LW ERAES  BEFREXMENRAY AR ERE s LWHIARIERES
 HBEARZUH - ZEBHAhEXAZRBER > gREMEI I HHEBRER
ZHBEBWIERE 128 BHBECHREISEIT 7 ERK9° WER » I
B R Stewart ( 1967 ) D% Longuet — Higgins ( 1969 ) 24 RItE
s S EAKE R > ¥ Phillips ( 1977 ) 2B S X HAYFESRERSE
2 AEGREE—SEREFEHD RT o
RRBOFERIZAARBEDS » FRAEHEAXEREZANE IR
BRI EOBEMBHR N —ZEMBA RUEBFERARTATH > WA ZR
BIKERTERY AR P—EBERENARHEDHELFEMANAERT » &
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ARSI MESN  DOHEDELEAEZHEE » BS oo b
W2 130 TR R B ()R TR o BN 7R R R S BRI 2 B o 3R A 4 9 00 E e
T S T 8 B ) W B PO T 51 B H RO B4 B Ms - (Rt » 1A ST B
E—HAMERBMART & (R SEARBRLE - WIS %NS
BEBRRET S REEERIRAERRG - FLORAAME o )

; — )
TS — TE‘_ “TI — z.let(kx ot 7  iii eseees (3.1)

7
Ms :f pUde """"" (3.2)

~d

EZRAP T R ZIRE > v RBc; MIFAMSIEHNRBES ZKFRE
SEHREETAZHEZRESER v. » TR TEZ @ &R
B o

e Phillips ( 1977 ) EhE 51 Bl E LRHEET > IR EF

aM o
s =t~ 7 =—— ERBEAFERAEMA > 2SR MR H KM

BE (P IET) SR BB R A (E R TR o[BS » EE BFE ( B 14 5 B
AE)RUMWERT OABE

—d a 0X

oA A 7 du, | -
a_: Vs |y=7 - _Ldy :_J I dy ({ﬁﬁﬁﬁﬂﬁ)
t dy -

1 0 7 1 oMs T
PREN . L
c dt J-a pc ot  pc
- 0, = ck = ( gk tanhkd ) V2

RRE-EIUEERT &
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Nt BFRERE B M > g R TR 2 E H oy & 51 R & E 2
BHEMENERAES D B

p’ = pgl =irgcothkd ... (3.4)

ERHBREREE RS » d—>oo s cothkd = 1 » RIE p’ = its » HEIASte-
wart ( 1967 ) B Longuet —Higgins ( 1969 )T % o

HRAXFTEHANEERE o HSEER B - Bl BB B h&
HREHOBRBOKET MARESTERGYAER - PS> BAELEYR
BoEHmRmERN S BRE OO BB G O AR S IR B MAE & 4L > Kok &
RFE W (3.1) > (3.3)H(3.4)X» RILERET » ARER

A =0 o EUTS == T

35 T:—ﬂ(—+ )yv ’A——lv(—+ )y»(cor)""(3-5)
. ov  du

Bz p’ :—lpl/(a—x+a—y )y=7 cothkd /

& ERABERBIENRXEER 0T » IFERWERSSEB
KREp. TZ¥H EHEORAR S HBEEE LA ERAE A p THAS

P_P. 3% dv  p' _pa 3% v
0 Tom+2y — +— =—— + 2y —
v a
_1’“(_+—u)cothkd9y:q ......... (3.6)
ax dy

3-2 AR B2 BH

HARKEESBHHL  DMIX RSN 2R BE S EHEEY » %
HATHEEEESBEuSv » LRE A p % > 7k Navier — S tokes ik
AT REBFRAZEESNBEOFTEZIT > S
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_ T — 200 i e e,

it pax-l-VVu (3.7)
dv 1adp .

T T E T ey T 88

B mERRERE MR

ST OXTHT (Chay +5 V) =00V (3.9)

a
LAR RS R —@F B BMER ( Vorticity ) » A B0 = (5

] ' - -
——— ) MRAABEREBFELx — v FE T EAEHD =V x T

- Ba) .

ERNHERZEBRBHNEALAZHABRAERFITER  $EE—HREH
( Stream function )¥=T (x .,y ., t ) @fif§

u=ad¥ /9y » v=—a¥ adx  eeeeeean (3.10)

B (3.7) 8 (3.8) M

d du ov du . dv
—_— — _—_yvz _—
dt( oy 3x) 7 ( dy . 3X)
meai—RR
d, _, | do
— T — pyy?2 2y —_——— Y U2 0 esseeeses 3.11
(VYD) =V (VT ) A :Va‘) ) = ( )

FERACHER RN BB TS > HEREWSRGE  THEmREy =
y BERY =— dWEEKRT > mTF o
W) BeBh e R A R
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(1)8) 7738 R & ¢ ( Dynamic boundary condition )
BB ANTa FEENEDRS ERRAREZY AR GEGERS

—

v L 1=~ -
;+wxv+v(—z-+gy+gvz):VVZV’yzv ----- (3.12)

RABE B EXFHxBy R LZHE® > B (3.10) RKLRAL K
xHByHR7 BRUBHS-BANETS

PR\ ovr 2 p T
jayat dx—J‘(—aX ) (VEE) dx+—p—+g1) +E-V

—_ yj'vz(%) dx:C1(t) Y y=® e (3.13)

a%w , v , p 1.
— - ¥ ~ —V?
=7 Jaxatdy I\ay)(v )dy-!—p+g77+2

o
+PIV2(¥)dy=Cz(t) P Y=R e (3.14)

EZXFPC()BC(t) ERHEMt 2HEBARHESE » BETERMALER
HBTA > MR TERRT ST B4 o ‘

RE B EIHFRBCFRAEEMREOREZRBEYE LWE SR > 8 (
3.6 )AMNRA > AIMEBNESHHS  HESGHRORZH SR EHZH
HERR TR

PR av . pe _ 3%y PR
N A r)ax+ 2127 _ 5,
Iayatdx I( ) (VD X+ 9%’ ax0y
PEL LY

_ 1w, v
— 1y (ayz —'F) COthkd+g?+2 [(K) +(F) j

d
—VIVZ(%)dxzcl(t) VY=Y e (3_15)



827) 0%y
S at f(—)(v T 55y
. ¥ 3%y . v _,
—iv ( ay? T %t ) cothkd+g7 ‘l‘;[(r) +(W) ]
v
+DIVZ(BX—) dy =C2(t) > y=79 L eeeeeeaes (3.16)

(@& H & R &M ( Kinematic boundary condition )
ENMZERNRBRFEENFER AHEBHShEOTEBNSRAER
BMHERSIEROARET M BEEN B IS EDGERALES
WERRE -BES > ERPINEIHRAELELT | HERAENIER o
b ZEBRET > WA TESH HOAEXTENNBEESERES S EEEME 5
( Irrotational ) » K" &

AHBERMESHSEFREHREATRAEN > B

__ %% _a |
VE-SR T YT (3.18)
(B) X JK 18 R 4

RERHBHEE B TE2RERETREFILR -
WEEZXFHER s REEECH L ARTEESNI HEs A

avr ‘
Ve=——"—=0»»y=—d .. (3.19)
ox ‘
av dv  du
Eﬂ T=u (-— ——):O ’ y_—_—-d EI] —+—:O ’ y:—d
ox . 0x oy
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@QIFFEZXBENWERK s BERERELEREWEERBEREFEER

avr
VE——=0 s y=—d e (3.21)
ax
a¥
o ou=—=0 > y=—d e (3.22)
dy

N~ SERGRBDNARER

ERE=ZNHUTEENEBERBCRD RS RFAAM L R 5B AR
R BIrREEXBAFEEXBERAER  RBZRHEETERZ > I
B o

41 BEXBERER

BERCEBDES  RE—HBRE(RSHEREZ)NERT HFEAW0
PRI FTH (3.11)~(3.15) (K(3.16) ) B (3.17) = (3.20) ARSI K=
» BEREREDP, =0T &

d
a—t-(vz".F) = UVZ(VZIF) = yV"Q]J‘ ......... (4.1)
J‘azllr d T 0%y 2y 2%y i 9 0T hkd -+
- — —i2v
ayat = ax? axay 27 Gy ot g%
Rl
_yj‘vz(_aT)dx:CI(t) Y y=0 eeeseess (4.13.)
A’y 3%y

2y = = =0  eeeeesees 4.1b)
v ot T ay? 0>y=0 (
ap v
—_— e —— =0  eeessasss 4.1(:)
at ax y=20 (



oW

__5‘_,“:0 yy=—d ‘ ‘ ceeneees (4.1d)
X

*W Q%Y

5‘;‘;_3X2:0’y:_d ......... (4.18)

RBTERM BB RS 2 EAEAFER LR IRETHBERTE
s RE—HRAAESR ZIRBBAGET » iRy M BBk @ihe > B4

U= f(y)efChema> L (4.2a)
9 = aaei(l“'_‘”) A (4_2b)
6 =0 + io; ' ' | e (4.2¢)

ERXPERBFRK ~ 0 (Ao Hoa ) Fa.prikRHYERE R g &+
TEHESR Bt » (4.22) KARA (4. 1)KRTF» T

d*f o d ok’

i —_— 2 2f 4_. = {) @ sesees sas
dy4+(1y 2k)dy2+(k i )f—O“ 3 ’(4.3)
BRIy WEXES
f(y) ~ eIJ' | RETEITRIE (4.4)

ARG EBSRY > T (4.4) RRA (4.3) X%k &

2"+(i%-—2k2)22+(k4_—igf Y= 0 eereneen (4.5)
BHERMUMER 2 7 58
g
2 =— 22 =k s =— A = kz—ijzm - e (4.6)

Rt » BRE—HEREBSET > ERNED RS 2 RERBEERALAR
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¥ = ( Ae®” +Be ™™ - Ce™ +De™™ )ei‘#—0tHr ... (4.7)

(4.7)Xh » ANBCD HERAHMNEEGH » EMEk B o MATBRES Y
7 BBtk ( Dispersion relation ) » BITFHATEM R :EFEHE (4.1a) E (
4.1e) AFRRE L » ERZWTF o _

REZXBEEZTEXBERBR T IEENWEERBEDHR S 2HE —
PERRNTAR > DT HENREEYRE? &£ AlvTdh (4.7) XRA (4.1a)
E(4.1le)) Ah BAELENFEAFTRZH LA EAKXHBE 2 R(EE:
RE—FERT » Ci(t) =C2(t) =0 )

o
(—E_ i2vk ) (kA—kB+mC—mD)+Tk?a, —i2vk? (A+B

y ,
+C+D) cothkd+gao+i;m(mz—kz Y(C-D)=0 --(4.8a)

(m?* -k )(C+D)=0 e (4.8b)
k(A+B+C+D)=0a.  seeeneees (4.8¢c)
Ae™™ +Be* + Ce™ +De™ =0 e (4.8d)
2k* (Ae™ +Be" ) +(m* +k* ) (Ce ™™ +De™ )=0 oo (4.8¢)

ER:EL(16) ARK B.1B)AREBHZHAERAD /1@ R EHERTAR
UM BTSSR HER - B SFE BB RN XEOM aED o h (4.80)
AEETH

C=—D  deeeee e (4.9)
B (4.8¢) RB & 2k* 209 (4.8d) X > B (4.9) XWER » wj 18

(m?—Kk*)C(e™ —e™ )=0 > ZIfBC =0  coveennn. (4.10)



ENRBEHEEARB » Boh (4.9) 52 (4.10) AN A (4.8c) B (4.
8d) (& (4.8¢) ) Kb - B ME

A = e (4.11)
2k sinhkd
B = ca, e M (4.12)
~ 2k sinhkd ’

HKE HBRUEBRTZEDREN s BMAGEREFMEKNBEELEE X -
AETRENEEREA~B~C~Ds 1 (4.9)F (4.12) AFE RA (4
8a) At BF

o+ i4vkiPo—( gk+Tk® ) tanphkd=0 = eceeeeene (4.13)

0= (gk+Tk® ) tanhkd—4v2k*— i2Vk® =g, +i0; ----o-err (4.14)

BE LRG> AEAE REEXENERBERT > IEEHNER
W2 BB HBE —HEHRR

a, ,. sinhk (d+y) .
1Ir — G, — izykz —2vk%t l(ﬁx—qr[) .

K ¢ Ye sinhkd € (4.152)
7 = aae_zykz‘ei(k:—u't) ......... (4-15b)
o, =N (gk+Tk®)tanhkd —4 v*k* =ck » CRIEHE - (4.15¢)

EUREEYEERN AKX REZTRR > AREE B (BRI H B E
BEDART ) BRBATCEERBHVEBDRSE HE2HR

Ao e—ZuIz‘zt sinhk ( d+Y )
k sinhkd

+2vk?sin(kx—0o,t ) )  eeeeeee (4.16a)

T = ( orcos ( kx—a,t )




v

_ —2u2 coshk (d+y ) o Ky — 0
—_— e — '] 4 - rt
u 3y a e ~iohkd ( orcos ( kx )
+2vk?sin (kx—oa,t )) e (4.16b)
oV 22 Sinhk (d+y)
V=———= g,e" % orsi kx—ort )
ax © sinhkd Carsin (
— 2vk® cos (kx—a,t )) e (4.16¢c)

4-2 FEENBEFRER

HREEERZEERBEBRS  RE—BRENEET » ARTAHLES
Be#ER > ATe (3.11) ~ (3.15) ( & (3.16)) ~ (3.17) ~ (3.18) ~ (3.21)
H(3.22)%ARFH B

a
K(VZW):uvz(vzw):uvﬂr ......... (4.17)

a7 a:y %7
j dx—T %% _ 2v — i2v cothkd-g7

ayat ax’ axay 3y’
o
—VJ-VZ(F) dx =Ci(t) » y =0  ceeeeenn (4.17a)
*F a2y

y = = =0 e
v e T ayr =0y =0 (4.17b)
an L _
at— % Y =0  iiieee e (4.17(:)

L

K— Yy =—d i eeeees (4.17d)
avr
—=0 y=—d e (4.17e)

ay



RBHFE L ZEDRBHREERY > MAN LB ZHEZRBEKRE
WEBZRNR  BHRERENTEXER (RE—HBAXEZET)

g ( — %_ i2vk ) (kA—kB4+mC—mD)+Tk%a, —i 2vk? (A+B

+C+D) cothkd+ga, +1i %m (m?—k*)(C—=D)=0 --(4.192)

(m* -k )Y(C+D)Y=0 e (4.19b)
k(A+B+C+D)=0ac e (4.19¢)
Ae ™ 4 Be* +Ce ™ +De™ =0 e (4.19d)
k( Ae ™ — Be®” )+ m ( Ce™ —De™ )=0  eocoeuee (4.19)
Az B
A 1 ktanhmd — m ekd o (4.202)
e — Qo 0 seesesees . a
2 ktanhmd —mtanhkd coshkd k
1 k tanhmd + m e # g
= — ar  seeesises (4.20b)
2 ktanhmd — mtanhkd coshkd k - ‘
1 . g '
- ksechkd « sechmd S (4.20¢)
2 ktanhmd — mtanhkd k
1 .
De=—C=—_1 _k sechkd - sechmd g-aa ......... (4.20d)

2 ktanhmd — mtanhkd k

2

4

0 =[(gk+Tk®) ( tanhkd — sech®kd ) — 4v%k* j‘/z

1 vk?
—i {2vk? +E[ ( gk+Tk® ) ( tanhkd — sech?kd )
vk?
—4v2k4]‘/2- 2 csch2kd} =o, +ia:  ceeeeees (4.20e)
Gy .
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Wit » RIFEZXBERBELT > FERWAERB o EH SRS —
R

v k tanhmd coshk ( d+vy ) m
"~ 'ktanhmd—mtanhkd  coshkd k tanhmd — mtanhkd
Sinhk d . Jdo. .
. (d+y ) | ksechkd - sechmd sinhmy } —— g Cte=01>
coshkd k tanhmd —mtanh kd k
......... (4.21a)
v k tanhmd sinhk (d+y )
u= =
dy k tanhmd —mtanh kd coshkd
_ m coshk (d+y ) msechkd - sech md
k tanhmd —m tanh kd cosh kd k tanhmd —m tanh kd
* coshmy} oa,e’“*<—2> .. (4.21b)
v——a—w-—i k tanhmd coshk (d+y)
ax k tanhmd —m tanh kd coshkd
_ m sinhk (d+y ) ksechkd - sechmd
k tanhmd —m tanhkd cosh kd ktanhmd —mtanhkd
* sinhmy } ga,e’‘**~°> .. (4.21¢c)
7 = g,efthxr—0> (4.21(1)
vk?
6=0,+io: » o, =( ( gk+Tk® ) ( tanhkd — o sech®kd )

1k
— 42k V2, g, =— 2 k2 —E-Fopcscthd » B= [—

EREUARBYEERENNKAKERR  IREX 2 EBTH ( RYED
BEEGRT) BRFERMEARREAEREXBER L BB XM
KR o



ERERREHES > AlH (4.202) F (4.20e) R > &

o
A d-—>oc0 s tanhkd =1 ° A:-an’B:C:DZO -------- (4.22a)

e -0 sechkd =0 » ¢ =0, +io » 0, =(gk+TK —4v2k* )1/2
s 0 = — 2VKE . (4.22b)

M (4.22a) 81 (4.22b) AR MRA (4.18) Kb » EEH (4.21a) F (4.21e)
ALld oo TRALZAT MABHEBRNEERBZESHRS  EARE
heB—BR (RAEEHEHGD) 8

R d—coF

W‘:? e 2¥*e® [ g,cos (kx—a,t )+ 2vk?sin ( kx—ort))-+(4.23a)

. v :
u:E: aoe”2"*"e*’ (grcos (kx—ort )+2vk*sin (kx—ort ))

__ﬂ._ —2vk2t L ky : _ 2
v= Foa aoe” e*? (orsin ( kx—o,t ) —2vk®cos (kx—o,t ) )

7 =a.e ****cos (kx—art ) » 6, =( gk +Tk® —4v2k* yWe o .. (4.23d)

ER5E2HA (4.16a) F (4.16d) FEd Do THRBZBER—B- EREET »
ERENKBE S+ T2 XBRFEEZLEABERREL REREEBHRT
2HEAN  E2EZRBFAEERHEBMAERKR T2 LHE AT HZEHM S T
DRESHERENWEREZGEBEREERFME KK SR R EAELE » B
REEREWEERBY  BERTE2HEZEXRER LomBEBRNBES -
EfELERERENEGERNEEMH—RZK - '
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h - BRR®

ERNHLEHTRNBHER  ABREEETRER » AXGHB LS
CHRARBRIAHAETERBERRBOBZ > 0T o

5S-1 BB

RER _ERNEHRL RO BZERSANEY B MRk EE 0 RE
REBSARER  RANEZERSAAEV S RERR U552l
TEXBERBE  RUTERY A B R B EBREETERARE S o

(A) 4 k. 8 K A MR,

B (2.6a) F (2.6d) RHE (4.16a) F (4.16d) R 2 H BT » EE2 S
FAETB TR BERERT > MEREEE AR NS NS
P EBNEDNEBYRSWEER —RY ERAERANRESRNE &
VEOZEFERRET IR SEEARBHEDSRS - SR EMBHE
RORERNE-HRBEREEBRAREBRYBERT SR ; B &E0
CRE - FRME - SR T REERRWFE > T QU5 HEEY A,
AMERWHEw » ARUESHEOREE S REEY L RENE—
ey - BRZEZREBEAK 90° WHECER; 8L

_2us2; COShk (d+y )
sinhkd

us =2vkla,e

sin (kX—a,t ) cerceenen (5.1)

fRA (3.2)~(3.5) RH (4.16b) ~ (4.16c) WA ER » B4

a 7=0 2
= BMs: ! J pusdy = —2vk?a,e ?**" cos ( kx—o,t )
pc dt  pc at ),
vik* . 1 dv  du
—4 ace " sin (kx—ort ) =—— g (=—+—),=9~0
ar pc dx dy
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T T
-1 :—s- ......... (5.2)
ocC oc

Wi Je 8 & FHE Al ( Conservation of momentum ) M8 > o REAG T
BWFE RgREFEZEHRENE 227 5E £ BHMHNERS,
=)

1 2vk* o, K

= — tan

Oy ,82

0y :—tal'l

B3k A X T EEA H R

HUBRZEEZ BRI LRAZHTEE RBEKER > Bk (2.252) F (2.
25d) X5 (4.212) E (4.21e) R BA » REFMBLEDEBHRELER
—BW ERNE-—DPHAAER  HEBHRBEEMES > BEFTERMWKEE
SHE - REBLT  BEBESARNZIHBHEEREAEAERERANE EEF
H>TESIHNBRERES ATF7ER v WTHEERES uMEFTHES
BWE, MB > WK (4.21a~e) R(RTKRFHRET > FELNEHRHER
AREH)A(ERECRMATBELEAEZETEE EER SR HESK Zuw

Zf) e

o | oshk (d )
U =us +uy =——— a.,0r ¢ S_ ( +Y) gfCkx—0t)
ay sinh kd
{ k tanh md sinhk (d+y )
= {o
k tanh md —m tanh kd cosh kd
k tanh md coshk (d+y) m sech kd » sech md
k tanh md —m tanh kd sinh kd k tanhmd —m tanh kd

coshk (d+y) } a,ei (kx=0t)
sinh kd

s coshmy J+io;

Bt MAEBHSHAEFIHAWHESHEM - ERX > CEHMERER T
REAEREM: BAEKSFHENEHEM, 2f0 > B u B uFFE5 T

— 28—



KEZM R

7=:0 7~0 =0 a )
M, :I ouw dy :I QPus dy+J pu,dy = ip?()i eilhs—at)
d

—-d ~d

=M,+M, e (5.5)

Ho(4.21e) ARHEN LVBHFTRZ MARBREEFARTERE > Bl LRABRR
BE:]

: 1 Ao .
Ms :—izllkaoe'(k’—at) , M :—igp—a'cschzkd-e“"’“""

B

MARERE T FREESCEHORERZIREELS LWIE N o, » & (4.
21b) B4 (4.21c) RS

ov  du 2k? tanhmd — 2mk tanh kd
Ts=—T == plo=+-—) y=rmo = £ (
ox oy k tanhmd —m tanhkd

s ao0efHEmI) = 9uka,gef HETO L. (5.7)

s

a
M (5.6) B (5.7) MAEZ Ta7g = 3t

—1IHTAERE UHRAERSRAEER TRARYZ - B4 > EHER
—HRIRVINE > REBAT  dREBFRERERENHEBEELEES
FoORL BEEERENUAHESH RS L BEMAGED > OHY EBRKED
RBHENRL  AZH My WEERPIEN > CRMBERRBED
RFEEXBOHER L FEHNWBRES > FEROEDAENREREEL o

BE BUMA? -2 BT RZES SRETHE > Rkt > TH (4.21a—
e) AMEFBRMEL  MT - IR —RABHFHBS /B %8B

vk e, /v >k o, v |Dloi /v oo

Im|:|/k2—i%]—+[(1—i) 2";|_,j< ......... (5.8)

MR BETFERA > Bt 3




8 tanhmd— 1+ | mtanhkd | > | ktanhmd | = = -eeeeee (5.9)

At » ZHMGBHEEEZFRAERSEARECERBTFH THOREENED » K
B (4.21a) & (4.21c) o] B8 LK

k coshk (d+ inhk (d
U= {—— tanhmd OS_ (dty) s - (dty)
m sinh kd sinh kd

k Sinh 0 )
—=—cschkd my} B0 eites—or> (5.10a)
m coshmd k

ovr k sinhk (d+y ) coshk(d+y)
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Some Realities for Waves Motion in Fluid

Chen Yang-Yih
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ABSTRACT

In stationary atmosphere, the progressive waves motion in a real
fluid of uniform depth is analysed by using Navier-Stokes equation,
and describe its mechanism in first-order approximation. Based on
the principle of momentum conservation, it is shown that the tangen-
tial stress existed at the free surface of the waves motion will
dynamically induce a normal pressure at there, and having difference
n/2 in phase with the tangential stress. From the obtained solu-
tion,it finds that the waves motion in real fluid is still belonging
to the potential flow type under the influence of its viscosity
purely, and being degenerated to that of ideal fluid as the viscosity
without existence; for the case in which the bottom effect is acting,
the mechanics of the waves motion in whole flow field, including the
structure in the boundary layer near the bottom, is demonstrated.
The analytical results derived in this paper are compared to those
obtained by the preceding investigators both theoretically and exper-
imentally for near the bottom,the good agreements between them reveal
that the present analytical formulation to the waves motion of real
fluid is fairly appropriate.
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T AK  BESAERED SN EREEETS 2B T BE - B
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£2 -1 RBREBEVFEKSG
B A E|T(sec) |Hi(ecm)| di(cm)| da.(cm) | BRRR
1/15 1.01 4.18 28 10 A,C
0° 1/15 1.01 2.48 28 10 B
1/15 1.33 3.21 28 10 B
1/15 1.01 4.23 28 10 B,C
-30° | 1/15 1.01 2.51 28 10 B
1/15 1.33 3.21 28 10 B
1/15 1.01 4.08 28 10 B,C
+30° | 1/15 1.01 2.17 28 10 B
1/15 1.33 3.26 28 10 B
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M FE 2 456 5 S B T 4% A KRR R R 2 R OB 2 Ot R B BRGE B T DURK
R HEB BN o BRIt FEME ST WRAKBER - A/ DR R 8 T0UH B
B BRI A R W < M - B3 —2 - 1EMA3 -2 -9 AETH
MEWEREFESBR G o MHALZRELNEH 2F LB ET —EF LI
R—EH o ,

A3 —2— 1 Z2aRAKRABRAMERTERS t /T =0.03 2
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Bt/ T =0.07 23yl » 7545 56 50T 52 2 0 1 0 76 B /N R FE 2 A TR U R
o REWIMRAM t / T=0.170 (K 3 — 2 — 3 ) B/ R 2 187 0 F 8
PR BN R R AN CERIE 2 R EATHEEIRELUEE
BRI Z B EE o Tk - WG MM EBE - R 0 B 75 58 B iR 1 2 R
P B 3 — 2 —4 (t / T=0.22) 8B H H B iR A T 56 K2 5 o
1% TR AR B BT W A O - IR A 2 ARSE RN - BRI R 7 S B
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O I B R 2 KL 22/ BT B2 I 2 R B B R o
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3-3 BEFRAFHNBRERER

EWRERA T ZH0E - — BB W (Potential Flow ) B3 EARK o
AR KB b W T BT Ol — (R BUBR - HIEHE S (1989) 2% - KKK T
B 38 SR Y45 2 B T 1 2 R o AT B R AT AR B - ME AR 7 AR N RS 6
Wi v 1 REmELRESRE Y 2 - BRERETFZHMBELEA 2 ¥
IR R TR AR T MR BAGER X SR Ko
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ERHEBER  FHUARRBEMCERKEFERR ; REFAHAGREHEDE
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Hi o~ EHE S EERHBR R E -

I—4—1 KREAHRTSH

HBEEA  FRAFHTABENRMIHERLERRZEERAWRZANE
BMAEE . EHFAERGEHET  BRRHEZRRY 25 : ARRFEER
BRIEZEE > MHUERAREASHEBARHER > By 2 REREAREKR
s HERZEEEKX ; ERBHY 2REPOEBRRZCE  EREEHES
R E R TR IR RS B R KA ERRE o MEMKE 2R v 1 REREM
BB ERERAELE  SERZE  ERMWKR V1 ~ v 2REBEAHZH
R 3 — 3FT7R ©

HX o BRASAZAARRBRATRSXIEKRBEERE SR ZHR
o HAHA 3 —4—1~3—4—23—4—-3uARA—-FEPEET (KRE
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A3 —4 —1
REEEER
SEHEAT = 1.01 sec
e H= 2.48 cm
FIRYVEH 45 — 50 sec

MR 3 —4— 2

T HS 0] Ak I 30° A
BEHT = 1.01 sec
BEEH=2.48 cm
BIBIEH 45 — 50 sec



HAEF3 —4—3

B8 En R AR 30° A&
HHEIT=1.01 sec
WwWEeEH= 2.48 cm
WIBTERH 46 — 50 sec

HHE3—4—4

1R 88 H AR
BEHIT=1.01 sec
¥EH=2.48 cm
BB IER 45 — 50 sec
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a Breakwater or Headland, Proc. 14th Int. Conf. Coastal Eng., pp.1976-1995,

1974.

B BEREEZWBHE » B KBKF K G ERETE &
X RBE+A%Fo

BER, RNE : MERRRED AR IABHE - SEABEETEFRH
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FEREBBRYM ( B ) BAHY L Jan. 17~18, 1990 Page 69 ~111

HERARADBERERE
RHHELHE

REZ" R
PXHE

AXABERENEREER (rough turbulent flow) BRBHRMYES
BReoXPERBEE-BHERAFTEZ RS EE  COHERE T EBH% (
Discrete Fourier Transform)ﬁﬁﬁ%-%ﬂj—{ﬂﬁﬁﬁ%ﬂ%ﬂﬁ&@%@ﬁﬁ
MESHEE  L—SHBERZABEACHARBEE —$RE - BIGH — 1B
BMERARHST RS RE—BREENEH M6 » LSR8 RE N EN
WEE - H—-BEHAR - EEEE THRESEEAKBIHERE > 64
ATARMH BEGERSRRE  —HEFECSRBEES A AT R RRE
B -EHEEAARCRBREREN N BARE RS DB EER
c EHBEE (relative roughness ) /N 308 » AXBAHEABENER
= o

*BURYARBKFAREE T ERWEFHE
#»BAURYKBKARBETIEREFELHRELE
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onl

—m

B WIRE R R R E A ﬁ%ﬁ%%%%%%%ﬂ%%ﬁ RS E R
HRITDHERAMERERERE - BREFFEENELEBRYR > EREE
MEVBBHRMAEEERANR  fIERRERFEE HEARZER » &
ERBEHBRIFESEHR - ﬁﬁ?ﬁéﬁ@Zﬁ@Hﬁ%E'%Q&ﬁﬁ 2R AR
W) 2 BALAEE o

EREAT HRBR-—AGHEHZRS  HRESZERAKYEHRETLSR
R (fixed bed ) X & K (movable bed)- ERE A & HAEEHE KT @
EEEXEENRE—-REBB k./D, FTRE > Kb k. REKREEE ;
D, B g E E ( thickness of viscous layer ) o #E Kajiura(1968) 2
% BB EEERENBER (transition) 3

0.4=k./D, =5 e (1)

EREEEBEETRER  AIHEERZEREABERENEERRER »
HREGREREREZER - AERRKEESHWE (kinematic viscosity ) #
WE ~ s B2  HEZRRWEE > Jonsson(1966) EHEU
T | |

R = 10 sy H1ZAs/k.Z210 e (2)

Re: = 10° A,/ k. sy H 10 <A /k. 21000 e (3)

e M—GA/V—E%&
U = @ 5 /@ 4 v & R
—H/2 sinh(kh) = 8 R 8 S KK T E 8 iR 18
H:ﬁral
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TR G E XM MAT 5 R X 5 R 5w 948 B0 K 6 o R 4% B0 00 1R B ol r 2o 1
G- BRERMOMRXKERABHESHSBEXR  KBREMETE LAWY

SHEE - MKajiura (1968) BRBHBEIR=Z2F F—-BEEHE £
AIRRUERN  F=RBRAINKREME  KEHRNTZHBETEE RS —S@2
EHIE -

—BEHEEATEU - GRZRDEER T EREAHE T ENR® »
MERAMBT _GEZTER  EMGEEBZ ST ERXARERANER AL 8
—BEREEFRNBEREAREN (k- ¢ model ) X BEHUBFEHKX - B
Rl 5 RAMBBERW A (vorticity ) » /& Saffman (1970) Fii X -

ANAERONENHERE - FHERREBR ZERBRHME - Baiw
ERHEAERBME (eddy viscosity ) (9BR L X% HH S BER (mul-
tiple layers ) RBBEET 22 A BN FABHEELERE FBRA
AT ERE FBRRYH c AN AHHBE BB AHEA (modified one-
equation closure model ) N RBHMEMNHHER » BRHBEAM I EE
# ( Discrete Fourier Transform ) BB EHEER S8 2 Bt » B It
RE-EEERANKRERERR > UBANTHERE - FEEREEB TS
REHYE HEARIFRKRVBESYERS - HHEREREN L #—%
MEBREHT BEETZRERB 2 I2KE  RROBGELTEAS -
REt 2B % -

Z - BEXBER

ERENARBRERT  BERFTNTEZAKSERBR  SRBA/DHEE
 FRANKPFELUESH FEAR .
ou ou ou 1dp 0 ¢

+ u +w :————+—(—) PP @Y
0t dx 0z podx dz p

He t B
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x EmAEHE CAMRIE)
z  BEEKREE (MERE)
o ULEEE
p(x,t) ! IRBED
t(x,z,t) I RBZHN
u(x,z,t) ! KEFHEE
w(x,z,t) ! EEFEHHE

ERZERGHER
u=w=29 iﬁf Z=Z, e (5)
u—Uu -4 Z —>0C e, (6)

HepU(x,t) RERBAWRE, z. RERIERE - ABER z. =k
/30 ©

MW AP BREMANMZAKTREREDERESFANBERTE - Rk
EBRBANKFBRAOHETUER BARERS !

1 p oU oU

e U—— L e
pox adt 0x 7
ZBSKEAR » Boussinesq (1847) BEI WG E AR
T y ou | |
— =k, —— e 8
. 3a (8)

Ak, RERBEHRME (effective vissosity) » RGBS E v, HEHWHE
vZzm o HERRKR Y. > v o

k.=v, +v=yp,
FMERBADAWMREESE
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k = ¥ &
h =X&

BREFATHELRWEREEE  AEFHESE ~ WEMAEZ -3 h5
HBOMHEE EERE - BB FERADBESGSHANYER - BB
ZMEFBOHRREKEARBRERFMSIELET > SRAOT ¢

#ABGME > Jonsson (1966) - Jonsson and Carlsen (1976 ) 8
FEUZRIE ( water tunnel ) B ATWHM - F M BESE NS RE®
HE - MERHS DO HGREEZGE  CEHARBREAELERBAEABE
B A o van Doorn and Godefroy (1978) » van Doorn (1981 ) »
Sumer et al. (1987) % Sleath( 1987 ) BB @ A (wave flume )drf
EHt S ¥ k¥ & (Laser-Doppler Velocimeter » 8 LDV ) E81HEE
RMORESE - EMOVH O SH - ERW IR FEEHESEN > AW H
BREEEH - Riedel et al. (1972) & Kamphuis (1975) {#H 88y H5t
A ANANERGHERERE  EEGRIER D - 3 70# R E2E R
FERIHEHEK -

ZREBRITE  ABEETZRORESEE - E OB HEE 85 RO
 BRRZRANBHABHRSBER  —BECh X ABRIMEIRTE W
o Boussinesq (1877) MBI BB S B T EHWEHRTE HERFWH
R HNRFMEFABRERRSTENRE - WRBEESBENEE X - Bk
AKX E=8 » RFTHMAABERK ( zero-equation closure model ) ; —f&
&8 K (one-equation closure model ) & “REH & & ( two-equation
closure model ) - FEHFAAMARELZHBHESFEARBRERHT » WAR
ZUHNHFRARE (mixing length ) MARBHBEESHEBRE —EHS
BARBEFEXSN BREAHBFEHRE 4L ( turbulent energy) WEZHE
K (transport equation) K- _EHAEAHBEHFERAR _GEHRAER
BHEABRARENERIERENT - —BTNS > TRFESEAFGEGE . A&
AEEEENEN S M- ARG IS EEER AN ER
HBRALEHERS ARUGHERRNAREHTERGES -
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ou ow
0xX 0z

=0 T e (10)

HRANFENERBRBR —FERECEHRK - MHERKHERE
SSERRIE R AT SR Btk BABACHE AT EUREERBRE - ALk
BERBETEN - BRABAZRETEHZHE <« ( e=kA, )EMMT

U:U1+U2+U3+ ............... (11)

HAU,(/Us=00e) »n=1,2,3--- o HepU, X U, Ry A3 Stokes
BURBEERTRR

A
U, =A,we’? =U, e’ RERTIRES (12)
_ 3kA, '
U,=U,+———A,we?® e (13)
4 sinh?kh

%0 U, BU, 2HEE > U, BRRBAE 2 EE T (steady streaming) » &
H R - O BEBLHEE f=ot—kx; i=v 1
MASRBAENER  SRBASYEEFIBHERBOT

U= U; + Uz + Ug - eeeereeee o eaees s
W:W1 +W2+W3+ ......... . S mesnsce (15)
T =7 +7.-2+z-3+ ............... (16)

Heoph iy EENER U /u,.=0(e) , B (8)~(14) & (16) ALK -
B H—BEHERRADHNR

T | aul

— =k, p e (17)
4 z :

B (1) - UDARRA DR BE-RBIEFATEXR
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ou, oU, 0 ¢k 0 u, .

= + s ) e, 18
ot ot 0z 0z ) )
ou, ow, .

=+ =0 19
0x dz )

HEBRKER

u, = w, =90 E Z=Z, e (20)
u, = U, ® z—>oc 2

HRADABE BRENE - BIERRECHNESTS AT 2E
BURRIE ¢

U, (x,t)=-U (x,t+>) ... (22)

w

RE , 8RBAN-B2AKFFEHREEEAARA LS

T
wx,z,t)=—u,(x,z,t+—>) .. (23)
®

Bk CH AT -EREPRERAY N ERUEFEoBEAR ST AR (
odd harmonics) » i —EBZHETH FHARXFER ;

+ oc

u; = > ul(z-+1) (Z) eitzs+ (24)
=0
+ oc

w, = > wl(z-+1) (Z) eiCz=+tne (25)
=0
+ ¢

T, = 2 z.l(z.+1) (Z) ei(2-+1)0 ...... (26)
=0
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= . AREEES

7o) Kb - RENHR BEREERE ( ZWHMERERLRE (eddy scale) )
Tisk» HEEEMERPE > 8% FURML » RAZEHFTEX P RBERE
ALHEMYES > BAEANEARAD T !

HFEEMAEEX

FTRAGKRANEERRARDGHE MR MERTEX -k —BEXEF
ARERBEHA > —R Prandtl (1925) WRERERR - HBRRXEFHE U
wEHREARE/AEEHERE MABLEANBARHMERTR !

2| ou | ¢
v, =0 |—— 1| 27
0z )
Prandtl 2 ¢ EEF SR 2K R
=kCz+2z,) L e (28)

$tef k45 von Karman % o B 44 » S5 B it 2 s 38 J7 5K i B #80 L
HAEZXEERE (local length scale ) R HEERE ( velocity scale) 2 &
B RTLI R » TERTRBENOK/D BEARER HE > RETRAR

v, = f (2) u* e (29

Kpul EREREEF2FEE AHTNBEREEREf(2) WREFRBRT
KEAdZ o |
(O — BB A B R

—HEAERL G —RES BB IR H L E RS (Reynolds »
1976 )

v, :Czqg : T e (30)
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APC.R—-FH ) aBRERBEZHHEB
g=Jut+wz (31)

v, W SR AKEERBEEESEESE (fluctuation velocity component
) c FMBBENBEEFERXR ( Townsend » 1976 )
0 q° 0 q? 0o q? T 0u 0D

() Fu— (w2
e P e e P

AFQ/2RFBERDE  FRBE-FAXTEMEREGHMA4E (production )
' DREW ZHEE Y (diffusion) » ERIR EWM 2 B E ( dissipation)
o DREZGBILT ZXFUKK AL :

0 q’
D=Csv,—((—> (33)
0z 2
E:Cli— ...... (34)
Y

HbC - CR-FEH- - ERREECTAEEEECRET IR AT

a2z 27K -

E_EMaEX
“HEASRARSIL —ERAS ST EARLAERDEREERE » B8

B E K Kolmogorov (1962) ZEB XS

u,:ﬂ/ kee (35)

Atk =q"/2 RERBHHE - RERE/(FOEREBZBKE(GHR)
FTRTE s Rodi (1980) RBAMEMBBE L, REBHH ENERHIERD

d k, ok, ok, 0 v, ok, ou

+ + =—(— — +v,(— —CuE ... (36
ot uax Waz 0z o, az) )’ ' )




o0E 0E o0E 0 v, 0E E ou E,
+u +w = (——)+Chi— (—)*~-CunC,, —
0t 0% 0z 0z 0, 02 k., o0z k,

Aoy ~Cn >0~ Ch RC.REH LABEEEARPEFBEREZR
& R8T e

PO~ @EEEARNZRE

ERERMEN RS EREESRAB AN SEYER » BHAM
EEE HREBERNCHEOTETESN  cEEEA LMEGEH - RMIBSHE
EHBR > L4HEKRAE —#EH > 07 BB BE > KB Jonsson and
Carlsen (1976 ) BERERSNEBA  WEBMER —BHASEBHANSEHBNE
g1 - Trowbridge and Madson(1984a) & I\ — (& 5 i # B 9 % &) ¥ EX S X
AT BRI TR RS R BEE » M RS - a5 ey
—~EEAHYEE S BRA » RN 2R B TR REL (B
BANKEKERBE AR A2 EEW ( steady streaming) o

=¥ L > /@ Jonsson and Carlsen (1976 ) B ¥l 83 A4 & RS BB
8 5 5 e T 110 B (L R B AR L - AR LN — (B A T A o D M L o B BB O o

MU EMAH T BeEMERRBSERR  YRAEERBEENLS
BYRE  EEAANAMEEE - BEHWEZEMHE S BERME D
 EEM AR RENE — LRSI &

HRE—FEBEENRR  SHANTREER FHOFERREE i
Ha > BRABB AR ZE

WEEEYERERA -5 . BEWEEINE S E RS E MRS B e
B EE Ay BB SR K AR o Vonguisessomjai (1984 ) i B Ml Bk
EFHEHEOCRR > FhEENERRBBEES G FESRRAE—
o Lundgren( 1972) I EHI B 1 RFEBIE S H7 - 71510 Bl EE 10 & 6 7 =X
ME—Fw B—RE_ET EAEE > ARBEEEERSERE TR
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HE#EKX
Grant and Madsen BEHEERE z
(1979)
) 723
gREEKX AR BERER ;
Brevik (1981) g EE n
W
88K ANE . MR EK 7 r
Myrhaug ( 1982 ) S el 1
} 28
AE . EE
£2BEX
) EEE: mERE|
Kajiura (1968 ) or 1§
R .
=N Y AR BERR
Aukrust and Brevik nig  BEHESE z
(1985) HfE : EE i

Il

gD, I EREEE 4
d : EFBEZERE
A BREBZERE
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X-RBESIRKE LBEARTEN I BERNEXBN CHEZEETEE
HEBRZNEE  RUELHHAE  hERREEBREN ERARE - R
HASFAEREVEANHHSIF ( Hinze,1975) o

QBUBRFEHGEASR : Nielsen(1985) WHEESHEHEBI 2B
MEHLUMARREABHIERY - BRRUERDWBESGRIFTEE R
H S %8 E ( Nielsen, 1985)

&R Vonguisessom jai ( 1984) /) Jonsson and Carlsen(1976) Ff8I& % &
HESH SROEB=F7 hE+EE  HEEEERNESEESRB 2
B EAEIREZGEBAGTRENRR - HEAKRVUBHABDWELESES
RESRCE  METRE  IHERAMECZRE HERDBERABATERZ
MM E T8 MRS W EZEKIEB{L - Vonguisessom jai (1984 ) 5
ik RBBEREBRORME v/ 2 7° exp(mn®) ZHERERN » HEmS
WMHEHBMZBH» 1=2/0 » IRBREE -

GRBMENTEERATH  BfLERATRINOBHEE R
BERBHRABHRAFE  SERRBENELEY HERABRNER (2
E@ R DOR)BATH RBBBER RELSTRYEZRSGER&K

WEBREAERTRE  LBHAABA BN EERRIAATH BE &S
R EFERERBCARXNAEBEE BTHERLSH AN CREER LB
RAE

G fE 2 EEIRE BN BN EHBF (overshoot ) BIE AL : Aukrust
and Brevik(1985) REEEXRKBAEE » RXFREZHRES

u,=u,-U, (39)

m v, EABRREE I ERXRA B) XBuw ROHBXS
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Sile &1
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( Vonguisessomjai , 1984 )
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w 1
u, ~exp (—(C1+1) (——)?

v,

Z] ...... (40)

BV RREE w0 u#U, - BHESHBEAE L R v, B/
W =0Hw=U, o HAHKEREERINTHRY -BUSHERRANEE
MERA  BHRRENBFRE > ARUEEME > RN ZHEHNER AT
HMUEAZREAR R  dELEEEN  ABERENADHBELAXTES R
AT B B R -

AU EZONBM BiERRMENABFENER LNERZESE
CMFARRERIE ) SRAPDHENCES G EMBYERERBER M
A UBATBEREAT  EXSRABENES —ESFEAENWEE -

T
—
—{
—
- +
33
2+
%6/‘ ——Aukrust and
Brevik(1985]
--~Brevik(1981)
i | ] l ! A
0 10 20 30 “0

Ve | cmz/sec )

B WESRNEEHES mE (e Em)
( Aukrust and Brevik, 1985 )
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F - BE—KEASEt Nz

Trowbridge et al. (1986) EXE RNRAWEERER+ » BHEH R
MERARBHREZRRERBELRE  EERENBREAR RS Gk
FEEZHE - MBS CORXPrandtl RS EEREBISHEERS
BEEHEBZEE

(z)y=k(Cz+z,)exp(—z/A) ... (41)
AFAR-BRE2BEEE » £EZ AR ( Grant, 1977)

A fw Ab

— =k — e, (42
kl 2 k!

f. REMAOEREERE -

BERMHAEE-BAAGEATE 2HEME  BREEE -BEarK
ZARARER > Bhy=z/z > #$@EPHEEL  CF-HEARAL&E
RHZHED BRIURERHAKOEE ST - BASWERAER » FEMH
EOMHR  BPMERAERBE -BAAEANHNER&KE o

BE-RHAGCEATRERENBE TO_RASEA T 2FHRER
EE—PRE  -BEALPEBRS Justensen(1988) Dl k- ¢ MAFHEEERE
FEENER 28 SHEFMBER ZHEEE (relative roughness) A, /k,
R1000 - BHERR ) AZBARERZTRA - EHUSBE —HEsER
MEERE -RE+HEEL BARENEREEEEERTERNLE
HEENE IZEERBRERENE MEREHSENAHEN SEE
RORNERBREREEHESBENRECTAER - MEESENE » Bt
MERETR ke e BAZREREEE —EEREE DBAE A HRE -
Trowbridge et al. (1986 ) IR BB ERERE EBRAMABEH k- e X
BB - AREERERESHRBAE k. ¢ gXBF o
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10% .
 — Modifled one
- equalion model
- ---0ne equalion
- model
eee Jonsson and
"03 E Carlsen (1976)
- )
.
2.1
n 107k S5
3 v
- - . *
10' F A
10° 1 { { | 1 ] 1 ] ] | }
0.0 0.2 04 06 , 08 1.0 1.2
Uy
Uy

]
10 — Modliled one
equallon model
~-=-0One equatlon
L modet
eee Jonssun and
, Carlsen (1976)
10? |-
n
10! | ’
\
\
1 00 1 | 1 | L | L { ) ] 1 \ 1

-5.0 00 50 100 150 200 250 300
& (deg)
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10 N
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s
- 7
10' 3
VA i
Ks
100 L
- - Modilled one
| equation model
107 —— Two equalion
= model _
o === mixing length
10-2 et v aad L il L
102 107 100 10!
2
Ks

BN FHREREBESSE 28k

RUEZHHBH  BE-HHAEAARECHAE D HEERER
bfﬁﬁiﬁﬁﬁﬁﬁﬁ’ﬁ§§ﬁ$&ﬁ~ﬁ’éﬁﬁi'kk*ﬁﬁ%
B WHERRN - Z82HW I - SEACT—BASEAKRSER
BMEZERSH  FERERBOREESWEGEH

’

N REBRERER

WMETRTRE - DMEE —BEMARARBER SR BN - A HHEHER
T RREBBRREMAR > MEBMAWTERE - A2 Bm > BiSE
E-EHERATECRSBECOBRREIELE —$ o8 SRR
FRMZABMERK  MEETEMAEARBRERERE » N4 .

@Oz, t)EEE—EAGEAMEE Bl 30 ATRBERXES
R



ve=C, . (z,t) £(z) N PRRLE (43)

Abhuw R, ESEEikh G®)RXMy, BEEY
+ o
v, (z,t) = Z y,(2moeizme (44)

FREHENES GHESMER ZRBWESH -
vi(z)=v,=C, qu(Cz,t) ¢Cz) e (45)

#F zo =k, /30 B O =V 1./2A, 0 » B (45) R EFKER KB

K¢ YV, 7 30V 2 A, (
= =y, (N)————  eeeeee 46
v) k ﬁt Z, k v fw Ks )

B+EE+T—<cEGSREE—RASERBHEZTESR  HAHEE
As/k, RS 28.4 % 123.9 o HE P LIEH » FOAKEKEE - RENEEZRK
PR o EMEE SRR > R MER R - R - EEREERA  MBARE
HEE H—BEHIANSHER ( Vonguisessomjai , 1984 3 Lundgren,
1‘972) — % o BRENLE » #§ Lundgren(1972) f Jonsson ‘and Carlsen
(1976) RBBEFT NG R BEF2H LU 2z, WER XL FTEERS
BhAgE o BHREL - FEEL?A&KZ(&@(’%‘EE@ Lundgren G R - B
FHUYTEE -PER -

ZRAFHEEE RRSHWERNENBECE  KAGIERERTE
+ = B ARBER ﬁﬁ*ﬂﬁZ*ﬁ%ﬁEA max ? 4[‘754\ 0.42/ K
0.48A% 2 » FHIER 0.450% o A* BN z. BHBHERKE R R EE B 8

A = —=30— e 47>
Z, k,
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100

D max=z045
5 *seModiflediane
080 |- equal ionmodel|
060 |-
Smax '
[ ] ® 0 . -l
040 1- " ¥ ¥ ¥ o §
020 |-
000 RN TR T BT IR TITT RS AR AT,
10° 10' 102 103 104
Ay
Ks

B+= TRAANEERBHERAERENE

RUEZGH > RBMERESRECELOTAERER - T H S MHEH
BUBBEERE > TERR

v,

=neT*r e (48)

A
ku}z,

EXFPaR—RE > Th v, ZBEXRY - EXBIBMOIRF - &
a=1/07 (49)

B U RRFAR UDR TEEBEZ TS

7 = 0.45 A\*
=5.4+f./2 As/K, e (50)

BERRA UDRBaR
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a=0.2619(yf, A, /K, >~ (51)

EUDRAF B0 By e - 1 AFEERTESME 1850w
Ev RS

v, :kﬁ;kz ...... (52)

E%Eﬁﬁﬁ%’@ﬁf”%@§¢’ﬁﬁ§%§ﬁﬁ§ﬁ%'ﬁé%Amﬁ
RER -

48) AN S HEBERE + RE+ —WES > HEE—-BHAoRHS
ﬁﬁﬁ&%%ﬁ’Eﬁﬁﬁﬁ%~ﬁ§ﬁ®&’$%95*ﬁ°$i%ﬁ§%
@ﬁﬁ%%ﬁﬁ’&Eﬁﬁﬂﬁuiﬁﬁéﬁﬁﬁﬁﬁ@%ﬁ2§ﬁiﬁﬁ°

T HEFREEEDBREBISEHE

x%zam’wm%ﬁ%%ﬁ~%%éﬁﬁ%ﬁ*ﬁﬁﬁ%%2ﬁa%§
’&&%ﬂﬁx@ﬁﬁ%ﬁ*ﬁ*ﬁﬁ%mﬁﬁﬁ%&ﬁ@%ﬁ°%ﬁmﬁﬁ
’E%%n:LM,ZﬂE%EERA(M)ﬁ¢-ﬁﬁ%%m(h:w)-%
HEHRABEAR

— ul— 1 = eee——— — -_) L seeese 53
at z, 0 p )
Ha
T, 1 ou,
— =— (v, Yo (54)
[ z,

HERTBRAKRAABER » EERESERTS

oy,
w,:—z,fza 31; do .. (55)




BBHFHE - EHSI A EERER ( velocity defect law) DURFEE
Him |

u, =U, (1 —-F(n) )
—A,o (1 =F(p) e e - (56)

B (46) ~ (53) ~ () K (56) R » BEHMAHTHEAME

d dF
(K y=aF e (57)
d” d7
A
i. Zo .
A m——— e (58)
kuy
HERKGER
N =" F(n,H)=1 : R (59)
N —oc F(ypy=0 e (60)

&3 g R ( Trowbridge et al., 1986 ) K& (57) X W4
aF(HhaAan=K(7:) Fp(n,)—KMOYF,Cny) 0 e (61)

EEmBE 2B ATHHMTZARZ

~ FC(IY)—-F(n)
t(n)=kufzoK(l)——n—""""—— e (62)
7)(1)-771
. F(n)—FC(I-1)
(1) = kufzoKCI-1)—" 77 e (63)

7]1—‘77(1_1)

miE=XE
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KCI) FC(I)+K(I-1)F(I-1)
K(I)Y+K(I-1)

F(n) =

ME > F(72.)R

K(I+1)FC(I+1)+K(I) F(D)

F(n:) =
K(I+1)+K((I)
BAMATXM®E
FC(I) -F(n)
K(’?l) Fv(’h) :K(I)
77(1)_771

F(I) —F(I—-1)

Frz'(m):
(L) —n(CI—-1)

FERE (64) ~ (66a) X (66b) ZARBK(9,) B

2K(I) K(I-1)

K(n,) =
K(IDH)+K((I-1)

RE » K(7:) K

2K(I+1)K((D
K(I+1)+K(I)

K(’?z):

(64) — (68) KA (61) K » A (61) Rz EHE(S

b(I)FC(I+1)+c(l)F(I-1)=a(l) F(I)

H

2K(I+1) K(D)

b(I) =

—93 —

KU+ DHK(D ) (7 CI+1)—5C1) ]



2K(I) K(I-1)
C(I): ...... (71)
(KD +K(I-1))(7(DH—=7(I-1)]

a(I)=(b(I)+c()+aann) e (72)

(69) AB—EELZEBE  BhEe - KMBuwEHEXS  RiLE
BETEABHEMYEERNAEBERTR o 8 63) ABSALES (56) A T
BHFHR

Th

_:i(l)zAbZo [J.oc Fdnj eio ...... (73)
0 7

B EX > ERBIIR

Tis oC .
—_—ia)’Abzo[f Fd7n Je
[ U
ot
P eicerdp (74)
0

Bl (74) & > W HMIRE T, REEZOR

A

T1s oC

:sz,zO[uI;’C de)(ij,7 Fdn)*)? e (752

]

o

Im ( 1I;x Fdn )
¢ = tan™! o:: ...... (75b)
Re [ijv Fd7 )

FH r1s = o0 2B > Bl (752) AUBEREFEZRERS

ﬁ::wcA,zO)%Mif: de)(ij;’c Fdn)* )% e 76)
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E6O)AXd 58FRU 2@y PHBMEHEE BRBA R R RE

o Al U T HBRERE ' KBEAE 107° -

FRBRUE  KFRERSRBAOT LA ¢ S

u, =u, e (-9
B Jonsson (1966 ) WEKS Hreais
p PN
Tis :EC, | cos (0+¢) | cos ( 0+¢>H U2
R E Y ERNREE NS —SaE
4 ~~
tTw =—— C,; cos (0+¢) U?
3w

B (752) ~ (78) K (79) K15 HEE E 1 C, B

T K, o< oc 1
C/=— (— Fd i Fdny*) 2
, 40(A,)[(1f7). ”)(‘fm 2)*)

- (78)

B (80) AE » MERMC, SHANEFA, /L Z BB o BRI

fo2esR:

BT X BDRZf. RC, ZHMEWMT :

8
f. :—Cf
K4



N HEGRENR

AL M ERERBOERER > FRETBE CABRBEM LR - R
BEECRBEEFINE " - (DRTHA» EhERBEG2H L /D, A
HEEBERZGE  BHREEERRIMEEEA /L B () X OX
P - SAROFCHEERTR 2 GE -

B+ =% B +P44 5% Jonsson and Carlsen(1976) BB b2 K F Ui &
RERMAE BEhcESSAVAZBHBE TSR  BRUSKRER
¥E 8% (Grant and Madsen, 1979 ) M E R o mMEh B fEER
ERMCE s FHAEHRERE  DERRESHESH > ABKHERS - AR
REBHERCRERATIE ) KELFES RN ZEIEENE ERD Y
B ERORAE — BB ERERS AL — B E R
H—BEREREREEARECRER c XEPCERRAVATHEZRD
eSS RREERMSBEEESE - HERBER I EFEL -

BT EEEARRR 2R o B ER  ERRERSREAL
@ﬂi—-ﬂgﬂﬁAifﬁ?&&Myrhaug (1982) BERERNZHERFR KR HBERS >
ANHET RSB ZEREREN - ﬁ%@ﬁﬁ@ﬁ%ﬁ%ZﬁM?%
o &% & Myrhang 7e 3 & fi7 4B 2 A 75 5836 EE ¥ 7 B 19 7 & £ o0 B2 ¢ » 777 W B
IS 5 2 S R 1 1 5K Y B B 0 B R (R © Trowbridge and Madsen(1984a)
o B e 0 B o B B VA T T TR 0 53 B R AR+ A T R 8 ST JEE S B th o B D
EHEBR o

B+t EE = +45 %8 Sumer et al. (1987) % Sleath (1987) 7NFI AL
S EEAFRESHE  EERBBRADK » Kt » YO GEMHEESH Y
g% BFEEE LDV S RmEM FER - KBWE > AN ERE
it 2 B fF Y — BOHE o
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104

—— Present Model
| ---Grant and |
Madsen(1979)
103 p* e Jonsson and
3 Garlsen(1976)
° L)
2 L
not0t /fg
- ° *
L]
L ]
[
1 <’
10 7
r4 L J
100 N B i st T TS
0.0 0.2 0.4 0.6 08 1.0 1.2

O
0
&+ = *ﬁﬁﬁ%ﬁmﬁm%ﬂﬂgﬁiﬁﬂﬁéﬁﬁiﬂﬂﬁ%%
(U, =213cm/sec, A, =285cm, h=30cm, T=8.39sec
k,=2.3cm, A,/k,=123.9)

103 ¢
: —— Present Model
- -=-=- Grant and
Maodsen(1979)
X
! \\ eve Jonsson and
Carlsen(1976)
102 | *
n
10 '
109 + + + + + + + + -+ + + + -
-5.0 .0.0 5.0 10-_0 15.0 200 25.0 300
& (deg)

B+ EREZEFRAFREREFRANER TN ELR
( ﬁl =213cm/sec, A, =285cm, h=30cm, T=8.39 sec

k,=2.3cm, Ay /k, =123.9 )
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102

o — Present modet
n ~-- One equation
B model
) —:= Myrhang (1982)
10 2 see Jonsson and
__‘: Carlsen(197¢)
n [
| -
=
10'E = ¢
: gk
= °
[ ]
- [)
100 e e
00 02 04 0.6 08 1.0 1.2
Uy
Ui

B+ #= ﬂ%%mmzﬁﬁi%ﬂﬁﬁﬁiﬁﬂfﬁﬁﬂﬁﬁﬂﬁﬁ&
( Uy =156cm/ sec s Ay =179 cm, h=3¢ cm, T=7.20sec
k. :6.3cm, Ab/k. :28-4 )

k]
10 ~—— Present model
- --- One equation
B model
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EDDY VISCOSITY MODEL AND TURBULENT BOUNDARY LAYER
NEAR ROUGH BOTTOM IN WATER WAVES

Shan-Hwei Ou* and Tai-Wen Hsu**

RN ER

A theoretical study on the wave-induced fully turbulent boundary layer over
rough bed is presented. A one layer time-invariant eddy viscosity model which is
more realistic under natural conditions is proposed to describe the flow field inside
the boundary layer. The eddy viscosity distribution is obtained from the numerical
results of the one-equation closure model by the Discrete Fourier Transform(DFT)
method. Computations based on this eddy viscosity model compare favorably with
the published data. The first-order solution for the case of Stokes waves are
invesigated. These results include the velocity profile, shear stress, friction
factor. The present study simplifies much complexity in many of the existing

models. The first order solution shows good agreement with the experimental data,

*Professor, Ph.D, Dept.of Hydraulics & Ocean Engineering National Cheng
Kung University, Taiwan, Taiwan 70101,R.0.C.

**Graduate Student,ditto.
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BERP

1. INTRODUCTION

Fig.1-1 ~ 1-4

S e TEAREE

/ RIP HEAD / . 4 zj::? RIP HEAD ,. /o
....... ~ NS | p / / \ L X¢
[ | \\ RIP CURRENT I \ \
"'1,‘11‘ ﬁ:xmc WAVE \\ B
\ ‘—LLONGSHORECURRENT) Xp
— ZTF/ ...... _
BEACH RIP-FEEDER
CURRENT

Y, 1

& 1-1
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observed from tracer —
Surface current

interpreted _—
Rip current (outside the breaker zone) -
Cuosp . SV S ant e

Shore line

Joa
Ao.t

»” Wind speed 8.0m/sec
# Wind direction NNE

I

03 010 2030 40 50m
. s

SIHELSIAA

Fgoire 1.2 Nearshore currenl Pattern on the Shouan const. Kanafawa

Prefecture. Japan(Horikawa and Sasaki,1972).
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Figure 1.3 Measured nearshore current velocity field(rip current)(Sasali

and Horikawa,1975).
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!

Figure 1.4 Measured nearshore current velocity field.(meandering currents
Y(Sasaki and Horikawa,1975),

2. GOVERNING EQUATIONS FOR NEARSHORE CURRENTS

BEEBEARF > HREFEHERAR

aﬁa+ 0
dt dXxp

{ﬁaﬁﬂ"‘Saﬁ}:Ta'f‘Ra v a, B=1, 2

Sap : Radiation stress components

7 0 _ —
Ra = —Tple'F Tpa — Tia
—h aX‘B

Tpa = stress ( components ) including the wave-current

interaction
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Tpa —mear stress at the free surface

Fra = mear stress at the sea bottom

o
aXa

Ta=—pg Ch+7)

HEBRXEHEBERE(4SD=h+7)
8 Ma
NN ac@o’+ Ma

/gt aXa
. oMeT 9~ o~ 8Sap o
BEX —z +axp(U“Mﬂ3+ %5 =Ta+Ra

v

~ OMF ~ 0Ua
0. 25,
Xg axﬁ

LUe=us (ABEABEFELHZE) > Us=(u,v)
Ma:pDUa

(0

Xa

EIJ (pDUaj:O

aUa aSa‘B
pDup + =T« + Rea
\ 0xg 0Xg

i.e.
{

0 0
-——(Du)—wg—(Dv):o

0 x y
ou ou 1 1 1 anx any
u + v = T, + R, — ( +
0 x oy pD D oD 0 x 0y
hv—d
—go7n/0x
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ov ov 1 1 1 9S.y S,y
u—-+v = T, +—R, — ( +
0 X oy pD oD oD 0x oy
h—v_d
—gon/dy

Introduce transport stream function ¢ :

o0v du
HS &=

T ax oy

1 0*¢ 0%¢ 1 o0 daD 0¢ oD
= ( +

= ) + )
D odx* ody? D* o9y dy 0x 0dx
B o¢ o ¢ o¢ o & 6 R. 0 R,
9dydx D EW(D)_G)’(()D) ax(pD)

nonlinear term frictional term

0 ( 1 0S.. 08, ) ) 0 ( 1 (as,, 08S,,
+ + +
oy pD( 0 x oy ox pD 0x oy

)}

s

v

forcing term

3. RADIATION STRESS

C, kik,' Cg
S.'} =

E— —+E (
c k

—=)0iy ,ij=1,2
C 2
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k, =k cosf , ke =k siné@
@ = angle of wave incindence measured

comterclockwise from x-axis

2
=7 x==const,
/\/
/”’_Z_‘\\\‘ z=0 4/’/’—~—_‘
-
(p+pu’) 4+
2=—h
Z a

Figure 3.1 Definition sketch for instaneous momentum flux across a ver-
tical plane(Longuet-Higgins and Stewart,1964).

wave crests

direction of wave
propagation
Syy

Figure 3-2 PLAN SHOWING PRINCIPAL STRESSES

—130—



Sheor Stress
E/2 }
Seyy b — — — —
Normal
stress
0 +
Syy 3E
2
E/24

0. MOHR'S CIRCLE

S xx Sxy

b. STRESS ELEMENT
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Figure 3-3 MOHR'S CIRCLE ANALYSIS

(x+x ) +y* =R’
X:% ( Sxx+Svr )

| Sxx— Syr )?
R:[(_XXTYY_)_ +SXY2]1/2
I
0 ., mow

4. WAVE SET-DOWN AND SET-UP

x-momentum eqn. (D=h+7)

~

oM O TM. + 8w (UM, 5, ) = pgD
+— x : xx +— x y+ zy - —
ot 0 x _ oy i 0 x

—132—



coast

c 2 C

1 EiE

08S..
0 x
o7
— < 0 D wave set-down

0 X

>0 (7 S.BAEZEAMEM)

2cC, 1 2 1
—=)=Ec¢, (——

C 2 ——— C 2C,

B S..=E(

);

F ( energy flux)
2k 1 1
o 2(da/0k)
2k 1
a? —( 0o/ 0 k)
- aa:z)}

}

}

% E:kh ’ C:koh: ko .%ﬁﬁ&ﬁ

ok d(é/h) 1.dé¢

= T —— iie e (2 ~ :
do* 09(gl/h) g d¢g ) Pl xzEm
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(zE/h ldE)_Fo(ZE d&)
Lg/h gd¢ g ¢ d¢

S.. =Fo

— 1 -~ Fo dé¢ 2¢&
AX1=> dp=———dS.. = d ¢ —
pgh pg*h df ¢

Fo? 1 dé 2¢
= . d( _
pg® o*h/g dg 4

)

)

d{d (5)}
df ¢

BRECFEEHEHLK F=—%
Fo* d IS

—— ( — ) + const
peg’dl

7 =

d
CBRERE> 7=0°6-0

dC(E/C):O)

ot h

R o*=gk tanhkh— = khtanhkh

g
i.e. {=¢tanhé

3
E: cothé » (=1 " EE 1R (HE) )

Fo* d
_C( coth& ) «eeeeeennnn. 3)

= 3

0g

BREFEIBEEHEEIIECHERE
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oo E 00 Egd¢
F:Enga:ECg :E( )= —

ok 20(ak )$20d5
(2)

A 5o 7 d hé
B)=> 7 = —— ( cot )
2pg* dé¢
1
=—a*k tanhé. ( ————)
4 sinh?§
o = gktanh ¢
&
E—l a’
—ZPg
1 1
=——a’k
4 sinh & cosh¢
— 1 a*k
N=———
2 sinh2¢
— 1 7%k
or 7 =-————— ( wave set-down ) ... (5)
8 sinh2kh
ETHEEAN,
3
Cg - C Sxx - —E
2

& H=7 (h+7%)

3 _
=[] S"::;;-pgr’( h+n)?

, d7 1 d 3 _
ADD——=— {—egr:(h+7)* }
dx pg(h+n) dx 16

3 _
— r*-2(Ch+7)
16

=- — h+7)
Ch+7) dx(

—135—



K
dx dx
s 1=K (hy,—h) +7, ( wave set-up ) ceeree (6)

Wave period T = 1.14s
Wave height Ho=6.45¢m

Breaker height Hs=8.55¢m ~3.0
Slope tan8=0.082 dos
slope 420

1.5

1.0

Theoretical curve 405

m_—_$‘&/,._——s‘w.L. _______ 0
el o0
Exp. data \ 405
]

Breaking point .
: \ Plunge point

Wave crest |
S W.L.J 0
Wave trough /
1 1 { | 1 d_y
400 300 200 100 0

Elevation above S.W.L. z (cm) Elevation above‘ SWL. z(cm)

Distance from the shoreline x (cm)

Figure 4.1 Experimental results on wave setup and setdown(Bowen,Inman,and
Simons,1968).
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5. GENERAL CONSIDERATION OF ( NEARSHORE )
CIRCULATION CELL FORMULATION

wave (@ =0 )

_ 1 H?*k
wave set-down 9 = - ——«
8 sinh2kh

HX— set-down k&
wave set-up 7 =K ( h,-h)+7,

HX— set-up X
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6. GENERAL REVIEW OF MODELS FOR RIP CURRENT

o u ou o0 R, 1 0S,, 08,
u—=+v—=-—-g + — — — ( +
0 X ay ox p(Ch+7) o (h+7m) ax oy

J

ov dv 07 R, 1 0S,, 0S,,
u—+ v——= — + — — — ( +
o Ch+7) pCh+7) 0x oy

0 x oy gay

~ y J

Y

non-linear term o
let R,,R, » fu, fv, f: friction factor

(usually neglected)

momentum egn.

0S,. a8, N on ; )
+ + (h+p)—+ tu=290
0 x oy 8 0x
_ ' (1)
0S,, 08, b )an .
+ +0g(h+p)—+ fv=0
0 x oy ‘pg oy

Continuity egn.

0 0 _
— (uCh+7))+—(v(h+7)]J=0 (2)
0 X oy

A1), (2) : unknown— S |7 ,u,v, 4 {#
BEHERXRE 3 @

1. free type rip current system — to add one more egn.
Hino ( 1974 ) etc: H=7 (h+7%)
or

LeBlond.Tang ( 1974 ) etc : energy egn.
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0 0 ou ov

—(ECu—c,))+—(Ev)+S,,—+ S, — =—f,
6 X ay X aY —
=~ cigen dissipation
value
problem

2. forced type rip current system
— give a wave height distribution ( or a radiation stress
distribution ) by something come from the outside of the

equation system.

The forced type

edge-waves Bowen ( 1967 or 1969 )
(or infra-gravity | Harris (1967)

wave ) Bowan + Inman (1969)

. Sasaki (1974 or 1975)

Cross waves Dalrymple (1975)
Marayama - Horikawa ( 1977)

(bottom) topography [ Bowen (1969)

Sonu(1972)

Noda (1974)

Sasaki (1975), Mei ~ Liu( 1977)

Lin ~» Liou(1986), Lin ~Hwang(1988)
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wave diffraction ~ ~Liu. Mei ( 1974 or 1975 )

(— cross wave )

The free type

hydrodynamic Hino ( 1974)
instability Miller-Barcilon(1978)
eigenvalue LeBlond - Tang (1974)
problem Iwata (1976)

- Mizuguchi (1976)

Dalrymple- Lazano (1978)

/. LONGSHORE CURRENTS
7—1 Basin ,equations.

a . a ~
mass —— (o (hF7n) ]+ (Ma) =0
at aXa

momentum —)4/

Te=—pg(h+7)

M,B +Saﬁ)—Ta+Ra

, Ra = frictional term

Xa
S teady
0o x — offshore direction
—_=0 s
0y : y — alongshore direction
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M. oMy
+ =90
0 x oy

~

M, = const. =0

M momentum eqn. §| S

a ~ ~ a ~
y— — (U x+Ssy)+_—( y y+sy:):TJ+R
0x 0
asxx
(1= =T, +R,
0x
08S,,
2)=> =R,
Jx

( driving force ) + ( frictional force ) =0 ( steady )

— s

M state
{ bottom friction

lateral friction ( diffusion )

S,
! Sey +—=dx |,
¥ hal
11 /
Yo /.
x:l// ' x+dx 7
/ /
/. /



54, Bakker (1971)

. steady ,
Komar (1975)

I~ a
u=(0,vx)) , — #F0
oy
0 wave
i.e. — S
( ay(height‘) )
Al K@=
0S,, a8,
+ =T, +R,
0 x oy
or
0S.,, a8, _
+ —T,:R, ......
0 x oy

J

driving force

, o
T::—P(h‘*'ﬂ)——
- . 0y

D

7—2 The Longuet-Higgins model

ds,,
:R,
dx
dT,,
_ — Z'y
dx

dsS,, sinf d

Ix = e dx ( Ecgcosf )
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5 3 bt 3 8 siné,
——pg? 7* (h+7)? tanf ——
16 v (Ch+7),
d _
tanf' =—— ( h+7%)
dx
d 1 sdv
(Tg,)= {Npg?x(h+7)? —}
dx b dx

1 ——
TJ:_pCfT g(h+0)v
T

1 3 d s dv 1 L 11
—>Npg? ( tanf’)? ( x? ) ——pc,rg?(tanf' ) x%v
dx d x T
5 3 . 8 )% sinf, 2 cx<
= ——eg'r’(tanf' ) ————=x* , 0<x<x
16 v Ch+7),
=0 ’ X,<X<OC
Neglecting lateral diffusion
57 7 siné, _
—-—g tanf’ —— (h+7) |, 0<x<x,
v=4 16 c; v gCh+7),
0 X< X < ¢
at X=X , V=V,
5m 7 = .
Vi =———4+/ g (h+7%), tanf' siné,
16 c;,
v X
V =— X =—_ =>
Vs Xy
3
d s dV 1 - Xz 0< X< 1
P—(X?—) —X?V = ,
dX dX 0 1 < X<
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n N tan B’

in which P =
7Cr
W P+#2/5
v B, Xr +AX 0<X<1

| B.Xr 1< X<

3 9 1 1
p1:__+(_+—)2

4 16 P

3 9 | S}
p,=———(—+=)%

4 16 P

Bl—_—{P(l_pl)(pl—pz)}—l
B:={P(1-P)(pP—P:)}?

yP=2/5
10 5
—X-—XlogX 0 <X<1
B 49 7 ‘
10 s ’
—X 1 < X<
49

\72'A
Non-dimensional longshore current velocity

Fogire 7.1 Calculatee distributions of the longshore current velocity(
Longuet-~Higgins,1970).
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7—3 The Kraus~ Sasaki model

Kraus, N. C. and T. O. Sasaki (1979) :

“ Influence of wave
angle and lateral mixing on the longshore current ”

Marine Science Communication, Vol.5, No.2, pp.91 ~ 126.

( driving force )+ ( lateral friction) —(bottom friction)=9¢ (1)

: R,
1.e. 9S,,/0x =R, .
X g

driving force (D,) y
D, - — as., L y

0 x

sin@
=——{Ec,cos@
d0x c

———

I
const.(Snell’s law)
sinf

Py ( )

C

0 (Ec,cos8)

1 rt
H=7h , E=— pgH:? =—— pgh?
8 8

sin @ siné,
Snell’s law =
C Cs
csind, h% siné, h
sinf = = = sin@, ( )2
Cs T hb% h,

c =ygh
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h) ......

h

sin® @ =sin®@, (

0 (Ec,cos8) 0 1

3 5
= —y2pg?h? cos#
o ‘ ax{sr 0g }
T
B c,=c =V gh
1. %{ . 5h%6h hga(cosﬁ)
= 708" { cosf- — +
8 ¢ 2 0 x 0x
S~e—— — 1
—tan g+, 20CITsin'd)F)
~———— aX
37r?
tanfB/(1+ ) s
8
1 3 5 3 1 s 1 0 (sin®@)
= —720g?{——h? (1—sin?#)? tan B* —h? T
8 2 2(1—sin%@)? 0 x
5 3 3 a
=—7?pg?h? {—tanB*( 1—sin?0)?
16
h _1 0 (sin%?#)
——(1-sin?§)F —— "~
5 0 X
_—_/

i ( sin? @ h )
— [ sin? 8, (—)
0 X h

12

v

sin?f, o h sinqu’b

= — tanﬂ*
hb aXV hb
5 s 3 h
———7?pg?h?tanB*{ (1—sin*H, — )?
16 h,
sin?f, h _1
- — (1—s1in?6, ) 2}
5 hb hb
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sin @ h 1 _1 _1 _1
= sinf, (—)% (gh) 2 = sinf,g %h, ?
C hb
¢
5 h® h
— 08 7* tan f*sinf, (—)? {(1—sin?§,— )2
16 h, &
D, = « sin’@, h p h 1 e 28 7
— — (1—sin%4, ) ’
5 h, h, }
L 0 ,ﬂﬁ%ﬁ .....
e lateral stress ( Ty )
0 b ov
Ty = — ( €
* d X o e ax)

Madsen et al. (1978) :

T .
€. = XUpee =—x+/gh { ’ %\&’%W
2 H/h ®mepgasm
- .cos @ 1 h» 1 hb 1
HREHEZ : H= ( Y2 (—)'H, = (—)*H,
cos @, h h
G 1 Hl ho 1 bo‘ 1 ﬁg\j‘ bo
ote : een’s law = YE(—HT ), —=
( note reen H, ( b b,) b,

e bottom stress ( < 7, >, )

Tb:c/‘plulu ’ U:ﬁ+(O,V)
7
u, =—+/gh

T2
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2
< Ty >, =—CrPVUL (1+5in?8)
T

h
T(1+Sin20bh_) , RERA

1 R
= — h
anPV\/g H . h N
' — 1+ z » T ’ )
h( sin h )
(2)
Boue 2 e 5)

(ie. BEHMN  H/ b AREH T D

3)
W —— >R CELE)
K A

(5)

e General Solution

oC
T (A X+ B, XF) X" 0 <X<1
V: =0 ] , :
oC
F C.X 1 <X <o
=0
- X
ll:tﬁy V=—o ’ X=—
Vo X
5w - tan*
Vo:—T‘\jghb sin0,,
16 Cy
( 1
1_5__P n=90
2
Aw =1 a,—sin?*f; A._;
5‘ n:l ,2, ......
1—(n+1)(n+-§)P
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1 | n=90

a, = ‘
1 (2n+5)(2n-3)11
- - sin?" @, n=1, 2, -
5 2" nl!
NIl =N(N—-—2)(N—4) . ,
(
NIt =1 NR&
1 n:O
sint @,
B':Bo 3 ﬂ-—ls(ﬂozl)
(P+n)(P+n+5)p—1 n=1,2,-
Ba
1 n=0
Sinzob :
C-:CO 6-_1’(5021)
1 n=1, 2,
(q—n)(q—n+Z)Q—1

d.
Bo = (83, —8'S,)/(S$;8,-5,8¢)

Co = (S8S8,-8'8,)/(8;8,-8,8;)

oC oC oC
S - Z A. P Sp = Z [Bu 3 Sq = 2 5-
n=0 =0 n=0
oC oC
=0 "n=0
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©  tanB* 3 9 1
P=-T— p=——+ [— + —
2 Cy 4 16 P
n _ tanf 1 1 1
Q=-T Q== [—+_
2 Cy 8 64 Q

note ! <1 , lie sin*6, — 0 , H

—1 )
By —aA, _47 1)
(p—q)
P—q > HIES Longuet-Higgins 2 &R
(p—1)
Co Ay —
(p—a)

8. DYNAMICS OF RIP CURRENTS

8—1 The Arthur model

_ ov du
D=h+7 » §=————
0x 0y
o¢ o0 ¢ 0¢ o 3 0 R. 0 R,
—_—— (=) ——— ( — — _
dy 0x D) 8x6y(D) ay(pD) Gx(pD)
nonlinear term frictional term
0 : 1 (GS,, 38,,)} P ‘ 1 0S., 08, }
- {— + + ( + )
oy oD 0x ay ox pD 0x oy

-
Y

forcing term

Arthur, R.S. (1962) : “ A note on the dynamics of rip

currents” , J. Geophys. Res., Vol. 67, No.7, pp.2777 ~
2779. ‘
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Arthur B R BEFRMEEBLEEH » M#EE frictional term & forcing

term  {

o¢ 0 3 0¢ 0 3 @
—_—— (=) —— —(=)=0 1
dy 0x D) 0xXx 0y D) y.v
—— [ ——
— Du Dv 0 -
D coast
Dt h+7]: F(o )
L] —_— =T (@)Y  eeeesa 2
D 0 0 ] (9 (
= u + v

) is conserved along a constant transport streamline

(
h+7

= & ( vertical component of vorticity ) BB K& 2 ¥ i T # 40

10¢

4 m<<h B u=-——
hoy

_16(/;
—hax

\%

(1a¢)+a(1a¢ ) =F (¢ )
— — = P (@Y  cessse (4
0x hox oy hay) )

@= - ¢
h

R x @ —FE > KifBEERGNHE
SURIZE bt REb 5T o (@) )

ov ou
| < | —|
0 x o0y

1 0 10¢

W= Ea—y(ﬁw

)=F ($
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y kL

Y1
T=90 y2
o///x// 777 ///// 772X
1

e

///////////////// 7 X

U mirror
image

14

L2222 LLLL LY
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4 hdy=dy' AIf§

dz¢
=F
= F
B
d¢
_— = - :fl
1y u D)

CBES vy =f.(

W S =const £, u,y HR—E

i.e. y' :I dy' :I hdy = const

" Y2
f h(xl,y)dy=f h(x:,y)dy

0 0
MU hERSERZFEHKE » Al
yih(xi,y) =yh(x:,y)

MR R ( ¢ =const ) MZERB KR ZRBNEEAS -
RE , @b~ C)FRA .

8—2 The Tam model — the jet model

Tam, CKW. (1973) : “ Dynamics of rip currents” . J.
Geophysical Research, Vol.78, No.12, pp.1937 ~ 1943.

e boundary layer analysis.

e laminar jet flow — similarity solution
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SRR
X
Y /
R
T
Tt
/) \\
ImEE T 0
steady.
horizontal eddy viscosity only for mixing.
0 b 0 b 1 dS.. 48,
— (Du) +—(CDv) =0 (= + )
eD o0x oy

0 x oy /
ou omn 0>u  0%?u

ou

)

u——+v——=
0 x oy 0x 0x? 0y?
v dv o7 atv v
Ut Vo= — g —— HR)F Ay (—— )
0 x oy oy 0x* 0y?
= + : + )
7+h(x) pD( Py 5y )

Assume that the radiation stresses ( Seg) have little effect on

the dynamics of a rip current.

boundary layer approximation, | u >>v

), Dl E#ERBR
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{

0 0
—(Du)+a—(Dv):o

. (1)
aX y
ou ou 0%u
U—+ v———=Ay . (2)
0 x oy 0y?
{ B.C. a
ou
at y —+oc , u—0 (— =0 )
2y
...... 3)
ou
Y—)O , v—0 ,—— =20
ay
\

oC
conservation of x-momentum flux : f eD(2) dy >
—CC

J—O:c eDu*dy =M (8 x - &8 )

M : total momentum flux of rip current
3\
0
£ uD:a_¢
y
a¢ t eeeaes (5)
vD= ———
0 x
(" x
§=Dxy , C:JODz(x)Ade ...... ®)

( f.e. (x,y)—=(&,8))

(D~
o0y 9%*¢ o 82 ¢ 93¢

- = —  seaees (7)
0§ 060L 0L 0&* o¢&s
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ZEr-1 Zr—-1

a¢k_1/2+_a J‘Su dz+ﬂ——J‘Sv dz +

ot 0x
Z g Zp
02 07 a7 07 87 4Z
S (w- _ — [(S(w— - _
(S (w-uzs Yoy ot ), T (Stwouas Yoy at 07
S
‘[(A“) )dz+——J‘@M”———)dzj
oS  oZ s 07 35S
=4 (a A 2= )
k-1
as az 0Z  oZ S
—— - AL —Z ) ...
ay)ay : 5 ]k (31)

%ﬁTEﬁi%%%&)ﬂ & - in%%b’\ﬂ@@%ZﬂE Wﬁﬁﬁ%%ﬁ%’i
NEREXHNEZME - ARS

Z k-1
Uk_l/z =f u dz s Vici/2 :f v dz
Z z,
...... (32)
Zp—1 71
Or -1/ 2 :f T dz , ¢,,_1/2:f S dz
zZ

z k

k

—BME BHEARLEENZAE - «‘ricﬁnIL,lTEb{FﬁﬁBt -
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9. THEORETICAL MODELS FOR NEARSHORE
CIRCULATIONS

9—1 The Bowen model

Bowen, A.J. : “ Rip Currents»1.Theoretical investigation” ,

J. Geophysical Res., Vol. 74, No.23, pp.5467 ~ 5478, 1969.

_ 0
U(h+7))='a—¢

Yy
— 0
V(h+77):——¢
dx
ov Ou _
= ——— , D=h+1y
dx 0y
o¢ 0 & o¢ o 13 o T, 0 T,
— 0 (=)——— (=) = ( ) — ( )
dy dx D oxdy D ox pD oy oD
7] 1 aS,, 48, 0 1 0S.. 08,
+ ( + +

) b - (
ax{pD oy dx } Gy{pD 0 x oy
( lateral diffusion is neglected )

H=7tanf'x ( 1+ €cos 1y)

T: = PCUu  , T, = PCuV
o o & o o & Cs 1 0¢ oD 0¢ oD
— (=) ——/——(=)=—{&——( + )}
dy dx D oxdy D D Dz o0x od0x oyoady

1
+ —gr?tanf' €2
4

0¢ 0D
AREREBEURE — — 28/ HE, 8
oy oy
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1 02¢ 0% ¢ 2. o¢ B
( + ) — tanB’ — =—sinly
Dz  o0x%* 0y? D* X C,

1
*Zgthanﬁ'El U AN

B =
0 % 75 A%

X —oc , ¢ = finite

d(x,y)= (sindy {A1, ( Axcoshix—sinh41x )
B(tanf')? '
_+_
'C,,Z‘

, B AR
A, (Ax+1)e 2 sindy , B &4

(2—(2x)*+22AxsinhAx—2coshix]}

a .
X =X ¢ ’ a_S[) : ;@@j‘y&%[xl ) Az
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w~ Breaking point

(=T
wn o

Stream function
[=]

¢ (Az)

X

R
~
~

Non-dimensional
alongshore scale Ay

<>

Breaker line
Non-dimensional distance offshore A

Figure 9.1 Linear solution of nearshore circulation pattern including

bottom friction(Bowen,1969).
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9—2 The wave-current interaction model

Dalrymple, R. A. and C. J. Lozano ( 1978) : “ wave-current
intaraction models for rip currents 7, J. Geophysical
Research, Vol.83, No. C12, pp.6063 ~ 6071.

Steady state :

a o~ —~~ ~ ~ o~ o~
—=(UCh+7))J+— (V(Ch+9)JI=0 .. (1)
0 X y
~o0 ~00 4% 1 38+ 89Sy -
U_A-f-V—A:—g——A——A ~——— ( -+ —+ R, ) . (2)a
0x 0y 0x pCh+n) dXx oy
A0V aV a7 1 3852 9S55 ~
U—A—FV_A:—g ———= — ( — -+ = —|—R’ ) ...... (Z)b
0 X 0y y oCh+7) oXx oy
0(& ) x,U
wave
Y;V //f///{)egc/h////////
o A~ AN oA 1 A 1 A
R.=pF7r(g(h+9))% ' { (1+cos?0)U+ (—sin26)V J -eeee 3 a
2
~ ~ ~ o~ o~ 1 ~ 1 ~
R,=pFy(g(h+7) )2z ( (1+sin?0)U+( —sin26)V ) ... @) b
2
F = 1.41 (—me j‘%~141[<§r)%/<23§>j‘% @) c
T akk, ' H, ’

7 . breaking index.
/l;,: equivalent roughness of bottom -
(

)s . value at breaking line.
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0x 0y
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0% T8y 0% 7oy
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D : energy dissipation , k =k,i+k,]
ok, ok,

— — =0
0y 0 x

A A~ A ¢
MW=> {UCh+7) =——
oy
N o~ o~ 8P
V(h+1n)=—rc
0X
A~ 2
2 :L » L, : rip current spacing
= longshore wave number for nearshore circulation
: horizontal lengih scale
7
— = vertical length scale ;, m : beach slope
o

let : x= 2%, h=Adm-—*h ,7=2am"*7
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0y 0x (h+7n)adx o0x 0y (h+7) 0x
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note ! OHREKRQ@EEUMZHEFHRER o

A. model I-extremely small refraction angle

assume 01 =0(e). l.e. negligible angle of incidence.

0 ¢
oy

(19d)> 7, =—-2d?

Let periodic functions.

¢, = ¢ (%) siny
(e, i) =(e(x), 7(x)]) cosy
cross differentiate (192 )& (19 ) >

P G Sl
n+ ! — _|_ —
3f 2d’' 3f

X =0 : regular singularity. ("~ d=0,at x=0)
indicial egn. —» root =0 , 2/2

!

‘e unbounded

(HX(19 ) %)

at x=0
¢ ~Ax as x—0

HKX continuity condition at x=x,

@' (x) L ¢ (x)

......

lim — = lim ———- (22( x=0
XX @ (X))  x—X, ¢(X) ) T ER
X >X, X<X, | X =oc

=W/

> A0 FE #
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note.

( 18a ) —— Q) >
KA

3 k? 2

— 1 —
¢”+(Mx——) ¢+[M(1+
2X

M= 4m/3f ( eigenparameter )
numerical experiments = for 0 <M< 100 and all x,

no non-trival sol.
= For arbitrary monotonic decreasing bottom beach profiles
h(x), the present model will not yield a steady current

circulation cell.

Mizuguchi (1976) A EHA L T LeBlond-Tang &z /¥ » EH
i= o =i o

Model J[-First-order wave-current interaction

let. ( ¢r,0,) = ¢(x), 6(x) ) siny
(i, e)=(7F(x) ,e(x) ) cosy

(19a ) ~ (19 ) =>

3r:_, ot 1
2

d7'+ 707 = — €T —— e f+2fd g e (232)
16 8
_ 2 2 1
—dﬂ:—?( e ) + e—-fd 2¢' e (23b)
1 _1_ — -3 —
‘df(d 2(9)':—d—177+d 2¢ .......... (23(3)
2

S J— 3 —
—(epd )" ¢ — eod’? ¢' + —e;d'e ¢
2
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11 1 1 —
:(dze—i—gdzeon)’—i—dz(eoﬁ) ...... (23d)

e =2d% ( inside surf zone ) = e (23e)

( outside surf zone, flat bottom )

offshore zone : ( 23a )~ (23d ) , or

qu:(n,Z,F,e) , M| = 4X4 matrix

inside surf zone : ( 23e )— ( 23a ) ~ ( 23¢c )

q: =M,q 05

q1:(?,¢,§) , M, =3x3 Matrix

e numerical sol,.

N

Ap koL, % Ap=1.08 , L, ~1.6%

/s /7N

9—3 The hydrodynamic instability model

Hino (1974) : 5 R HETBEEHK - Lr ~4x

Miller, C. and A. Barcilon(1978) : “ Hydrodynamic instability
in the surf zone as a mechanism for the formation of
horizontal gyres” ; J. Geophysical Research, Vol.83, No.
C 8. pp.4107 ~ 4116.

e mildly sloping beach, parallel bottom contours.

e lateral friction effect neglected.

e steady, linear stability analysis.
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FAEE . The energy for the circulation cell is derived from the
potential energy stored in the wave-induced sea surface
set-up ( uniform>longshore independent )

— The infinitesimal perturbation of the proper ( longshore
) wave length will extract the energy associated with

this set-up and convert into the circulation velocities

of cell.
"% 0
a'—‘O ...... 1
aXa
0Sag _ a7 Z‘OSag%
=—pg(Ch+7) + — (20U, ,U,) e 2
0xg 0xa w(h+7)?
a,pB=1, 2 bottom frictional stress
2ga’f*E 4 3 3
{UaE"i‘élCEE}:—————_———pcbgzaz(h+1]) 2 e (3)
0 Xa c(h+m)* 3=

J/
v g

energy dissipation energy dissipation

"

due to wave due to bottom

breaking friction
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E E 2c,
Saﬁ = — é"lﬂ + — (
C 2

—1)0ap

41,4, ! directional unit vectors normal and parallel to the
shore.

B : a measure of vertical extent of foam region. (<1)

introduce ¥ :

w, :Ml 3 w, :—’l\\/iz ......

€ ! small dimensionless parameter

D=h+7
4 T=UO)+ eWD(X) sindy +-e----
D =7P(X) + TP (X)COs Ay +-eeeee
D =D (x) + eD™(x)cos 2y +---+--
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0 1 7
energy a—( D@ 2zZEM y = _92QE®» D® <« . . (8)
X

in the surf zone

3 0FEW ai(l) 3
momentum — + 2D =—20Q{ AD®" 2P
2 0x 0 x
3
— D=2 E® } L (9)
2
1 Q PRITE
—EW 4 oD@y Mm = _ “pwe-4 _______ 10
2 2 0 X
1 5 ‘83T3 7 3
energy —— ( D@z E® = D®m=3 EM® —2QD®»-37 F®
0 x o
3 5
+ 7Er D®s==3 pc Q)
o

HE Q=27 cp/no
¢ = Ls/De=modified beach slope
Lz = distance from the shoreline to the breaker line in the

presence of waves.

ZEEt R A 6)~X W) Z 7T » 5633 — 1 basic state

YO (=M )=0
IT)(O) =hx)+ 7?7 (x) , hx)=1—x
2ERA XL (x=0 : brenker line )

E®O=(1—-a)D®"+a , (a=0.1)

7O = PR F AL £ wave set-up or set-down
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Solution :

Seaward region :

1

8
E® =A,D® 3 exp { ~—Q (D®-1—-1)}
5

vo =22 (~Sapetony)
2 2D 5

77 (1) Ao 8 D®-3

Y ——mexp{—gQ( i—1)}

surf zone : (m=3/2)

3

EM™ =

CXp{zs_B“3‘°>%~1>— (D@72 —1) }

1
D %

T A AT +A,DO® I, (\/71])(0))

1
7w :ﬁ{ AAQ [ 1 (V22D® )HK+ Ko (/22D ) J ]

+ QA I, (VZAD® ) (E® /(22D )y}

B=5p7°/0
T=DO®I, (J/2AD® YK(D®)—D®K, (/21D®) J(D®)

0
K(D‘”)zjf)) xGX)K; (V2 2Ax)dx

0)
j(D‘“’):ff)) xGx) I, (JV21x)dx

I,(x) , Ki(x) =modified Bessel funcfions of the 2nd kind.
a=0.1
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Ao, Av, A [ EEFEH  ABBEEEBEGREREZ °
R L, ~8.8x,

10. NEARSHORE CURRENTS ON A NON-STRAIGHT
COAST

Lin, M.C. & J.Y. Liou(1986) : “ Analytical study of wave

induced nearshore currents”, J. of the Chinese Institute
of Engineers, Vol.9, No.5, pp.437 ~ 449.

Lin, M.C. & S.Y. Hwang (1988 ) : “ Nearshore circulations on

a wavy coast” . Proc. 21st. International Conf. on Coa-

stal Eng., pp.2603 ~ 2614.

e orthogonal curvillinear coordinate system.

e conformal mapping.
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FINITE ELEMENT ANALYSIS OF
COMPUTATIONAL FLUID DYNAMICS

Der-Liang Young

Professor of Civil Engineering and
Director of Hydraulic Research Laboratory
National Taiwan University, Taipei, Taiwan, R.0.C.

ABSTRACT

Solutions of incompressible viscous flows using the primitive
variables by the three finite element solution algorithms, namely
the penalty function method,the pressure-velocity correction method,
and the pressure-velocity coupling method are briefly reviewed. Ap-
plications to both the internal and external flow regimes are illu-
strated. Typical examples cover the simulations of Couette flows,
channel flows, circular eddy flows, square cavity flows, recircu-
lating flows, and flows past a circular cylinder. The effects of
the high Reynolds numbers to flow instabilities and vortex eddy
formations are emphasized in particular. Practical applications of
these methodologies to hydraulics are also delineated. Typical ex-
amples cover the treatment of the simulation of stratified reservoir
dynamics, hydrothermal modeling, free surface flows and sediment
basins. Extension to simple three-dimensional flow is also under-
taken. The results reveal that the finite element analysis is a very
powerful approach in the realm of computational fluid mechanics.

Keywords: finite element analysis, computational fluid dynamics,
internal flows, external flows, Navier-Stokes equations,free surface
flows.

% This paper will be published in the Proceedings of the National
Science Council, the Republic of China, Part A : Physical Science
and Engineering.
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1. INTRODUCTION

In the realm of computational fluid dynamics (CFD) especially
for the solutions of the Navier-Stokes equations, the finite differ-
ence method (Roache,1972) is more popular, as comparing to the other
numerical schemes, such as finite element method (FEM) (Baker,1983),
or the boundary element method (Brebbia et al,1984). The reasons lie
in the methodology underdevelopment and users unfamiliarity of the
latter. To many fluid dynamicists, finite element approach was
resisted by the misconcepts that the finite element method was con-
sidered less efficient and more difficult to use in solving flow
problems, as to solve the (linear) structral mechanics fields. It
is fair to say that the most vexing problems of FEM are the big com-
puter storages and longer CPU times are needed, in particular to the
three-dimensional viscous flow regimes. However, the beauty of hand-
ling irregular boundaries of field domain and the inhomogeneous
properties of flow characteristics are by no means no comparison to
the finite difference method, as far as finite element scheme is
concerned. By the advance of supercomputers, it is confident that
the drawbacks of the large storage and longer CPU will be overcome
by and by in the near future.

The main purposes of this paper intend to elucidate the summary
report of the writer and its collaborators past & current researches
for solving the two-dimensional as well as three-dimensional incom-
pressible viscous flows using the primitive parameters as the field
variables by the finite element formulatins. There are three solu-
tion algorithms to be covered, namely, (1) the penalty function
method, (2) the pressure-velocity correction method, and (3) the
pressure-velocity coupling method. Comparisons for results obtained
from these three approaches will be made if they permit us to do so.
Furthermore, comparisons will be extended to the other formulation,
such as streamfunction approach if possible. Besides, for some
typical flows, analytic solutions and existing literature are used
to check the accuracy of the numerical simulations.
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2 . GOVERNING EQUATIONS

The fundamental equations for unsteady viscous incompressible
flows by neglecting effects of density stratification and free sur-
faces are governed by the continuity equation and the so-called
Navier-Stokes equations. They can be represented by the Cartesian
coordinate system in a dimensionless form as follows:

oui
=0 (2.1)
oXi
Ui YN op ni 1 2%ui
+ u; = - + + (2.2)
at X4 X1 Fr? Re  oaxisoxs

with boundary conditions:

ur = wb on Ty (2.3)
1 oui '

—_ -pni = fiw on Tg¢ (2.4)

Re on

and initial conditions:

Ut = Uio, P =Po, —m =0 at t =0 (2.5)

where u: is the velocity component in the =xi-direction, p 1is the
pressure force vhich may include the energy of any scalar potential
field, for example p = p + nix:1/Fr?, p is the ordinary pressure, ni
is the direction cosine of the normal n in the xi-directions, n is
the normal at the boundary oriented towards the exterior, fiw is
the surface force in the xi-direction, x:i are the Cartesian coordi-
nates, t is the time, [I'» is the specified velocity boundaries, [ ¢
is the specified force boundaries, Re is the Reynolds number and is
defined by Re = (VL/v), Fr is the Froude number and is defined by
Fr= V/ (gL}, uiw and uio are the specified boundary conditions and

—176—



initial conditions of wu: respectively, po is the specified initial
condition of p. Re is defined with characteristic length L, charac-
teristic velocity V and kinematic viscosity of fluid v. For two-
dimensional flows, i =1, 2, with x, y directions of u, v velocity
components.  For three-dimensional flows, i =1, 2, 3, with x, y, z
directions of u, v, w velocity components.

For reason of brief, only the two-dimensional formulation will
be undertaken. Extension to the three-dimensional flows will be
found no difficulty at all. Thus, for the two-dimensional viscous
flows, the governing equations are as follows, when the gravitatinal
force is absorbed into the pressure force.

du v (2.6)
F: = + =0 .
X dY
du du du op 1
Fa = +u +y + - Zu=0 (2.7
ot X Y X Re
oV v v dp 1
Fa = +y +y + - viy = 0 (2.8)
ot X dy oy Re

With boundary conditions:
U=Ub 35 V =Ve 3 on Ty (2.9)

1 ou 1 av
‘—-—-pnx=th;—

Re on Re an

-pnr =fyu on Te (2.10)

and initial conditions:

oUo oVo
UW=Uo, V=Vo, P = Po, + =0 at t=0 (2.11)
oX oy

After the primitive variables, u, v, and p are found, the vorti-
city, @ , and stream functions, ¢ , are obtained from the following
definitions:
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v du
Q= — - — (2.12)
X dy

V2o = - g ' (2.13)

Sometimes, the steady total pressure, b , as defined by P=p+
(u2+v2)/2 is introduced for special purposes. It can be easily shown
that the Navier-Stokes equations (steady state only from Eq. (2.7) &
(2.8)) are reduced to the following equations:

for Re # 0
P 29 29

e —m— =-Re - —— (2.14)
oX oX oy
ap 3¢ o0

Re - = - Re @ + (2.15)
3y ay %

When Re © 0, p and o satisfy the Cauchy-Riemann differential
equations, and it is concluded that in steady flows pressure and
vorticity are orthogonal when the Stokes regime prevails. On the
“other hand, as Re becomes larger, from Eq.(2.14) and (2.15), the
total pressure is proportional to the stream function. Therefore,
in this case, the total pressure contours are similar to the stream-
lines. This phenomenon will be reiterated by the case studies in
the following sections.

3. FINITE ELEMENT FORMULATION

Pressure plays a very tricky role in the solution of incom-
pressible viscous flow problems, as observed from the continuity and
Navier-Stokes equations. It is seen that the pressure does not
appear in the continuity equation for the incompressible flows. In
the meantime , the order of the velocity field is one-order higher
than that of the pressure in the Navier-Stokes equations. This
peculiar behavior makes the finite element analysis three ways to
choose, according to the decoupling, iteration, and coupling of
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velocity and pressure fields. They are called the penalty function
method, the pressure-velocity correction method, and pressure-
velocity coupling method respectively. The conventional Galerkin
finite element method (GFEM) is used to discretize the continuity
and the Navier-Stokes equations for all three methods.

3.1 Penalty Function Method

In incompressible flows, the continuity equation can be treated
either as a governing equation, as will be illustrated in the
pressure-velocity correction method, and pressure-velocity coupling
method, or as a constraint condition, as in the formulation of
penalty function method. Therefore, penalty function method is cast
as one of the optimization techniques.

The penalty function method suggests that the pressure field is
eliminated by the relationship

ou ov
+

oX oy

p=- a ( ) (3.1)

where o is a very big pre-assigned positive number, called the
penalty parameter. It is noticed that the constraint of incompress-
ibility condition will be automatically satisfied so long as the
pressure remains finite as the penalty parameter goes to a very
large number. In this way, pressure and velocity are"decoupled" each
other from the systems,therefore tremendous unknowns may be reduced.
Furthermore, the pressure field 1is obtained by a postprocess after
the velocity field is obtained.

With the elimination of pressure from the momentum equations

and by the procedures of the Galerkin criterion of the method of
weighted residuals, the following systems are obtained:
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[[M][0]][{ﬁ}]+[[011(u)][C12(u)]] {u}

(0] [ M1 {v} [Co (v)] [Coz(v)] {v}

1 (IDI1LO ]]{{ u } [PullPa]ly({uldy  ({Ru

"kRe lLo10D1 {v}]+a[[P21][P22]] (v —[{Ru}]
| (3.2)

where [M] is the mass matrix, [Cul, ... , [C,;1 are the momentum
advection matrix, [D] is momentum diffusion matrix, [P, ... ,
[P2z] are the pressure force matrices, and {Ru}, {Ruv} are pressure
and shear force vectors.

After the velocity are obtained, the pressure can be calculated
as follows:

Al (P} == o ([S11{ul+[S21{v}) (3.3)

As far as the penalty function method is concerned, adoption of
admissible elements and the selective reduced integration rule are
the two most intricate tasks to obtain good results. T3, T3M, and
T6 of triangular elements as well as Q4, Q4M, Q8, and Q9 of quadri-
lateral elements were all examined in this investigation. Of parti-
cular interest is the introduction of two non-conforming elements
T34 and Q4M [Young and Ni, 1989] into the formulation where the
degree-of -freedom lies in the middle points of the element instead
of at the vertices. The intention is attributed to the concept of
control volume of conservation of mass, momentum, energy, etc. For
illustration, the shape (interpolation) functions of T3M, Q4M, and
Q4 are listed in the following:

T3M: Nis =1 - 2L (3.4)
Nz =1 - 2L=
Na =1 - 2Ls
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Q4M: Ni=(1/4) (1-¢-n)(1+£&-n) (3.5)
Na=(1/74) (1+&-n)(1+&+n)
Na=(1/4) (1+& +n)(1-£+n)

Ne=(1/74) (1-€+n)(1-&-n)

Q4 : Ni = (1/74) 1-€) (1-n) (3.6)
Na = (1/4) (1+€) (1-n)
No = (1/74) (1+€) (1+n)
No = (1/74) (1- &) (1+n)

where Li are the area coordinates for triangular elements, and £, n
are the natural coordinates for quadrilateral elements. Q4, T6, Q8,
and Q9 are C° , vhile T3M and Q4M are semi-C° elements, as far as
continuity in element boundaries is concerned. Some of the proper-
ties of penalty elements are detailed in Young and N: (1989).

Different orders of Gaussian quadrature rules are performed to
examine the corresponding convergence. Generally speaking, the
quadrilateral elements of the Lagrange family associated with the
selective reduced integration rule, in particular the Q4 element,
are found much superior, such as the Q8 serendipity or triangular
elements. This unique feature is quite analogous to the selection of
nixed type elements in the pressure-velocity coupling and pressure-
velocity correction formulations.

The advantages of penalty function method is conspicuous from
the fact that the velocity and pressure fields are decoupled so that
much saving can be obtained from the view points of computer storage
and programming. On the other hand, for very high Reynolds number,
when the flow field 1is expecting a higher resolution of incompres-
sible constraint, "wiggle" phenomenon of velocity distribution may
be found, when the mesh size is too coarse to give accurate compu-
tation.

3.2 Pressure-Velocity Correction Method
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One of the drawbacks of pressure-velocity coupling method is
the large number of degrees of freedoms and nonpositive definiteness
of matrix system. To overcome such shortcoming, it is proposed that
velocity and pressure fields are solved separatively by the itera-
tive procedures. The process is described as follows:

Firstly, a pressure fiéld is assumed to be known at a priori, then
the momentum equations can be disretized by the Galerkin weighted
residues method:

[[M][O]][{ﬁ}] [[C (w1 I[C (u)]][{u}]
to1tu1 ) Leey) "l w1 wid Uiy
1 ([DILO ]] {uly [{ Ru }] [ [ B:+1{p} ] _ [{Ru(p)}]
"Re lrotrn ) vy T R YU B ! T WRe o))
3.7)

where [B:], [Bz=] are the pressure force matrices. The right-hand-

side of Eq. (3.7) becomes the modified pressure and shear force
vectors, which are {Ru(p)} and {Ru(p)} respectively.

Secondarily, the continuity equation 1is also discretized as
follows : '

{u}

[B:1 [ 0] ]
{v}

[01 [B." ) [ (o) ] 3-8

{0}

If the velocity field satisfies the continuity equation Eq.(3.8),
then we have found the desirable velocity and pressure distribution.
However, a pressure correction process is now necessary to be per-
formed, and the computational cycle is repeated until the criteria
of convergence of both the pressure and velocity solutions are
reached.
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There are various alternatives in the pressure correction pro-
cess. In this study, the correction of pressure is achieved by the
following four methodologies: namely (1) method of limited compress-
ibility, (2) method of weighting values, (3) modified method of mark
and cell (MAC), and (4) semi-implicit method for pressure-linked
equation (such as SIMPLE, SIMPLER, SIMPLEC). Most of them are
motivated from the concepts of the finite difference methods[Roache,
1972]1. They will be briefly described as follows, for more details,
refer to Young and Lin [1986], and Patankar [1980].

3.2.1 Method of Limited Compressibility

In this method, the incompressibility of continuity equation is
perturbed by the introduction of compressibility as in the field of
aerodynamics. That is, the continuity equation of Eq.(2.6) is sub-
stituted by

ap ou v
M2 + + = 0 (3.9
ot X oy o ,

vhere M is the Mach number as defined by M = V/C, C is the speed of
sound in the fluid. The correction of pressure {4 p}, as defined by

ns

By, =)+ (ep) (3.10)

vhere n+l is the time step at the time (n+1)at, and k represents
the iterative times. It can be easily shown that {Ap} is obtained
by the known pressure and velocity fields as

1 n:+1 n+1

Ked €203, = (FCu v e, ™) (3.11)

k-1 k-1 k-1

3.2.2 Method of Weighting Values
From the penalty function method, Eq.(3.1), or from the defi-
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nition of thermodynamic pressure and mechanical pressure, we can
argue that the correction of pressure {24p} can also be found such
that

n+1

(11 (ap} " = {F(u. ., v . )]} (3.12)

3.2.3 Modified Method of Mark and Cell

After using the explicit method in the momentum equation and
substituting into continuity equation, the {4p} can be obtained by
solving the following equation

1 n+1

(Kol {4} " = (FCu. v ) (3.13)

k-1

3.2.4 Semi-implicit Method for Pressure-linked Equation

The method was originated by Patankar and his collaborators
[Patankar, 19801, ~and was used very popularly in the finite differ-
ence method in computational fluid mechanics and heat transfer.
Several refinements or improvements were made since it first intro-
duction as SIMPLE [Patankar & Spalding, 1972]1. The remedies include
SIMPLER [Patankar,19801,SIMPLEC [Van Doormaal & Raithby,19841. It is
modified to fit the finite element formulation in this investigation.
In general, an expression similar to Eq.(3.13) is obtained as
follows:

1 n+1

(Kal {40} = {F(u ., v . )} (3.14)

It is very interesting to notice that the correction of pre-
ssure, {4p},in general is very similar as far as the above-mentioned
methods are concerned. They all depend upon the known velocity and
pressure fields. However, the iteration is also heavily dependent
on the multiple of the matrix to {4p}. The efficiency of the iter-
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ation is determined by the inversion of the matrix. It is found that
the semi-implicit method for pressure-linked equation in general
yields the best results in this study, since it provides the best
physical linkage between pressure and velocity fields.

As will be obvious later, the solution of the velocity matrix
system in the pressure-velocity correction method is the most
regular and easiest one among the three methods. The difficulty
encountered in the penalty function method is the annoyance with the
admissible elements and the rule of selective reduced integration.
On the other hand, for the pressure-velocity coupling method, a good
algorithm to handle the pivoting process in the matrix inversion is
imperative.

3.3 Pressure-Velocity Coupling Method

In this method, mixed shape functions of velocity and pressure
are introduced as follows:

=% NMuwu, v=2 Nwvi, p= > M p (3.15)

i=1 i=1 i=1

After the Galerkin finite element formulation, the continuity
and the Navier-Stokes equations are reduced to the following

[M] [0] [0] {u} [Ci (w)] [Cyz (u)1([B4] {u}
[0] [M1 (0] ‘ ! {#} | + | [Cai (V)] [C2(v)][Bs] {v}
[01 [0] [0] {p} [Ar ] [A:] [O] {p}
1 (D] [0] [0] {u} {Ru}
+ E;_ | [0] (b1 [0] {v} = {Rv} (3.16)
[01 [0] [o0] {p} {0}

where [A:], [A:] are continuity matrices, which can be reduced to the
transpose of the pressure force matrix [B:] & [B:] by an appropriate
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choice of shape functions and integration by parts.

It is noted that in general the mixed shape functions with
~ velocity higher order than pressure must be used, so that no over-
constraint of the systems occurs. If this rule is violated, it may
induce the undesirable "checkerboard” syndrome of spurious oscil-
lation in pressure [Carey and Oden, 1986]. Selection of admissible
elements [Young and Sun, 1988] and integration by parts for the
pressure term are the two most vexing issues in this formulation.
Typical elements are classified into two groups: the Taylor-Hood
family of elements with continuous pressure and the Crouzeix-Raviart
family of elements with discontinuous pressure [Cuvelier et al,1986].
The occurence of pressure “checkerboard” syndrome is believed to be
the difficulty of the imposition of the boundary conditions of the
pressure, which in general is not known a priori in complicated flow
fields. It is demonstrated in this study that the rule of inte-
gration by parts plays a vital role in the specification of boundary
conditions of pressure. Unless the boundary conditions of pressure
is definitely sure, the pressure gradient is recommended to be used
directly,so that there is no additional pressure boundary conditions
appear. Furthermore, in this case, the constant pressure mode can
not be adopted.

Common mixed interpolation functions used are Q8-Q4 elements,
it is verified that whether the integration by parts is taken or not
will yield the same results, if the boundary conditions of pressure
are well imposed in both cases.

From Eq.(3.16) it is observed that the coupling or interaction
with velocity makes the matrix system nonpossitively definite.
Obviously it is imperative that a partial pivoting equation solver
is needed to circumvent this handicap. The frontal solution program
[Irons, 1970] was introduced in this study.

As far as three-dimensional admissible elements are concerned,
there are not many at this moment. According to Cuvelier et al
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[1986] and Fortin [1981], the simplest elements are H14 for velocity
and H1 for pressure for hexahedronal elements or H27 for velocity
and H8 for pressure. However, in this investigation,H20 for velocity
and H8 for pressure are adopted [Young and Sun, 1988]. It is further
noticed that for H1 element the pressure is constant, while for the
H8 element the pressure is trilinear.

From Ea. (3.2), (3.7), and (3.16), the primitive variable
formulation reduced the whole systems to the systems of nonlinear
ordinary differential equations, no matter whether the penalty
function method, or the pressure-velocity correction method, or the
pressure-velocity coupling method is used. To solve these transient,
highly nonlinear matrix equations, efficiently iterative equation
solvers are inevitable. Semidiscrete approximation of time inte-
gration scheme with a weighting factor is used to cope with the
transient problems. As far as nonlinearity is concerned, the linear
schemes of the Picard, and modified Newton-Raphson as well as the
quadratic scheme of the Newton-Raphson iterative approaches are
exploited.

A . MODEL APPLICATIONS

To test the feasibility of the present nathematical models, some
steady and unsteady two-dimensional, internal and external flow
problems will be illustrated. Typical examples will cover both the
analytic (exact) as well as approximate solutions obtained by other
alternatives, such as Couette flows, channel flows, circular eddy
flows, square cavity flows, recirculating flows, and flows past a
circular cylinder. This paper will emphasize on two benchmark flow
problems, the effect of the Reynolds number on flow instabilities of
square cavity flows and the vortex shedding of a Karman vortex
street of flow past a circular cylinder.

4.1 Couette Flow

This is the most simple flow field for a steady-state two-
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dimensional flow. Due to the simplicity and linearity of flow

characteristics, an analytic solution was found to be [Schlichting,
1968]
u=-y2+2.7%y-0.5 (4.1)

Fig.1 shows the comparison between the analytic and finite element
solutions. It is conspicously seen that the two results are almost
identical. Furthermore, the three options of primitive variable
formulations all yield the same results. Since there is a reverse
flow, it is reasoned that the pressure gradient 1is adverse, i.e.
ap/ax < 0 .

4.2 Channel Flow

The developing channel flow (or the entry channel flow) is
another typical steady-state two-dimensional flow problem which also
attracted previous numberical modellers. Yamada et al [1975] have
found the solutions from the variational finite element approach.
Fig.2 shows the comparison between the Yamada et al [1975] results
with present solutions. - It is very clear that there is very little
deviation from each other except the pressure distribution in the
entry zone where the gradient is very big. Also shown in Fig.3 are
the distributions of pressure, velocity, streamline, and vorticity.
The pressure near the entry corner is singular,so that the variation
of pressure near those regions behaves very drastically. This
physical characteristic is also reflected from the vorticity and
velocity fields.

4.3 Circular Eddy Flow

The circular eddy flow is a very interesting problem to be
introduced, since it provides exact solution in the Stokes reginme,
namely for Re = 0. For the Stokes flow, the exact solution is given
by [Hu, 19871 from the Green's function approach :
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|

(1-r?) (1-r)tan ¢ (I-r)cot 2
- [tan‘1 + tan~! ]. -1 <e<0
27 (1+r) ~(1+r)
¢ = ‘0
(1-r2) (1+r)tan 2 (1+r)cot
[tan‘1 + tan! ], 0 <e<nm
2n (1-r) (1-r)
.......... (4.2)

or given by Burggraf [1966] from the method of separation of vari-
ables.

Comparison between the two exact solutions with the present
study revealed that the three results are not readily distiguishable
.Fig.4 depicts the distribution of velocity, streamline, pressure,
and vorticity for Re = 0. It is also clear for the Stokes flows the
inertia force is completely negligible. In this situation, the
pressure and vorticity fields satisfy the Cauchy-Riemann equations,
and consequently the two families of lines are orthogonal. Flov
fields are symmetric with respect to the line through the geometric
center. As Re increases, the down flows enhance since the inertia
becomes dominant.

Fig.5 is the flow characteristics for Re = 400. As Re increases
the vorticity center will move downward and downstream and then back
again to the geometric center wherein an inviscid core developed. At
this moment,the viscosity effect is confined to a very thin boundary
layer near solid boundaries. However, there exists an inviscid core
in most portion of the circular eddy,which behaves like a rigid-body
rotation or a forced vortex. This founding was also obtained by
other approach, such as the boundary element method [Camp and Gipson
,1987].

4.4 Square Cavity Flow

Due to the simplicity of geometry and intrinsic features of a
physical nature, the square cavity flow has attracted so many
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numerical or analytic investigators. This is the most fascinating
example of internal flows in the realm of computational fluid
mechanics, since the nonlinear instabilities will be revealed when
Re increases from small to large numbers.

In the Stokes flow (Re = 0) which corresponds to a very low
Reynolds number, the circulating gyre was dominated by the viscous
force, and the flow fields are symmetric along the center line (x =
1/2) of the cavity, as shown in Fig.6, which illustrates the distri-
bution of velocity, streamline, vorticity contours, and pressure
contours. As in the circular eddy flow, the pressure and vorticity
contours are orthogonal to each other, as is evident from Fig.6.

When Re is increased, the inertia begins to play an important
role. As a consequence, the vortex center has shifted downstreanm,
pressure and vorticity distribution get more complex, and corner
eddies start to appear. As Re increases to 400, the above-mentioned
physical characteristics become more conspicous. The transient state
of the set-up of the circulation of the cavity is depicted in Fig.7.
In particular, the vortex center first moves downstream, and pene-
trates deeply into the cavity, and finally moves back to the geo-
metric center of the cavity. This illustrates the fact that the
viscous force 1is confined only to the boundary layer, and most of
the region away from the boundaries behaves like an inviscid core of
a vortex, as mentioned by Burggraf [1966].

The formation of corner eddies, as pointed out by Moffatt[1964]
is another very strange phenomenon in the square cavity simulation.
It is seen that the nonlinearity (high Re) and corner separation are
the two major mechanisms to form the secondary currents. Comparison
of the circular eddy flow and square cavity flow demonstrates that
at Re = 400, there are a big lower right-hand secondary eddy and a
small lower left-hand secondary eddy appear. However, no secondary
eddies are observed for the circular cavity even for Re = 400 on the
other hand. This illustrates the conjecture that for lower Re the
corner effect is the dominant force as far as formation of secondary
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eddies or currents is concerned.

In the recirculating flows, it will be shown that the topography
effects will play the same role in the circulating patterns and
number of circulating gyres. As Re increases further, the number of
secondary eddies will increase. It is observed that as many as seven
secondary eddies will be formed in the upper left, lower right, and
lower left corners when Re approaches 20,000 or higher for a square
cavity. This also reflects that the inertia force is another trigger
factor in the formation of secondary eddies. Unfortunately there is
no direct comparison of the number and location of the secondary
eddies for both the circular cavity and square cavity for higher Re.
It is further interesting to mention that the strength of circu-
lating gyres for primary cell and other secondary cells are several
orders magnitude different.

Table 1 provides the summary of the preliminary results of the
highest Re ever accomplished with respect to each scheme. Besides,
some authoritative literature in this effort is also included for
comparison. It is recapitulated that all three FEM schemes have the
capabilities to simulate the flow characteristics of lower Re
regimes. Nevertheless, the deviation among them is aattributed to
different schemes and mesh sizes. However, only the pressure-
velocity coupling method is able to perform the much higher Re flows
.Fig.8 illustrates the distribution of streamline, total pressure,
vorticity contour, and velocity for Re = 10,000.

4.5 Recirculating Flows

So far we have concentrated on simple geometries except with case
of the circular eddy flow. As envisaging before, the most powerful
capability of the finite element analysis is to handle irregular
boundaries. To demonstrate this, a recirculating water basin is
introduced. Fig.9 shows the distribution of streamlines of a recir-
culating flow with irregular topography at Re = 400. As compared to
the circulating gyres of circular eddy flow and square cavity flow
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at the same Re, it is evident that there is only one major circu-
lating gyre in the circular eddy flow, one primary circulating gyre
and two minor corner secondary eddies in square cavity flow. However
, in the irregular topography, as realized in a natural lake or
reservoir, there are three equivalent circulating vortices which
coexist in the enclosed water basin. The formation of the horizontal
gyres is attributed to the shallow water environment of the recircu-
lating basin.

This illustrates that the effect of topography plays a vital
role in the circulating patterns and number of circulating gyres.
It is further demonstrated that for Re = 200, only two circulating
cells are formed. These characteristics are the most controversial
arguments in the literature of lake circulation research. Different
circulating gyres will induce the opposite currents, and thereby
cause errors in the transport of the parameters of water qualities,
such as pollutants, etc.

4.6 Flow Past A Circular Cylinder

After several internal flow problems are considered, the only
external example to be explored is the uniform flow over a circular
cylinder. The Reynolds numbers of Re = 10, 20, 30, 40, and 100 were
simulated. If the Re is too small, singular solutions may appear
due to the Stokes' paradox. °~ It is concluded that the computed
physical properties, such as the drag coefficient, separation angle,
and length of standing eddy, are all in good agreement with existing
numerical or experimental results for steady-state solution covering
the range of Re = 10, 20, 30, and 40.

The simulation also demonstrates that when Re increases angle
of minimum pressure decreases, and pressure increases. It is also
found that the higher the Re, the angle of the separation point
(vhere vorticity is zero) is smaller, and the variation of vorticity
is larger. For detailed discussion of these salient characteristics,
see Young and N: [1989].
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For transient and higher Re cases, say Re = 100, the vortex
shedding behind the circular eylinder, a well known phenomenon of
the Karman vortex street, emerges as shown in Fig.10. An oscillating
frequency of Strouhal number § = 0.163 was obtained. This number
is found to be very comparable to other studies, as shown in Table 2
of Young [1988]. The formation, growth, separation, and downstreanm
transport of the vortex eddies are best illustrated by Fig.11. From
the characteristics of vortex shedding, the coefficients of drag are
found equal when the alternating eddy is either in the upper or
lover portion of the cylinder. The vortex shedding of the Karman
vortex streets is a conspicous characteristic of the bifurcation of
the hydrodynamic instability of the Navier-Stokes equations.

5 . FURTHER EXTENSIONS

With the assumptions of neglect of density stratification and
free surfaces, the model has been applied to the above homogeneous
fluids and rigid-1id surfaces. In practical applications of this
methodology to the hydraulic engineering problems, such as treatment
of the simulation of stratified reservoir dynamics, hydrothermal
modeling, free surface flows, and hydraulics of sediment transport,
three-dimensional flow simulation, etc, the above-mentioned schemes
must be further extended to cover those special features. Due to the
lack of space, only very brief statements will be made, and for more
details, appropriate references will be cited.

5.1 Three-dimensional Cavity Flow [Young and Sun,1988]

Extension of the two-dimensional cavity flow is simple in con-
cept, however, the numerical implementation from two-dimensions to
three-dimensions was found not trivial. The major difficulties lie
in the drastic increase of the degrees-of-freedom in flow field and
therefore the solution algorithm becomes more and more difficult.
Furthermore, the boundary integration and the associated boundary
conditions become more sophisticated and it is not obvious how they
should be imposed.Fig.12 shows the flow field of a three-dimensional
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Stokes flow(Re = O)problem. The velocity profile along the symmetric
surface (Z =0.5) reflects the two-dimensional characteristics of Fig.
6, as obtained from section 4.4. The three-dimensional nature is
very crucial to the simulation of hydrodynamic instability as well
as turbulent flows, since any vortex dynamics can only be visualized
by three-dimensional consideration, such as vortex stretching and
vortex eddies. Nevertheless, the simulation of three-dimensional
high Re flows is still very limited and therefore more attention and
effort are needed.

5.2 Sediment Basin Simulation [Young and Chu,1987]

The simulation of sediment basin is another typical extension
of the model, since after the flow field is obtained, the concen-
tration of the sediment is governed by the following sediment trans-
port equation :

d¢C ac ac 1
+ (v - vs)
ot X Ay ReSe

Vie (5.1)

vhere ¢ is the concentration, Se is the Schmidt number, and vs is
the settling velocity of the particle of the sediment.

Using the arrangement of baffle partitions, the design of
settling tanks in the sedimentary basins has been successfully
accomplished to satisfy the engineering standards in the fields of
hydraulic or sanitary engineering works. Fig.13 shows the velocity
and concentratioin distribution of a three baffles in a typical
sediment basin. By appropriate partition, the path of the sediment
particles can be elongated so that the trap efficiency of the
sediment particles will be enhanced. The potential of using finite
element technique to design the sediment tanks is very high, since
it is shown that the size, location, number of the baffles will
influence the flow field and its associated concentration distri-
bution. The versatilities of FEM are the most suitable tools to do
the sensitivity analysis of engineering layout, so that a most
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efficient sediment basin can be realized.

5.3 Stratified Reservoir Dynamics [ Young and Lin,1987]

The dynamics of homogenous reservoir (or lake) circulation is
easily handled by the extension of the previous examples, such as
recirculating flow, where the effect of topography is vividly
described.  When the reservoir is stratified, either by the temper-
ature, or by the concentration of the sediment, as in the case of a
density current, the circulating patterns and the circulating gyres
become very complicated. For illustration, if the density stratifi-
cation is due to the thermal mechanism, then the governing equations
are augmented to include the heat equation and equation of state as
follows:

oT aoT aT

+y +y — = vaT (5.2)
ot X dy RePr
p =poll- B (T - To)S] (5.3)

where T is the temperature, Pr is the Prandtl number, o and oo are
the ambient and reference density respectively, T and Teo are the
ambient and reference temperature respectively, and B is the coef-
ficient of volumetric expansion.

A transient two-dimensional hypothetical stratified reservoir
with irregular topography is simulated for different vind and
thermal loadings. The results reveled that by the primitive-variable
finite element formulation, the characteristics of circulating gyres
and the thermal structures, such as the salient features of the for-
mation, maintenance, and erosion of the thermocline of the reservoir
dynamics can be well predicted. Fig.14 illustrates the formation of
multiple thermocline in the epilimnion and hypolimnion of a strati-
fied reservoir.
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It is concluded that a reservoir will go through the seasonal
heating and cooling cycles, and become stratified or homogeneous
circulation, when the wind shear stress is imposed, or when the
reservoir is under operation. By adjusting the approximate loading
conditions, it is demonstrated that the major characteristics of the
reservoir dynamics can be simulated by this model.

5.4 Hydrothermal Modeling [Young and Cheng,1988]

Hydrothermal model is very important to the control of thermal
pollution in a body of water. Theoretically, the governing equations
are the same as those of the stratified reservoir dynamics of sec.
5.3. However, due to the weakly stratified interaction, the flow and
thermal fields can be decomposed each other and become uncoupled.
Therefore, the velocity field is first computed, and then the calcu-
lated velocity solutions are used to solve the advection-diffusion
equation for the temperature. The process is very similar to that of
the Sec. 5.2 sediment basin simulation. In addition, if there are
observed data available,such as in the temperature monitoring system
of waste heat dissipation of power plant through cooling ponds, the
Kalman filter algorithm can be incorporated to identify the physical
parameters, such as the parameters controling the heat transfer of
air-water interface, as well as the eddy diffusivities. The details
appear in Young and Cheng [1988].

Fig. 15 is the temperature distribution of a cooling lake simu-
lated by the finite element analysis, with and without taking the
Kalman filter algorithm into consideration. The improvement of the
result with using the Kalman filter is very conspicuous. The reason
lies in the consideration of the uncertainties of model structures,
parameters,and measurements in the extended Kalman filter algorithms
. Advantages of application of combination of the Kalman filter and
the finite method element to the hydrothermal modeling is demon-
strated.
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5.5 Free Surface Flows [Young and Liu,1988; Young and Lin,
1988]

The inclusion of the effect of a free surface into the flow
regime is a very annoying task in the computational hydraulics.
There are two ways to treat free surface flows in general, the first
one is to treat the free surface through the unknown boundary condi-
tions, and the other is to take the free surface from the viewpoint
of governing equations, such as in shallow water theory [Stoker,
1957],0r the concept of volume of fraction (SOLA-VOF) [Nichols et al,
1980]. In the former,the free surface boundary is a moving boundary,
and is constrainted by the kinematic and dynamic boundary condi-
tions. In the latter, the free surface is reformulated as the field
variable, therefore relieves the difficulty of unknown moving
boundary condition, and also transform the original governing
equations.

In his study, for the first case, a free surface boundary is
mapped into a fixed domain by a coordinate system transformation
technique.  After the transformation the governing equations of the
two-dimensional viscous incompressible free surface flows are dis-
cretized by the finite element analysis, since now the free surface
boundaries become fixed. The model was used to test some two-
dimensional viscous incompressible free surface flow fields, such as
propagation of a moving bore due to impulse force;wind-driven circu-
lation of a cavity with the consideration of free surface effects;as
well as the viscous effects on the damping of the free oscillation
of a sloshing tank. Fig. 16 depicts the velocity distribution of a
square cavity, the effect of the free surface to the flow field is
vividly visualized from the picture. In general, the free surface
might play an important role in the lake or reservoir circulation,
Just as the topography does.

In the second case, one-dimensional and two-dimensional shallow

water equations, or the so called de Saint Venant equations are used
for the &governing equations. The free surfaces will become the
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unknow variables, thereby will be solved by the standard finite
element method. Fig.17 illustrates the wave propagation of a trian-
gular flood hydrograph through an open channel. The flood wave
transports from the upstream to the downstream by the appropriate
wave speed, and in the meantime, attenuates gradually the flood peak
along the downstream reach. The free surfaces of the water profile
are also obtained accurately. Comparison of the existing literature
reveals that the results obtained from the finite element approach
is very close.

6 . CONCLUSION AND RECOMMENDATION

Formulation of incompressible viscous flows using the primitive
parameters as the field variables by the three finite element so-
lution algorithms, namely the penalty function method, the pressure-
velocity correction method, and the pressure-velocity coupling
method are briefly reviewed. The applications to both internal and
external flow regimes, which represent the typical computational
fluid dynamics problems since they are governed by the continuity
and the Navier-Stokes equations, are well demonstrated in this study.

In the penalty function method, the pressure is eliminated from
the momentum equation by introducing a preassigned large penalty
parameter. Seven different elements, T3, T3M, T6, Q4, Q4M, Q8 and Q9
vere employed to study the convergence and stability of the element
behaviors in coping with the reduced integration rules. It was found
that the elements make little difference in the lower Reynolds-
number regime. However,the Q4 dominates the accuracy among the seven
elements as long as higher Reynolds-number flows are considered. It
is evident that the admissible elements play a vital role in the
penalty function method in high Reynolds-number flows.

For the pressure-velocity correction method, the velocity fields

are solved iteratively from the momentum equation by the preguessed
pressure, the pressure is then corrected successively by the
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continuity equation. Several pressure correction schemes, such as
limited compressibility, weighting value method, modified method of
mark and cell, and semi-implicit method for pressure-linked equation
are briefly discussed. Due to the nonlinear nature of equations
themselves, two iterative methods, the Newton-Raphson and modified
Newton-Raphson schemes are also addressed and compared to each
other.

So far as the pressure-velocity coupling method is concerned,
the traditional finite element velocity-pressure algorithm is used.
Special treatment of the equation solvers for the velocity and
pressure fields is mentioned. However, due to the non-positively
definite matrix system, a partial pivoting equation solver is
indespensable, thus makes the algorithm very tedious to cope with.
In addition, the mixed shape functions with velocity higher order
than pressure are recommended.

This paper has solved some steady and unsteady two-dimensional
internal and external flow problems. Typical examples cover the
illustrations of Couette flows, channel flows, square cavity flows,
circular eddy flows, recirculating flows, and flows past a circular
cylinder.  The effect of the high Reynolds number to flow insta-
bilities and vortex formations 1is emphasized in particular. The
advantages and disadvantages for these three primitive-variable
formulations for solving the high Reynolds-number flows are eluci-
dated by the explanation of case studies.

Practical applications of this methodology to hydraulic engi-
neering problems are also delineated. Typical examples cover the
the treatment of the simulation of the stratified reservoir dynamics,
hydrothermal modeling, free surface flows and sediment basins, etc.
Extention to three-dimensional flow is also undertaken, although
only in very simple flow field due to the limitations of computer
capacity.

The applications of finite element analysis to computational
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fluid dynamics problems have made positive contribution, as visua-
lized from the present review. It is by no menas that this methodo-
dology is near complete. On the other hand, it is fair to say that
finite element computational fluid mechanics is still in its infancy
and needs much efforts and attention. The potential of research is
still very high, and needs more researchers to devote to. The
following are some suggestions for the further works as far as
applications of finite element methods to computational fluid
dynamics problems are concerned:

1. Search for the new "admissible elements” and small "discre-
tization systems” from the viewpoint of fluid mechanics. The draw-
back of the conventional finite element 1is to deal with the very
large matrix systems, in particular for three-dimensional flows.
Much works are needed to concentrate on the transform of large
system to the small system so that personal computers (PC) or mini
computers are able to do the solution instead of supercomputers.
This may cover the mass lumping technique, multiple level discreti-
zation, multiple layer discretization, adaptive grid system, and the
associated new admissible elements, ete.

2. Success in the high Reynolds-number computation by the finite
element formulation is in progress. However, very high Reynolds
number flows will become turbulent. The hydrodynamic transition of
course is due to the nonlinear bifurcation of the hydrodynamic
instability. To take care of such phenomena, a very comprehensive

finite element algorithm is indespensable. In particular, the
nonlinear term of advection always yields numerical instability and
convergence problens. Therefore, a search for new algorithms to

guarantee the global convergence or large radius of convergence is
very desirable. A very promising way is to introduce the operator
splitting scheme to separate the advective and diffusive dominated
flows so that the physical characteristics of hyperbolic and para-
bolic partial differential equations can be incorporated into the
numerical integrations.

—200—



ACKNOWLEDGEMENTS

Work described in this paper was partially supported by the
National Science Council of the Republic of China under the Research
Grants NSC-76-0410-E002-08, NSC-77-0410-E002-12, and NSC-77-0410-
E002-32. It is greatly appreciated. The writer would like to
express his sincere gratitude and appreciation for the excellent
computer works from Messrs. C.M. Hunag, Q.H. Lin, C.H. Wang, W.B.Ni,
C.M. Chu, C.C. Sun, Y.S. Liu, Y.K. Lin, and K.S. Cheng.

REFERENCES

1. Baker, A.J.,1983, "Finite Element Computational Fluid Mechanies”,
McGraw-Hill, N.Y.

2. Brebbia, C. A., J.C.F. Telles, and L. C. Wrobel, 1984, "Boundary
Element Techniques"”, springer-Verlag, Berlin, Heidelbersg.

3. Burggraf, 0.R.1966, "Analytic and Numerical Studies of Structure
of Steady Separated Flows", J. Fluid Mech. 24, 131-151.

4. Camp, C.V., and G.S. Gipson, 1987 "A boundary element method for
viscous flows at low Reynolds number”, in Bouondary Elements IX,
Vol. 3 : Fluid Flow and Potential Applications, Editored by,
Brebbia, C.A., W.L.Wendland, and G.Kuhn, Springer-Verlag, Berlin,
Heidelberg, 420-431.

5. Carey, G.F.,& J.T. Oden, 1986,"Finite Elements : Fluid Mechanics,
Vol VI, Prentice-Hall, N.J.

6. Cuvelier, C., A. Segal, and A.A. Van Steenhoven, 1986, Finite

Element Methods and Navier-Stokes Equations, Reidel Publishing
Co., Dordrecht, Holland.

—201—



7. Fortin, M. 1981, "0ld and new finite elements for incompressible
flows™, Int. J. Numer. Methods Fluids, 1, 347-364.

8. Hu, T.Y. 1987,"Analytic solutions of some two-dimensional viscous
incompressible flow problems"”, MS Thesis, National Taiwan Univer-
sity, Taipei.

9. Irons, B.M. 1970, "A frontal solution program for finite element
analysis”, Int. J. Numer. Methods Eng. 2, 5-32.

10.Moffatt, H. K., 1964, "Viscous and resistive eddies near a sharp
corner”, J. Fluid Mech., 18, 1-18.

11.Nichols, B.D., C.W. Hirt, and R.S.Hotchkiss, 1980, "SOLA-VOF :
A solution algorithm for transient fluid flow with multiple free
boundaries”, Los Alamos Scientific Laboratory, Report, LA-8355.

12.Patankar, S.V., 1980, "Numerical Heat Transfer and Fluid Flow",
McGraw-Hill, N.Y.

13.Patankar, S.V., and D.B. Spalding, 1972 "A calculation procedure
for heat, mass and momentum transfer in three-dimensional para-
bolic flows", Int. J. Heat Mass Transfer, 15, 1787-1806.

14.Roache, P. J. 1972, "Computational fluid Dynamics”, Hermosa
Publishers, Albuquerque, N.M.

15.Schlichting, H. 1968, "Boundary Layer Theory", 6th ed., McGraw-
Hill, N.Y. '

16.Stoker, J.J. 1957, "Water Waves", Wiley-interscience, N.Y.
17.Van Doormaal, J.P. and G.D. Raithby, 1984, "Enhancements of SIMPLE

method for predicting incompressible fluid flows™, Numer. Heat
Transfer, 7, 147-163.

—202—



18.Yamada, K., Y.Ito, T. Yokouchi, T. Tamano, and T. Ohtsubo, 1975,
"Finite element analysis of steady fluid and metal flow", in
Finite Element in Fluids", Vol.1, Wiley, N.Y., 73-04.

19.Young, D.L. 1988, "Primitive variable solutions of incompressible
viscous flows", Proceedings of the International Conference on
Computational Methods in Flow Analysis, Okayama, Japan, 422-429.

20.Young, D.L. and K.S. Cheng, 1988, "Application of kalman filter
and finite element to hydrothermal modeling”, proceedings of the
Third International symposium on Refined Flow Modeling and Turbu-
lence Measurements, Tokyo, Japan, 345-352.

21.Young, D.L. and C.M. Chu, 1987, "Finite element simulation of
rectangular sedimentation basins™, Proceedings of the First Con-
ference on the Application of Computers to Civil and Hydraulic
Engineering, Chungli, Taiwan, 161-167.

22.Young, D.L., and Q.H. Lin, 1986, "Application of finite element
method to 2-D flows",Proceedings of the Third Naitonal Conference
on Hydraulic Engineering, Taipei, 223-242.

23.Young, D.L. and Q.H. Lin, 1987, "Finite element modeling of
reservoir dynamics”, Proceedings of 22th IAHR Biennial Congress,
Lausanne, Switzerland, Technical Session C1, 76-80.

24.Young, D.L., and Y.K. Lin, 1988, T"Application of finite element
method to channel network flows",Proceedings of the 12th National
Conference of Theoretical and Applied Mechanics, Taipei, 1-8.

25.Young, D.L., and Y.S. Liu, 1988, "Finite element calculation of
free surface flows", Proceedings of 10th Conference on Ocean
Engineering in the Republic of China, Taipei, 629-636.

26.Young, D.L., and W.B. Ni, 1989, "Penalty finite element appli-
cations to flow problems”, in Recent Advances in Computational

—203f



27.

28.

Fluid Dynamics, Lecture Notes in Engineering, Springer-Verlag,
Berlin, 484-507.

Young, D.L., and C.C. Sun, 1988, "Study of primitive variable
finite element analysis of 2D, 3D viscous flows", Proceedings of

the 12th National Conference of Theoretical and Applied Mechanics
Taipei, 45-54.

Young, D.L., C.M. Huang, and Q.H. Lin, 1986, "Application of
finite element method to 2-D circulating flows", Proceedings of

Symposium on Circulating Water Channel in the Republic of China,
Taipei, 45-56.

—204—



Table 1 Comparison of <, Q¢ and pe Parameters with others for
Square Cavity Flow

Re Methods - ¢ - Qe ~Pe
1)18x18 Q 0.0994 3.20 0
0 2)12%12 T 0.0971 2.877 0
3)21x21 Q - 0.0973 0
4)40x40 D 0.100 3.20 0
1)18x18 Q 0.1007 3.20 0.0927
2)16x16 T 0.1015 3.0887 0.0901
100 3)24x24 T 0.0989 0.084
4)40x40 0.1015 3.14 0.0905
6)129x129 D 0.1034 3.1665
7)121x121 D 0.1033 3.182
2)16x16T 0.1073 2.1894 0.0974
3)34x40 Q 0 2.26 0.1004
400 4340%40 D 0.1017 2.142 0.0896
6)257x257 D 0.1139 2.29
7)141x141 D 0.1297 2.281
1)18x18 Q 0.107 0.0928
1000 (2)16x16 T 0.1038 1.68605 0.0851
6)129x129 D 0.1179 049
7)141x141 D 0.11603 2.026
] 1)40x40 Q 0.119 1.90 0.11
5000 (3)40x50 Q 0.122 1.94 0.1175
5)50x50 D 0.0861 1.2
6)257x257 D 0.119 1.8602 0.11
1)40x40 Q 0.1184 1.90 0.11
5)50%50 D 0.0873 1.21
10000 (B)257x257 D 0.119731 1.88082
71180180 D 0.10284 1.622
8)50x50 Q 0.101 0.064
15000 (1)50x50 Q 0.12 1.88 0.11
17500 (1)50x50 Q 0.12 1.88 0.11
20000 21;50x50 Q 0.12 1.87 0.11
5)50x50 D 0.0982 1.35
Remarks:

Methods: (1)Pressure-Velocity Coupling Method
Pressure-Velocity Correction Method
3)Penalty Function Method
4)Finite Difference Method [Burggraf, 1966] .
D)Finite Difference Method [Nallasamy and Krishna Prasad,1977]
8)Finite Difference Method [Ghia et al, 1982]
7)Finite Difference Method [Schreiber and Keller, 19831
8)Modified Finite Element Method [Gresho et al, 1984]
T: Triangular Element
Q: Quadrilateral Element
D: Finite Difference Method
18x18: Mesh Grid Size
Pc: Pressure at Vortex Center
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Table 2 Comparison of Co , C_ and S Parameters with Others of
Re=100 for Flow over Circular Cylinder

Jordan Patel Smith Gresho Young
and Fromm and Brebbia et al
C 1.28 1.29 1.43 1.27 1.42
Mean
C +0.5 +0.5 +0.5 +0.6 +0.5
S 0.160 0.133 0.166 0.161 0.163
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past a circular cylinder [after Young and Ni (1989)1].
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W‘FT;(UU)'F‘(;—Y—(UV)‘FE(UW)
_ 1 dp 1 0 du 0 du
—fV_;H 0, [E(Ahg)‘l‘a—y(/\hj;)

0 ou

— s— ) 13
+aZ(A az)] (13)
0 0 0
a‘t’+—(vu)+——(vv)+—(vw)

1 odp 1 0 ov 0 ov

= fu- A

fu Y ay+p,,[6x( hax)+ay(Ahay)

0 ov

i — )Y 14>
+8Z<A" az)] (14)
oT 0 0 0
5Tt o5 (T8 +5-(Tv) +5= ( Tw)

1 0 aT 0 oT 0 oT
= — ( AST —_— (ry T

0. Eax( h )+ (A ay)+az(A az)j (15)
aS 0

at-i-—(Su) -f-—a—(Sv)-l-i (Sw)
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1 0 0S 0 08 0 oS
— (A - sy __ . (s)y__ 6
po[ax( ; ax”ay(A‘ 6y>+az<A" 5,0 ) o (16)

FELL R MR Boussinesque STl » B Lt BN % E 2B REK LK
Heh o, RBKNFHEE RIGEER  r BFEKRMATHUR o, =1g cm™?

EBHERERzZEN  ZMATHUARREH D HBAKRRE » &

r L

p=pa+pog(C~z)+J o’ gdz
e
=pa+pog(C—2)+J odz e (173

Hdbhpop' ' =p—p, , o0=p'g o MEBEEeTHOXNEH -
FRhp. REBWEHWAEED  ‘REBREOHRFPLENWTHEFEOZEE

o

MUY R 2B O HETHJAT -

ap_apa aC 0 " ¢
dx 0x T8 3X+W(J . odz )
...... (18)
op O0pa 0¢ 0 " ¢
A g d
oy aY+pgaY+aY<JzOZ)

HEEMSERERER DO - &

4
P=p,+p0.,8° - P'=J odz

P fRIEBH ( barotropic ) B #5
P' REZHEH ( baroclinic ) BHEI o
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B 1 (9 8 BX,

0
psz_,_P/x , Q:P,—i—P'y ...... (19)
dx 0y
Hep
0P  op. 0¢
P ox T ax TP 5%
P’ 0 ¢
P, = = —
0x 0x J‘, odz

mP, BRPERNEL  EASNEBRNB AR BREBEHENSSH Y 2
oo
5 0 9 K D T A SR A A K BCR - BRT Lt MEBFBRAZH - &
R Bl R o HoED -
CEBERGHE -

w=ou—+ V— t — ’Eﬁﬁj Z:C(X,Y,t)

...... (20)
w=_yH_, 08 CEWE z=-H(x,y)
dx ay
B8 h & REs
du ou _a¢ du 0f
Av aZ—(Aha—X)a_X— (Aka_y'DE;;_Ts:
#HE z={(x,y,t)(21)
AN IAN I SN LN 13
Aoy~ (Mg~ € "oy Toy ¢

W v.x M., HHRExMyY FRETHRAY S o
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du ou oH ou oH

ary +(Ah )a—‘+(Ahay )a—y—fbx
EHwIEk z=-H(x,y) (22)
H
Au—al"F( 8 >3__+( hﬁ>_:'fby
0z oy

BB vox M oy DRI Xy HFAKWEBEERI S o

() 2 8 R
T T T
AP AP T2t (A a>35—r’
EEE z=C(x,vy,t) IR (23)
H
A T (AR 22 g+ (AP 52550
0z |
EWE z=-H(x,y) o (24)

P qr A EWE FEER FAHGER ( heat flux ) o
() 1 38 SR M 1

> 95 s ﬂ_ e 08 9T
Aj P (ARS ) (AL 3y ) ay—Qs
E\(Iﬁﬁ Z:C(X,Y,t) """ (25)
S H
428 4 ap 25 I (A 25,01
ERE z=-H(x,y) ... (26)

Mg q. REEE EEER THEIESE - b% (FKER—[FKE ) K
B o
Efiys R HEERARNEBRAEE - HRAEERE > BEERNERE



KEGR; AR AREDGE  UEEE IS EESE o
HRHHER - L2 RGE  ERATH - AHRBEKWES - IS
5B O A R A o

= BBREN

RTZI=ZFEZEHOBERR  HEBRFAUSERENDE®R - LN
LEF7R o

Bl HEXERNZEX

EEPKERERZHA ; he (£=1,2, -, K—~1 ) RRHLAL
REREBEE( 2=0 ) 2R

4 z =z,(x,y,t), k=0,1,.--.. , K,
Al a7 & ‘
z, =L (x,y,t) > EWH ;
zy=—-hy(X,y,t),k=1,2, .. JK—1, ERAMETRE ;
zg=—H(x,y) EBIE o



BoBRBSIEFZRER > ATHBRTNIHEX -

0U s-1/2 0Vi_1/2 07 07
ot +at +Ewuax Vay]k_l
07 07
_[W_uax—vay jk_o ...... (27)

Z z
a]Jk_l/2 a J‘ k—1 a k—1
d —_— d
31 4—ax s uu z-+ay . uv dz +

k

Cuc 0z 9z a7 | B
CAWmM e T Vay ot ‘s

Calw o T T

0 X

k—1

P, 1
=ka—1/z”p (Zy-1— 2 ) - I P, dz +
Zz

o ]

k

1 9 Tam ) ) z“"a
u u
2 27 = Ay —
potaxfchhax>dz+ayj‘f v 5 ) dz )
k

&

1 ou ou

. ou 07 07
- el it A _= _ ,—
A g gt (Mg gl (A )
1 ou _ o072 du _ 07 ou
_— ) — _—)—= (A, ——) ) ..

zZ z

aV[;—l/g a kot a E—-1

at +'$‘l‘z vu dZ +—a'?J‘z \'AY% d.Z +
N k k
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oz oz 0Z  9Z 9Z
SASALY P a_y‘_)],,_f”(w_“ax‘Vay*at)j.
k—1
=-fU,.1/ > —Zy ) - lf P,ydz
Oo 0 z
k
k—l
dz—l——f (A,, )dz]
oV _ 07 ov
(A=) —+ ( By ( "72—)];&_1
ov 07 0
——>—+< oy )3y AR (29)
y 0 k
zk 1 k 1
3641/ 0 )
2! +aXJTudz+ fTv dz +
& k
0Z  9Z 9Z 0Z  9Z IZ
(T(W‘“ax_vay*at)j._f[TCW‘“ax‘vay‘at)],,

f (A}.“—) dz-{——f (A(” —_— ) dz )

oT oT _o0Z 0T
__)_+( 5‘1) )__A(r)_]
oy 0z " -,
T 02 oT o027 oT
+—[(A(” 0 )._+ (A;IT) )— - AT ] ...... (30)
0o dy “dy 0
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ZEr-1 Zr—-1

a¢k_1/2+_a J‘Su dz+ﬂ——J‘Sv dz +

ot 0x
Z g Zp
02 07 a7 07 87 4Z
S (w- _ — [(S(w— - _
(S (w-uzs Yoy ot ), T (Stwouas Yoy at 07
S
‘[(A“) )dz+——J‘@M”———)dzj
oS  oZ s 07 35S
=4 (a A 2= )
k-1
as az 0Z  oZ S
—— - AL —Z ) ...
ay)ay : 5 ]k (31)

%ﬁTEﬁi%%%&)ﬂ & - in%%b’\ﬂ@@%ZﬂE Wﬁﬁﬁ%%ﬁ%’i
NEREXHNEZME - ARS

Z k-1
Uk_l/z =f u dz s Vici/2 :f v dz
Z z,
...... (32)
Zp—1 71
Or -1/ 2 :f T dz , ¢,,_1/2:f S dz
zZ

z k

k

—BME BHEARLEENZAE - «‘ricﬁnIL,lTEb{FﬁﬁBt -
07, 0L, 07,

WEFE (REAEER ) 20 (1%, y)iwem us5om = Vg o=

0Z,

S E (REBEEER D Z: (x,y) ¢ 5 = 0
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WBHRABNKAYWERE > AITTHAAAN® (internal wave) Z1§¥ o (A0
ERAETFABROGTR - RFHEERE &S E o NEELBRBEX G BT
(32) AFFMH 4 BEBRB M > SEHERE

Db—l/zEZk~1 -7,

LERBH - AMRAHEEHKERE - P

h; = const. B=1,2, «.. , K-1 .

HR TR -BREBHESNAESN - RS BEHE M o

BRI b BB A - 0 15 0 2 4 R 1R 2 30 BB 4 g PR 4 o BT H
DEAWRRE > RFFERNRS BRSNS RAGAREE EEEE ; /(=
ATRAREBORERN LM HME > TIRSEL - LEtER - B w7 B
#F bl (27) ~ (29) EBRFHER - BABHEMHBEOHEERE AR (
external mode ) » %ugﬁﬁﬁﬁﬁgggﬁﬁbﬁ’gﬁgﬁiﬁ( internal mode ) o

HHRMH (27), (28), 29 BEXRKBROGEHHER - B8 1 FmI
RER - AIBE 48T

0cC oU oV
—=-(=—4—=—)>) 33
ot ( 0 x +6y ) (3%)
e ¢
U P, x 1 , A, N
—=fV-({+H) - X ( Pi:dz)+v. [ ( Vu—-uu )dz
at po k=1 pu z p,
k —H
+u ...... (34)
0o
oV P, & o

2= =~ fU-({+H)
t o k=1 o
k

4
1 A —
T ( fPf,dz)—{—V-f(ph Vv—-vu )dz
'y o
~H

+ Tsy =™ Tohy cetremee (35)
Po

T
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He
U=U,/;F---ee +Uk_1/2 » V=EVi/5 4eeeene FVear/s e (36)

MVREAFHEEASE > v=(u, V) BRKFEHEAR -

(33) , (34) , (35) LRI ARG H AW HER - M HE W HP WS
EEBHARBYA0RE P = P) =00 38)~35) R RFAB
ROE R T ¥ T K S Y R 4 o

BRAGE E TS A BT AR HER

0o - - _ -
Ft‘(uk—l/z—Uk+1/z):f(Vk—1/z - Vit1/2 )

rzk—l 1 Z,
_ 1 (——l—J P; dz ——————I,P;dz)
Po Dk—x/z z Dk+1/2 z
k E+1
1 1 ou ou_o0Z ou 07
- - (AN IZ A i
+p,, D,,_I/Z{EA"GZ CAngd oz~ ¢ "ay> ay]k_l
Ju Ju 07 ou
—Em5;—<m5;>3;—<h——>——3}
1 ou au
- A, — — (A _ _— ) —
2o Dk+l/2{[ a ( *ax ) ( ' ) ]
Jou Ju 07 ou 07
_ —- N I (A ) ——
[Auaz CAhax ) dx ( hay ) ay ]k+1}
' 21
+_]_'___.__ V'[ A 1 V
Dk—l/z 2 Po ch+1/2
R B4
07 0Z 07 07 0Z 07
"D, 1/2 {Culw-uamovama) ) ~luwouge —var-go))
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1 0z 02 oZ 0Z 0Z o7

+Dk+l/2{[u(w_u6x —Vay_ ot )J,_ [“(W_uax_vay at )]Hl}
...... (37)
0o  — ~ - _
W(Vk—l/z—Vk1/2)=~f(ub—1/z—uk+1/z)
z z
L2 fk;d ! jfwd )
—-—— (— zZ ~— z
o Di_1/2 2 ’ Div1/2 z ’
k k+1
1 1 ov ov _0d7Z ov _0Z
v 5 — (A 5— )5 - = )3
+p, Di-1/2 tea 0z ( h6x>8x (Ahay>ay j,_l
ov ov _ dZ ov _ 0Z
- y—— — Y (A 2=
[Aaz (Ahax)ax ( k3y>0y ,,}
1 1 ov ov _ 0Z ov _ 07
_ y— — Y= (A — Yy &
o Div1/2 tea 0z (Ak6x>8x ( hay)ay ]k
ov ov 0Z ov _ 07
_ A Y L (AL 2Z&
[A"az (Ahax ) 0x ( kay ) aY Jk+l }
1 zk—l ‘ 1 ZkA
h — A —
+Dk—l/2 V-J‘Z(I;: Vv—vu)dz “Diii/s V-J;(po Vv—-vu )dz
& k+1
1 07z 0Z o0Z 0Z 07 07
—Dk_l/z{[V(W—ua—x-Vw-w)]ﬁ_:[V(W—UE;—VE—“ﬁ)]b}
1 a7z 0Z. 0Z oz 7. o7
+DH1/2{[V(W-115;*VE—E)];[V(W—U'a—;—VE;“a—t )JHI}
...... (38)
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(37) KF1 (38)KReh » HMERNF B Hve T BBy BIEH o
1 A

_ U, - _ V,_
uk_l/2 :._D’; 1;2 R Vk—l/z Dk 1§2
-1/ 2 kE—~1/ 2

REER—BHTHHE -
Eali A R EARKH ST ERNBREE - BT HEEZR » RMBEEAR
WEBRYR TR TEHW AT RIATAT EWERIT IS

a 3u (?Z ou_o07Z ou

N Ay 2 — ey
e (39)
ov ov _oZ ov _ 07 ov
v —— )5 (Ap———) 5 = 0=
(A 0z <Ahax)6x ( h8y> ay]k (A 0z %
E =1 gt R K-1 o

FEREz=z, =0 (x,y,t) rHIEASRGHE COX » EBE z=2x=
-H(x,v)  AERSERGEECHK-
ML AE YR ST - BB Y EE I SRECET DU S R ST UUE

[A a_u] —A ak_l/z‘“ak+l/2=2Auak—1/z—ak+1/z

‘oz M " Zi-r/2— Lipsr1/2 D,_y/24+Drs1/2
...... (40)

(A, ﬂ] Vk—l/z_?’k+1/z: "Vk—l/z—\—lkﬂ/z

Zk—l/Z_Zk+l/2 Di—1/2 +Dsi1/2

1
ﬁEF' Zk——l/z :—2‘(Zk—1 +7Z, )°

HREEREEEANTAENEERYE - /B EFH (A0OXHI UM RE 2
MRBMHBBH KT BHEZRABBBES FE - 8 Ay = const. » Al
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k 1

V- J‘Ahvudz———f (Ah dZ +—f (Ah——> dz

k

azUk—1/2 n aZU,,_l/z

=A
v ( ox? 0y 2
Ze-1 k-1

V- fA;.VVdZ _—J (A;.——) dz +—J (A,.——) dz
zk k

_ azvk—l/z azvlz—l/z

=Ar (— 5y ) e s
k=1 y terer ,K_l o

HREOF-BAFHEYZHE  RFALBEHEKEZED o
A it

z z

-1 k
1 Ah 1 Ah
—_—V- vudz - V-f vV udz
Dk—l/z J; Po Dh+1/z zPa
k E+1
A 0?2 - - 02 - _
_p: [axz(uk—l/z_uk+l/2)+a (us=1/2 = Uss1/2 ) )
z Zk
1 A, 1 f Ay
V- vvdz - V- vV vdz
Di-y/2 !Po Divi/2 , Po
k k+1
A 0?2 0?2
_ph C X (Vk l/Z—Vk+l/2 )+ (Vk 1/ 2 —Vk+1/z ) )
B=1, e ,K-2o

REN—BHKFBE&EH - AR TIELRAKRS
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z
K —1

' U
[ v va=anyg g

—(ADY (T, V) Y1/

EAERFHERY - ERKEE(K-1/2 )T BHHEo
HRIFREHANETE - IRA T FIE R -

-1 U k—1
JJlFUdZ:[WTJ,_I/Z K f Tvdz = [%]k_ g (44)

L4 &

HebhUfiFu, v, T, SPWE—BESEYH M./, REU._./,
’V/z—1/z ’0k—1/2 ’¢I¢~1/Z ':F'ZEE_‘ﬂE[° i ’
MREE—BAN » HEESBEAKA - BN B E 45 7L T 5058 258 (%

T o op aP’
J‘ P;dZE —d.Z:D]g_l/z-*k—“l/—2
0x 0 x
zk k
...... (45)
zk—l zk laP’ aP’
P, dz = ———— dz =Ds_,/, 2-1/s
0 -0y
Zk 'Zk
4
(HAP P'ey/s =f g dz )
zk—-l/z
Wit B7) K+FREBHBRIEZME - THUEK
Dia) D) T (e T Rin/a)=mo | o dz (46)
% Zk+1 Zk+1/z
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A RIS IR 515 LB 4%
zk—l/z —

3 9
E g dZ: ( Zk—l/Z_ZE+l/2 ) a:k ...... (47)
zk+l/2
2011 7T 18
z 1 zk
1 Dk—l/z +Dk+l/2 a [
PLdz - Pidg=—t¥2 T TMV: 995 L 48
Dhugf * "D, 2J; 2 3 x (48)
k k41

HRyBR - RHET2MER o
EXe

i =gpi=g8Cpr-p.) (49)

Moe=pCSe,Ta,ps )ATel (10) KRR - b E S w5l F B — & (
Bk B D) EHEERE Y - TS R RS
§ ¢k 1/2 ¢k+1/2

:_(Sk 1/2+Sk+l/z)— D 7 +DI¢ y Y e (50)
k—1/ 2 +1/ 2

T __1_ e 01@ 1/2 0[;4.1/2 .
Tk—Z (Te- 1/2+Tk+l/2 )— CDn v + Drrs/o ) eeeee (51)

HR GO BERKEHMNES - AIMTTSE

z
k—1

K oP;
2 f P:dz = Z D,_ 1/2 - 1/2
z

k=1 E=1 ox

]

1/ 2 3P32 GP’z
_Ha—L+(ZDk /205 /‘a )
X

o0Px_1/» 0P %% s/>

+ Dg_1/5 ( o - 3% > (52)
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(52) R AR - BRTH1E A » THE (46) ~ (51) kBo 28 1 HEAIH
N 53 LB 4R SR 1 -
4

aPII/z__ 0 . 801/2 1 501/2
= _axfodZ—(C—Zl/z)a —[C~ (C+Z)J
Zl/Z ‘
Z, 30,/
- i (53)

Mo/ BELE2E  HANS
01/2=8p/2=0(p1/2 — po )

—BME ERBEKBIHEEZEE/)  HTHEBNFLEERERER

fm—g

E,
p/2 =0 (Si/2, Ti/a )

(30) 1 (31) sy K P A - FIATFRKZ >

F4
k—1

J AL oT dz = AS“D—a— ﬂ
( 3 x dydz = ( ( )%lh

z
k

EARxFENOHK BRyHE > HEXBHEA -
GOAZ DR EKFRHER A ; H ERHEEHAE - HEHERA -
REEABREENRE S EREXKFHETLUTAEZ ; EHERMEE
ER A -

7
(ﬁ)k 1/2 +_(_‘)k+1/z """ (55>
NEMAEBENEERE - AEEFH DXz BEMNHEEBE TGS

SA
i ©

ERFBRENEREERETRE > 8 (Usr/s — Uerr/z ) F(Vioi/s
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= Vianr/2 D BURTLUE T AU s B 4 T T S 0 - B B X 1 Y B
RO AR TRBASEE T -

l—‘lk+1/2 :ak—1,/2 - ( l:],_l/z ~ G,H/z ) ...... (56)

(56) AWBRMEH  REWME 1B W BUE U/, % 8080 E 560 & A
RUERMZBOFHRE o ui/ HREMT o
K R % & 7T 40

_ K
Ul/z'Dl/z =U1/z =U-3 Uk—l/z
k=2
B
— _ .4 _ K
ux/z’Dl/z +u1/2 ( 2 Dk—l/z ):U+u1/z ( > Dk—l/z )
k=2 k=2

Kk _
— 2 Up-y/z Dk—l/z
k=2

nE - BRMTERER

1—11/2-H=U+ ? ( a1/2 - al:—l/z )Du_1/>
gl
l:1/z'f{=U+ T (H-h:) (1—1&—1/2 - l_lk+1/z ) IEEETTRTS (57)
k=1

mt - B (57) RATB UL/, o

SHRK (34) 5 (35) fh » FE MM E LB B INA (44) X ; MHEAF
BHAEAILUM KRR (54) R o

BEMEERFANEHIEBRAMTBT - ERBERKNA D - A2 S
FEAMK RTREBEAN D > RERB T2 BIHE

—

Tsx:paCDW: |W| ’ Tsy_:panW’ , A\ I
EebW, W, 5 HRREWE x Ry S8 ;5 T 0. 55225 495 5 (=1.25x10-3
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gem™® ) - Cp RE DRI ( drag coefficient ) - RMARFH - HE
BB AN R o BHEEBWIRE - PR R AN B R - R I

Cp =2.6 Xx1073
EAE—WBET - R B
Cp=1.2X1078
WS BE BRI - R R A B BULBIRET - 6
toe=eKounn/a | Wen/a| 0 7y = 0Ko Vi | uxr/s

Hh U/ BEET—BHELHEAE » MK, BEEESRE - B% KM
] HY |

D = 2.5 X 10_3

ERMTEEZHENE BB IGE-RA > BE LWEEE q- H
WARE qs  WRAFTEEOE KRS REEKEENREPERX - Nik
FEERT LIRS © , ' ~

EEZMAFEARARXREANZERDE - RE BN RERE - BN
WEHFEBS R EER > MEEEENPEMEMEKEEREARH A/
BAE : |

10° < A, < 10° g cm™!sec™!

0 < Ay <103 g cm™'sec™!?

105 < AT < 10° g cm~l'sec™!

0 <A™ < 3 x 102 g cm™tsec™!
105 < AS < 108 g cm™'sec™! |

0 <A{S < 102 g cm™ %*sec”!
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C BUES A

L% R ER B BR (27) ~ (31) ' REEEAH R AR FBR
(33) ~ (35) BAMKR K ER (37) > (38) & o BFRFABEEH LR o
KT A BERE 2R o SESEH ZRMS RSN #F LR 7l 2
ARAHE 4F (x, v, t YREEEESEY - 8

1 1
aF(X,Y’t)—F(>(-i-7Ax,y,t)—F(x— fo’y’t)_ﬁ,,F

0x A x T Ax
(58)
1 1
aF(X’Y’t)_F(X,y-l_?AY’t)—F(x,Y—?Ay,t) _6yF
oy o Ay T Ay
F t+ 5 At)-F(x,y,t - L A1)
dF(x,y,t) F(y,t+5 %Y, t =g _OF o

dt At At

Hep QR RBRUR ~ VB s WE e RIME L ERBA ¢ o mwW, THS
FRIBY LB BB C B o

RTBEAANPEE S HBHENE R . BAMEE A =@
R - R EBRAE Laplacian #y @EFR BN G B 3R 1 IR 4K R 1
BRHE I 4 % - DIGHE Laplacian M E £ £ - WEESE M B A A st
BEBH R o REI Laplacian ZEEREENTE

0:U  ¢2U 1 1 1
U i ’ ’ _ U [ 'vit——
ox* Toyr ~asryr (UK AX, Y t- S A0+ UG- Axgy e 240

1 1 1
+U(x,y'+ Ay, t - > At)+U(x’,y’—Ay’, t— 5 At)-4U Xy, t_EA t))
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U,v? V.U? U,v? V,U? Uu,v?2
¢ & z, & y

V,U? u,vz V,U? U,v? V,U2
% C, g Z,

U,Vv? V,U02 U,v? V,U?2 U,v?
z, % Z, %

V,U? U,v? V,U? U,Vv? V,U?2
% Z, z: ¢,

U,Vv? V,0? U,v? V,U? U,Vv?

Ay’ =A's’

B2 Richardson HEWEEEEE - F—HERHUTELI XS
s B HMARE M EF2FR - W, TRISHEEB HE
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azv+azv_ 1
0x 9y  (AS')?

1 1
[V(XI+Axlyylat— EAt )+V(X'—AX',Y’,t _3 At )

+V(x|y'+Ayt —% At )+ V(E,y—-Ay) t —%At)—4V(x’,y’,t—% At))
HbB(x.y)BEE(x .y )RA—% &
U(x,y)=U0x&,y) - Vix,y)=VE,y ).

FIRAREBRRGEE  BANK D AREREENT E OB E - BT
RMEDR > RPTERMARE - 8

1 1 1
fV(x,y,t)E—z— f[V(x,y,t—E At)—i—V(x,y,t—}—; At))

(61)
fUGxy, =5 F (UCny, t- 5 804UCx,y, t 45 41))
MUEABRNZELFTERRB
C(X,Y,t)—C(X,Y,t—At>_:_1 l _i
At —-AS[U(x+2Ax,y,t 2At)
U 1 1A v 1 1
- (x——z—-Ax,y,t——z— t)+ (x,y+?Ay,t—5At)
Vv lA lA 62
“Vy-SAy,t-Aty) e (62)

UCx,y,t+5 A0)-U(x,y,t 2 At)

1
=_f -
A 2 (V(x,y,t 5 At )

. CCx+58%,y,0) - L(x -+ Ax,y,1)
+V(x,y,t+3At)]—gH 1S
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5 1 Tsz — Tox Ay 02U 02U
B Z Px’d + + ......
kzl(p" f 2 0o 0o <3X2 + oy? ) ‘ - (63)

k

V(x,y,t +—é—At)—V(x,y,t _1 At)

2 1

: 1
= —f -
5 FLUGy, ¢ 5 At)

At

- . 1
C(x,y+5A4y,t)-L (x,y —5 Ay,t )
2 2

1

AS
K 1 Zr-1 e A, 52V 52V .
-z ( ny’dz)+ z e o D R (64)
k=1 Qo 0o 0, 0x ay '

z
k

(63) 81 (64) NP AKFBHBEZEZSH X » BT (60) N FREIHH K
EHRMERA LA B EERE > RMATFEOREL AR Courant -
Friedrichs—-Lewy 9% # - 8
At 1
AS <
v 2gH ..
(65) R EEREEAA B e MARKANAIZ GBEKE R EE - Het BRHE
MR HRAKBABER 3 ~565e
WHEASRAARNWEEXRE > oJH (27)iﬁﬁ1b5’g%%ﬁﬂﬁﬁﬁﬁﬁﬂj ’

1 1
Wk—l(X,Y,t—‘—Z‘ At>_Wk <X7Yst - '2_ At )
1 1 1 1 1
— 77AS [Uk—l/z(X""'Z“AX,YJ—gAt)—Uk—xﬁ(x—EAx,y,t—? At)
1 1. 1 1
+V"—1/2<X’Y+5Ay,t“2—At)*Vk—1/z (X,y-EAy,t~EAt)] (66)

ﬁqﬂ k:?,, ...... ’K_l.
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EEM GOXKEH - Al ORRTEH S RE 2 ZE o
E—-RHEBEEKGER > & GORX » HEXHAWT

06 1 e 1 = = —= =
- UITI_UZTZ VIT3_ 2T4
ot * Ax’ ( )+ Ay’ ( v )
.’f /’ I +T— /, 7 _f XI’ / +_T_ xl, /
W (x v (x',y") ' -2 (X y>—W,,(x’,y’) X,y )2 w2 X,y
:A;f”{A_ll (D T(X’+AX’,Y')—T(X',Y')_*52 T(X',Y’X—T(X'—AX',Y') 3

0o X Ax’ :
N A1 / D TE,y+Ay)-T(x,y" _D TE,y") - TE,y'-Ay") 3

Y Ayl AY’

2A" T,/ -T 2A% T-T
+ k 3/2 k+1/2 ...... (67)

0o ) Dk—a/z—D N 0o ) D_Dk+1/z

HPRRB k-1/2 M TREREREEK( t ) BELH o e — S RFBR R
EWE -

= 0 x-1/2 ey
Tk—l/z :Dk—lj2 (=T)

— 1 1 1 1 1
Ut =5 (UK +5 Ax '+ ay )+U (x'+ 2 AXLy' -5 Ay )]

— 1 1 1 1 1
U =5 (UG = 5 Ax',y'+ — Ay ) + U(x' - 7 A,y = o4y 7))

— 1 1 1 1 1
Visg (VG Xy + 5 Ay D+ V(R S Ay + 2 8y' ) )

VZZLEV(XI-FLAX/ yl_lA /)+V(X/__ iAX’ /_lA /)]
2 2 VT Y g Y TRy
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1 —

=1

Jay
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2

—d

To =5 (TG,y )+T Ly +4y'))

T =5 (T(xy )+ T,y = 8y'))

Jd

— 1 1 1 1 1
D! =— (D (x’' +5Ax’ ,Y! +3Ay’)+D(x’ +5Ax’ 5V ' ——Ay’" ) )

2 2
Dz = (D(x’ L ax! v 428y ) +D (x/— =A%’ Ly’ Loy )
—— - — AX — —_—— R
> x' - —Ax',y' +o By x'——Ax’y  —oAy

~ 1 ’ 1 . 1 / 3 1
D3=—2—[D(x +3AX % +3AY )+D(x ‘_Z‘AX',Y"";AY' )]

— 1 1 1 1 1
4 — D ’ —A 7 /___A ’ D /__A ’ . I;
D 2[ (X+2 x',y 2Y)+ (x 5 Ax",y ZAY)J

WA F - B (x,y)=(&',y') FRERKE—EBHESHTEZINE

EERKTER - (DR HEEWRZEM DK -
h -~ RS

KREE LTSRN ROBERER > EA EEERR AN ER o WRH
KEEE > IEER SR GE4 —BWE AOBARE - IRAMEREN
EIHREARTRAREAL - O R8 R R REHE o HATUHMAEES
I EME O SR RGAREE o

BOERGEAEIRY BRMAFAENRKEN IRMEZSRBY ED
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Hep Ap REB DR EAN B A BRI EREZE

Zoh o BB BRK AR E B - IR 68 B8 S5 4 (radiation condition)
» FMME % - 358 % Chapman (1985) o

B EDGHAOERGH  EHEANRSERE - WHELERE > AR T
AN OB RGE  BREREREENE 0S8 RGN o S8R
BENSRGE  XTUACABRTHEEHK  ALEAZERFRRE >
BEBEBELMAERFIHBRBEE -

BRFELEFEINLEBRER WA RENEREHIELR o AT
R BEER - RETURES S S TS - AR RES B 7T 4k o T A Ml &
BHBHTGRODEEB N > HEHFERLEZ 2R IS EE8 5B Ml F i
BEEAEX - WA EANS R B RERIENY -
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BERERBRHSEET
RDE
BMAPIEH RS

—_— gl

KBI76 £10 A 24 B BWEBMEARWBEGESE: REAEAEXE? KEH
FERE | B/EERYE  BEFAF BEXERFRE  BRNLEE -

ERE—HRIREVNRRBESRNKE  MHEE L EE8EFRZES
hREFIE RERGHRERBERMAFHEGEGE DX IEEEEKE
RIBIF o bt4t > ERER BIEER FRBEREREHG > RRAERWTE
MERLETARZKETEL DEEEBRENE -

MEBR IR BREREWREESZIRERERR - REMEILHHWE - SER
BERRBHMEREA ) B ABHE 0PI 20 BZH - ISR MAEERBEY
BIEH » LIBREMEEME > BREREE KIGE 28 28/ /\BE~56 AR/
IEEZR e — R EABEEE KSE 10 A8 /I H~20 AE 2 > RERE
BREAOMEHLRREE  AAKBTS—EKBA  MEBREEEGREARRAEBRMN
EAGBER - BREEEER RERT6F 10 AAELAFER I REERAS
FRWMERN —~RPEREHRBEFKIEKNER HEFRRRSEWKRE
BAERBENERENMFRIEN  FBRASENANEREARRS
CEEBERB TIF RHKEABENEB AL (R 1982 ) » LEFBEE
R ¥ K (Liang & Chien . 1985 ; ¥ , 1987 ; Liang , 1989 ) {A{l F3f 5k
BREFA  RHAFER > TERBARHKEARR ) —BUSBRHMERK - &
AR~ A BASIC ZFERBWERER  TEEAMBASKEFER - &8
ARERERAE  TURBLSEERNER RN ERAER GEHEER
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—EIANE
A KA Ty &2 FIF Bretschneider ( Bretschneicher & Tamage . 1976 )

HRABRERN L S TBBHREAST LR ABGELER ENREEFH (
R)EEBET(B) » LERRARBRWRRERGHE - BEESEDEELE
MWITEBEEAWB & ( Liang , 1973) » RARBTBRHMEKEE » AIBR
FEmBiHe - R BIEL SR A .0 BB SH OB BB R » HOE BEK
BEH EMEEARABEMEN 20 S M EL WHERBRERAE » K
HEHRBEESFERA B HREEHNHEREENERNKBHYE » BUE
HEHOERKRBAR  BREEJBPRABEEZ ZKEEHKZEH T, -

 HEREBERNOLEROT :

R B B O & oK B GE Ur

Ue =KN Py —=Po — 0.5fR (B )  eeeeeenee (1)

Hbh Py RIEFERE » FR29.92 KK > Po READLREBEMLR
NRES  REBEBRERAREER » EMRE > Biw LT B RE 7 e i &K
BEFEELRESHEBRRTAZER ) ARHUECRARAEXER? W+5
Z A e

kKREH RHKAIGRY > ZERBENRGRNE— -

R— kR fEREEZRR

fapEE S| 20 [ 22.5| 25 |27.5| 30 | 32.5] 35 |37.5]40.0
f 0.18| 0.20 | 0.22 (0.24 | 0.26| 0.28| 0.30| 0.32 | 0.34
k 67 67 67 66 66 66 66 65 64
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OU:RER I0ARSI105EFBFHEER
Ues =0.865Uz e (2)
EIMERS FRATZNERNBHEEHEARB
Hr = k' RAP e (3)
HpAP =Py —Po» Hr REERFOLREW & » BMLR o

fR
k' Z'!%EZE& ' R ©

F_ k' B IR "Ur 2Bk

fR_ Uz k’ fRUr k'’ fR,Ur k'

0 7.50 .085 5.20 0.24 3.85
.005 7.25 .090 5.13 0.25 3.80
.010 7.05 .095 5.06 0.26 3.75
.015 6.85 .100 5.00 0.27 3.70
.020 6.70 .110 4.88 0.28 3.65
.025 6.55 .120 4.76 0.29 3.60
.030 6.40 .130 4.66 0.30 3.55
.035 6.25 .140 4.57 0.31 3.50
.040 6.10 .150 4.50 0.32 3.45
.045 5.95 .160 4.42 0.33 3.40
.050 5.80 .170 4.34 0.34 3.35
.055 5.70 .180 4.28 0.35 3.30
.060 5.60 .190 4.18 0.36 3.26
.065 5.49 .200 4.10 0.37 3.23
.070 5.42 .210 4.03 0.38 3.20
.075 5.34 .220 3.97 0.39 3.17
.080 5.27 .230 3.91 0.40 3.15
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40H 40Hz | .. .

Tz = 0.378Uzs tanh ( /n {( 1+ URSZR )/ (1— UR; )} o8 yos
g (4)
@M TRFHBREMH

Tp = ( 0.003DD + R7 /Te&* 4+ 0.22 ) Urs ~ eeeveeee (5)

HDDERRBEFOCEMBEEIRMWER > BKEE > R7T BRALE BE R
K BEMAE o
WHETRAREBBRES
Hys = 0.006R7 +Hr / ( DD )% T e (6)
Hiyt BB AR o
CHRARREEBE  BREGEAHEBEREENE S > ERAHESYwiER

B MIEREX BRER EREBETHWERSEL > WESE
A BREE -OARMBNBRESERU—BERH2 »

_ Tp 1/2
2_(’1‘1)/) o e (7)
ﬁq:, Tp =Tz — Ta P (8)

Ti . T: RAEABMKHBEREGEZ > —K3 6 6o

To =Tz +Tlag2 — ( Ty +Tlagl ) e eean. (9)
DD : '
T = Niz  eabecaees
lag T56TS ( 7NEE ) (10)

To' RAEMAKHE B2 BREWNSH T ZMMZE Tlag SBEERK
B OEER AT BRI R o
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Hy' =2Hy  (AR) e (11)

= BEREEEARED

ABASICEERBENWEABZRABRERNZBNT :

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190

200

REM TYPHOON SWELL PREDICTION

INPUT "LATO=",LATO

INPUT "LONO=",LONO

INPUT "DATE=",DATE

INPUT "TIME=",TIME

INPUT "LAT=",LAT

INPUT "LON=",LON

INPUT "PC=",PC

INPUT "R7=",R7
DD=60*SQR(LAT-LATO)"2+(LON-LONO)"2)

DEF FNH(M)=-2*EXP(-M)/(EXP(M)+EXP(-M))+1
R=.1%R7/1.852

=-LAT/7.5+70
DP=(1000+(1000-PC)/10-PC)/33.87
UR=K*SQR(DP)-.55%R

US=.865%UR

F=.5236%SIN(LAT*3.14159/180)
KP=7.59-41.21%(F*R/UR)+160.51%(F*R/UR)"2-219.32%(F*R/UR)*3
HR=KP*SQR(R*DP)

D=((1+(10%HR)/(US)"2)/(1-(40*HR)/(US)"2))
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210
220
230
240
250
260
270
280

290
300
310
320
330

340

350

360
370
380
390
400

ERREREARUNREHERETURN » AIH B LATO = _ g A Jubig

IF D=<1 THEN LET D=1
Zz=(LOG(D".5))" .6
TR=.3785%US*FNH(Z)
HS=.006*R7*HR/SQR(DD)
TP=US*(.003%DD*R7/TRM4+.22)
LAG=DD/1.56/TP
TORIG=DATE*24+TIME
TARIV=TORIG+LAG

DATUM=INT(TARIV/24)
ZEIT=TARIV-24*DATUM
IF TARIVO=0 THEN GOTO 330 ELSE

NANDA=SQR( (TORIG- TORIGO)/(TARIV -TARIVO))
H13=NANDA®HS

PRINT "DAY" ;TAB(10); "TIME"; TAB(20); "HS"; TAB(30); 'y1

". TAB(40); "TP"; TAB(50);"NANDA"

PRINT DATUM; TAB(S5); ZEIT; TAB(16); HS; TAB(30); H13;TAB

(35) ;TP;TAB(50) ;NANDA
TARIVO=TARIV
TORIGO=TORIG

INPUT "X=",X

IF X=0 THEN GOTO 40 ELSE

END

#RETURN > AIHB LONO = _» ITR—EH :

RUN

LATO= Mk E ( FRABEART)
LONO= ok 4 B

DATE= B
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TIME= B R

LAT= BEPOEE
LON= [128.3 RSP LEE
PC= BRSPS LEE
R7=[150] LHRBRRER (AR)
DAY (A#i) TIME (Bf) HS (¥E®E) HIB3(BEEE)
9 12. 50156 .5173534 0
TP () NANDA ( BIERE )
14.14684 0

(REE—FFBH  BEAEBBEERK > Bill1=0-H13=0)

X=[0] #A 0 QIR A BRI 40 8 1%
DATE=

TIME=

LAT=

LON=

PC=

R7=

DAY  TIME HS H13 TP NANDA

9 15.65231 .6061421.8364551 13.56624 1.379965

X=[1] BAEO > MIEAKILEL
OK

FEARERA B A BAKBEMEE Gitnk o BE 10 B »
10 A1 HE 31 BEDA] » R HE o

7Y ~ YRS
ERARAR > £BEE 166 » TEMBRKRLE s d.OEE -~ HOSER
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SHOALING OF A SMALL AMPLITUDE WAVE
ON IMPERMEABLE SLOPES

Lee, Chung-Pan*, Herng-Wen Jang**
and Hwung-Hweng Hwung***

ABSTRACT

Wave shoaling and reflection of a small amplitude wave train
travelling on a slope have been studied analytically. The slope is
first partitioned and approximated by a zigzag line and the flow
field 1is correspondingly divided and approximated by a group of
rectangular sub-domains. In each sub-domain, the induced flow is
represented by a series of velocity potentials. The velocity poten-
tials in each domain satisfy the Laplace equation. Both kinematic
and dynamic boundary conditions are matched on the free surface and
the boundary between any two sub-domains. Only the kinematic boun-
dary condition is applied on an impermeable boundary. Furthermore,
Sommerfeld's radiation condition is applied at the infinity.

Analytical results show that wave height decreases as water
depth decreases for incident waves with larger deep water wave
steepness, but decreases first and then increases as water depth
decreases for those with smaller steepness. Analytical results also
give envelopes with distinguishable loops and nodes. The ratio of
wave height to water depth increases as water becomes shallower,
with higher velues corresponding to those incident waves with larger
steepness. Furthermore, local wave steepness increases as water
depth decreases and as deep water steepness increases.
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1. INTRODUCTION

Waves deform as they propagate toward shallow water. The
deformation process is denoted as shoaling. Reflection also occurs
on a nature beach and is usually considered separatively. Related
studies about shoaling often assumed a gradually varying slope due
to the use of a perturbation parameter involved the bottom slope.
Reflection was then not considered in these cases. However, shoaling
and reflection occur simultaneously and may couple to each other,
especially for nonlinear waves.

Potential theory is applied in this study under the assumption
that the flow is irrotational. Assumptions on the fluid are inviscid
and incompressible. Furthermore, a slope is approximated by a zigzag
line and no hypothesis about the slope is assumed. Theoretically,
the zigzag line will approach the original line as the steps of the
zigzag line approaches to zero. Thus, the successful use of the
approximation depends on whether the steps of the zigzag line are
sufficiently small. A trial and error process is then used to test
the convergence of the solution depending on the approximation.
Small amplitude assumption is still made in this study and can be
released for nonlinear waves. In this case, another mathematical
technique may be needed to treat the nonlinear boundary conditions
on the free surface.

For a linearized boundary value problem with rectangular domains
as in this study, the method of separation of variables can be
applied successfully. The solution in the flow field is represented
by an infinite series of eigen-functions.  When the series is trun-
cated to finite terms, the convergence of the finite series is also
confirmed.

Analytical solutions show that reflection is as important as
shoaling in the potential flow where inviscid fluid consumes no
energy. The effects of slopes have been illustrated for linear waves
on typical slopes.
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2 . THEORETICAL DERIVATION

Consider a small amplitude incident wave train travelling toward
an impermeable slope, Fig. 1. Assume that the fluid is inviscid and
incompressible and the flow field is irrotational. A single-valued
velocity potential can then be defined as :

Vm o WD o 1)

From the definition of the velocity potential, the continuity
equation of the incompressible fluid results in the Laplace equation

The linearized Bernoulli's equation of the velocity potential can be
written as

z=—h(x)
Fig. 1 Definition sketch of the flow field.
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Physical constraints impose the requirement that the velocity
potential of the flow field matches dynamic and kinematic boundary
conditions on the boundaries. For potential flow, a dynamic boundary
condition (DBC) requires that the pressure is continuous across a
boundary. This can be derived from Newton's second law. For a
boundary separating two immiscible fluids, such as a free surface,
surface tension may be important and needs to be included. However,
surface tension 1is not considered in this study. In addition, a
kinematic boundary condition (KBC) requires that the velocity normal
to a boundary is continuous across the boundary. This is the conse-
quence of the conservation of mass. These conditions in potential
flows are different from those in real fluids where stress and
velocity rather than pressure (normal stress) and normal velocity
are required to be continuous across a boundary. The difference in
the dynamic boundary conditions is obvious because shear stresses as
vell as normal stresses exist in real fluids. However,the difference
in the kinematic boundary conditions is caused by the fact that real
flows are observed to not slip when they contact rigid boundaries.
Consequently, even though conservation of mass has been satesfied if
the normal velocities are continuous across a boundary, the conti-
nuity of tangential velocities across the boundary is further
required to insure the no-slip boundary condition in real fluids.

The linearized boundary value problem of the velocity potential
in the flow field, Fig. 1, can be decribed by Fig.2, where both KBC
and DBC are matched at the free surface and only KBC is specified at
the impermeable sea bed. The DBC at the sea bed will be satisfied
automatically and therefore is not shown in the figure. In addition,
Sommerfeld's radiation condition is satisfied by the reflected waves
to insure a unique solution.

As shown in Fig.2, the dependence of the bottom slope on x-axis
raises a mathematical difficulty to apply one of the mathematical
techniques, the method of separation of variables, to solve the
Laplace equation even though all equations are linear. In a two
dimensional problem, a rectangular domain is one 1in which a rectra-
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gular coordinate system can be set such that every boundary of the
domain is parallel to one of the axes. In this system, a linear
equation on the boundaries is also variable independent and sepa-
rable. This suggests a procedure to solve the current problem by
partitioning the original flow domain into a gourp of rectangular
sub-domains as shown in Fig. 3. Theoretically, the approximation
approaches perfection when the number of the partitions approaches
infinity.

- )= finite

Fig. 2 The linearized boundary value problem of the original
flow field.

fr——+] x=x;+Ax

A
28x =Xir+1 =A%

Fig. 3 Rectangular partitions of the original domain.
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There are three different types of sub-domains given in Fig. 3.
The first domain, denoted by 2 = 1, has an impermeable vertical wall
and a transmissive vertical boundary separating this domain and the
next domain. The last domain, denoted by 2 = I., has a boundary at
infinity and a vertical boundary containing a transmissive portion
and - an impermeable portion. Other domains have a transmissive
boundary and a boundary with both transmissive and impermeable
portions. The differential equation and boundary conditions of each
type of sub-domains are given in Fig.4, 5, and 6, respectively. |

In each sub-domain there is a series of velocity potentials
which satisfy the Laplace equation. The velocity potentials match
both kinematic and dynamic boundary conditions on the free surface
and on the boundaries separating two sub-domains. However, only the
kinematic boundary condition is matched on a fixed impermeable
boundary. In this case, the dynamic boundary condition provides the
pressure distribution on the boundary. In addition, the induced
velocity potentials in the domain containing incident waves satisfy
Sommerfeld's radiation condition.

1
1.$.8.C. g At £

, A z=-h;
B.K.B.C. 0,

X=x;~Ax, X+ A% S X =Xi0y —ABxy,,

Fig. 4 The differential equation and boundary conditions of
the sub-domain ¢ = 1.
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1 i
! I
z=—li-1  PI7777TAK.B.C. 1
iy, _ :
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B.K.B.C. _2
ar
Ni—r+Ax . = x=x—AX, N +AX = X = Xpa1 — AXp s

Fig. 5 The differential equation and boundary conditions of
the sub-domain 1< 2 <I,.
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Fig. 6 The differential equation and boundary conditions of
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consider an incident wave train with a wave profile given as

pr=a;e tlkrxtot—F) (4)

and the corresponding velocity potential as

¢y = Ar cosh ky Chp+ z)e " FCEr(x=xp )+ot3 woeeeee (5)

_a,ge—lklxu

o cosh krhi,

where o is the angular frequency, k: is the angular number, and ax
is its amplitude. The angular frequency and number satisfy the

dispersion equation.

2
_gg—:kl ta-n-hklh[] ......... (7)

Applying the method of separation of variables and matching the
boundary conditions, the velocity potentials in each sub-domain have
been solved and given as

Q=3 b= nél Xm(x) Ziy(z) e~ iot

29
= El (A efmlz—x) LB, o ~Kin(z—x1) y
cos (K,,(hi+z))e —iot
vhere
Ar = A e (9)
and the eigenvalues can be determined by the dispersion equation
p

— — =K« tan Ky, h; ]
: g e (10)
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with
n=1 Ku,:—ikt"

3
n>2 Ki = ki (n—)e<kmhi<(n=— 107 ... (11)

The unknown coefficients in eq.(8) are the solutions of a matrix
equation whose coefficient matrix is established by the following
equations, for finite modes of waves,

A,,..:B,,.ezK"'Ax’ =1 (12)

S (Ame Kbz 4 g, Kby oz, 7

s=1
=(A/-1m CK’_I'AXI—I +Bi-1m C_Kl_lmAxl-l )

< ZicimZi—iw> 1<e <y, ... (13)

Kia [AJ.C—K""AX’ — BineKindx; 1<ZinZin>

5 K144
= 2 Kl—ln [Al—ln c -1 82X —Bl—ll e—Kl—lﬁAxl—l )x

=1

<ZinZioan > 1<2<L e, (14)

vhere < Zen Z .o > is defined as

<Z:.Za,g'>: . Z'-(“Za.ﬂ("dz eeeean, (15)
b |

It is understood that eqs. (12), (13) and (14) were obtained from

integrating the KBC and/or DBC at the vertical boundaries.

In terms of the velocity potential given by eq. (8), the flow
field in each sub-domain can be completely determined with fluid
particle velocities computed from eq. (1), pressure distribution from
Bernoulli's equation given by eq.(3), and the wave profile from the
free surface dynamic boundary condition given by
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3. ANALYTICAL SOLUTION ILLUSTRATION

For a given bottom slope and a set of wave conditions, to find
the flow properties involves how many partitions of the slope and
how many modes of waves should be taken in eq.(8). Thus the conver
gence of the infinite series should be tested first. However, to
provide a rigorous mathematical proof 1is out of our knowledge.
Instead, a trial and error scheme is presented here. In the trial,
. the original slope is first approximated by a partition with I«
steps. Then a computation criterion of flow properties (H/Ho in the
domain containing incident waves and the KBC at some arbitrary
vertical boundaries are chosen in the study, where H is the local
vave height and Ho is the deep water wave height) is tested while
increasing the number of wave modes. The number of the partition
may need to increase if it is difficulty to reach the criterion
and another trial is required. Results of an illustrating trial with
Io = 14 are shown in Fig.7 (plotted for H/Ho at five positions) and
Fig.8 (plotted for the relative flux, or the KBC, on the both sides
of five arbitrary boundaries) for four wave conditions (Ho/Lo are
0.0087, 0.0097, 0.0377 and 0.0415, respectively, where Lo is the
deep water wave length) on two slopes (1/10 and 1/70). 1In all cases
shown in Fig.7 and 8, there is a consistent trend to converge as the
number of wave modes reaches over 5. Results also show that waves
with small steepness converge fast than those with large steepness
do. This implies that more wave modes should be considered for steep
vaves to conversge.

On the other hand, the convergence of wave properties w.r.t.
the number of partitions is tested separatively. Results for the
number of wave modes taken as 5 are shown in Fig. 9. A consistent
trend of convergence is found for all wave conditions on the two
tested slopes as the number of partitions is over 14. "As shown in
Fig. 9, it is also found that the milder slope (1/70) converges
slower than the steeper slope (1/10) does. This means that more
partitions may be needed for a mild slope to conversge.
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Fig. 7 Convergence of H/Ho w.r.t. the number of wave modes.
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Fig. 8 FConver'gence of KBC at vertical boundaries w.r.t. the
number of wave modes.
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Fig. 9 Convergence of H/Ho w.r.t. the number of partitions.
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The following results demonstrate the effects of deep water wave
steepness and bottom slope on shoaling coefficient H/Ho, H/h, and
local wave steepness H/L where h is the local water depth and L is
the local wave length. For the purpose of simplicity, the number of
wave modes is taken as 5 and the number of partitions as 14.

The dependence of H/Ho on the slope and Ho/Lo is illustrated in
Fig.10. three slopes (1/10, 1/30 and 1/50) and two deep water wave
steepnesses (0.0053 and 0.0602) are studied. In Fig.10, the shoaling
coefficient H/Ho is graphed as a function of h/Lo. Local shoaling
coefficients of waves with small Ho/Lo (0.0053) tend to decrease
first and then increase again as water becomes shallower. However,
for waves with large Ho/Lo (0.0602), local shoaling coefficients
tend to decrease monochromatically, especially for the case with
nild slope (1/50). The existence of wave envelopes with distinguish-
able nodes and loops implies a perfect reflection. This is because
no energy loss is considered in inviscid fluid.

The dependence of H/Ho on Ho/Lo can be seen in another way.
That is, for a fixed slope, H/Ho for different Ho/Lo can be plotted
in one graph. This is shown in Fig.11 for four slopes, respectively.
The value of H/Ho shown in Fig.1l was the ratio of the wave height
at the loops to Ho. As shown in the figure,the shoaling coefficients
of different Ho/Lo decrease first from a constant value of 2 as
vaves start to shoal and then’ increase again as water decreases
further. Shoaling effects are enlarged by milder slopes because of
a longer slope.

The dependence of H/h and H/L on the slope and Ho/Lo is illus-
trated in Fig. 12 and 13, respectively. As water depth decreases,
both H/h and H/L increase monochromatically,with emphasizing effects
from larger Ho/Lo, and stronger shoaling effects caused by milder
slopes as expected. |
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4, CONCLUSION AND DISCUSSION

A solution scheme has been developed and the shoaling effects
have been studied analytically. The scheme involved to approximate a
slope by a zigzag line and to partition the original flow field into
a group of rectangular sub-domains. In each sub-domain all equations
become variable independent and separable and therefore the method
of separation of variables can be applied. The velocity potential
in each sub-domain is represented by a series of eigen-functions.
The convergence of the infinite series and the partition have been
domonstrated by a trial and error procedure.

Analytical results show that for waves with larger Ho/Lo wave
height decreases as water depth decreases,but for waves with smaller
Ho/Lo wave height decreases first as water depth decreases and then
increases as water depth becomes shallower. Furthermore, both H/h
and H/L increase as water depth decreases.

Nonlinear effects of waves have not been considered in the
study. However, nonlinear conditions are usually developed in the
process of shoaling and may cause the breaking of waves. Future
study will try to include the weak nonlinear effects on the free
surface, and then develop to include stronger nonlinear effects.

Furthermore, wave energy is usually dissipated due to the seepage
flow throught a permeable sand bed. Studies on the effects due to
a permeable slope will also be very valuable.
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